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PREFACE 


The material in this book has been used for several years in a 
one-semester course for those freshmen who do not offer trigo¬ 
nometry for admission. The immediate practical objectives of 
the course have been to develop a certain amount of facility in 
computation and in the use of tables, and to prepare for later 
work in analytic geometry and the calculus. The emphasis, 
however, is upon understanding rather than upon mechanical 
manipulation; our aim is to help the student realize that the 
processes of reasoning by which results are obtained are at least 
as important and as interesting as the results themselves. 

The connection with analytic geometry is made fairly complete 
by using both the rectangular and the polar coordinate systems 
in aU possible proofs, and in general maldng the theory of X 

Quite apart from its value 
in preparing the way for later courses, this treatment has the 

virtue that it considerably simplifies the details of the trigonome¬ 
try itself. See, for example, the development of the formula for 
cos (a - 0) in Sec 22, and the proof of the law of cosines in Sec. 34. 
The use of the distance formula makes both proofs simple and 
removes the necessity for the discussion of numerous special 

CdScSt 

Chapter 7 , which may be omitted without any damage to the 
continuity of the course, contains answers to questions which are 

lhSts 1 Tnd *7 ^ m ° re aleFt students - Th e treatment of 

men ar^eXfor ^ “2 F*?* 10 ^ com P Iete - Few fresh- 

the £££ ” £ "° St ~ appreciate 

We^atT^Skbv' is Ocularly brief. 

polar triangle, reduce the casesofthe oMian 7’ ^ US6 °l ““ 
the discussion of which is almost precisely analoan thTCC ’ 

spending treatment for the plane oblique triangle ^'hi’s^ “"t 

spherical trianJe buUtlldn T a P ° SUble Solution for a P vea 

mangle, but it seldom leads to much additional calcula- 
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tion, and by permitting a completely parallel treatment of plain- 
and spherical triangles, it provides a quick and ea^v introduction 
to a general method for the solution of all spherical triangles. 


Cecil Thomas Holmes 

Brunswick, Me, 

February , 1951 
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Chapter 1 


COORDINATE SYSTEMS 



1. Directed Lines 

To describe arithmetically the position of any point P on a 
certain line, we may give the number which represents its distance, 
measured in terms of some suitable unit of length, from a fixed 

point 0 on the line. But how may we indicate on which side of 0 
the point P is to be found ? The simplest 

way is to agree that one direction on the 
line shall be considered positive, the other 
negative. Thus, if the positive direction 
on the line in Fig. 1 is that shown by the 
arrow, we say that OA = 4 - 3 , OB = — 2 

The number 4-3 may then be called the 
coordinate of A on this line, and —2 the 
coordinate of B. To each real number FIG . i 

corresponds one and only one point on 

the line; conversely, to each point on the line corresponds one 
and only one real number. 

,, A ' J n De u P° n which we agree to distinguish in this way between 
he opposite direct ions is called a directed line. If A Lds Z e 

two pouits on such a directed line, the segments AB and BA are 

the numbers which renLent the^.! y "' !choo ‘ S eom< *ry; 

ore opposite in s ; 1 t? the ” "»®«nc a Uy equal, but they 

are opposite m sign. Tbs essential fact about directs l.w 

se own formally in the following definition. 

AB^BA. IfAandBare an v two points an a directed line, then 
Itor example, in Fig. 1 , AB = - 5 , BA =4-5 

tte definition, we derive an important'theorem. 
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Theorem. If A, B, 0 are 

then AO 4- OB = AB. 


any three points on a directed line , 



Proof. There are six 
mav lie on a line. Consioei 


? orders in which the three points 
the order A, B, 0 shown in Fig. 2; 



the other arrangements can be treated in similar fashion. 
the definition, we have OB = -BO. Thus, starting with the 
expression AO + OB which appears in the statement of our 

theorem, we have 

AO + OB = AO- BO. 

But since AO and BO are both positive, and BO is a part of AO, 

AO-BO = AB. 

This, when substituted into Eq. (1) 

"h - ob = r 

The same result is obtained in the other cases (see Exercise 1), 
and the theorem is proved. 





EXERCISES 

1. Write out the equations which replace those of the above proof 
of the other five possible arrangements of A, B, 0 on the \me. 

2. On a directed line, AB = 5, BC = -7, BD « 3, ED - 16. 
values of AC, AD, AE, BE, CA, CB. CD, EC. Verify 
case AC + CB — AB and CB -h 

2. Rectangular Coordinates 



for each 

Find the 
# 

in 




To specify ar 
refer it to two 
and Y'Y , meet at ri 


ithmetically the position of a point in a plane 
directed lines, as follows: Let two 




ght angles at 0. 





X’X 

we call 
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FIG. 3 


the x-axis and the y-axis , and the point 0 shall be known as the 

origin. The axes divide the plane into four regions called quad- 

rmiSy numbered, for convenience of reference, as shown in Fig. 3. 

More often than not, we shall draw the z-axis parallel to the 

bottom of the page; but whether thus oriented or not, lines parallel 
to the £-axis will on occasion be 

called horizontal , and lines par¬ 
allel to the y-axis vertical. 

In defining and in using the 
system of rectangular coordi¬ 
nates which we now proceed to 
describe, we agree that on X'X 
and lines parallel to it the posi¬ 
tive direction is from left to 
right; on Y'Y and other vertical 
lines the positive direction shall 
be upward. Later, for special 
purposes, we shall define posi¬ 
tive directions on certain other 

■'I * **'■>**•/* 

lines. 

The real number which, in terms of some suitable unit of length 

diSta " Ce /T‘ he ^ * a 

ome P o int; tt •: 

‘\h *‘ aXiS i0 „‘ he P0 “‘> 

cording Ls the C from ST^ITthe " "t «°- 

T„ e,oI, , < V v f just as important as length. 

p t of a - 

P^‘the^t 4 whM 6Pl “d- We ^Vtoindh 

obsciasa is always written faT COOrdmates are * and y. The 
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EXERCISES 

1 Plot on the same axis system the points whose rectangular coordinates are 

(1,6), (6,2), (4,-3), (-2,-3), (-4,2), (-3,2), (-1,0), (1,-1), (3.0), (2.3,2), 

(- 0 . 3 , 2 ). . . - . 

2. What are the coordinates of the vertices of the square whose side is o 

length a, one vertex being at the origin, another on the positive x-axis, a thin 
on the positive y-axis? 

3. Write the coordinates for the vertices of a rectangle whose sides have 
lengths a and b, three of the vertices being placed as were those of the square in 

Exercise * 

4. Write a set of coordinates for the vertices of a parallelogram with one side 

on the x-axis and one vertex at the origin. 

3. Analytic Geometry. Distance between Two Points 

We have just seen that by means ol a coordinate system we may 
represent the geometric notion -point by the arithmetic notion 
pair of real numbers. The realisation that such representation is 
possible was the beginning of analytic geometry, a branch o 
mathematics which studies geometry by translating its ideas into 
algebraic expressions. The processes and methods of algebra 
mty then be employed in studying the properties and the mutual 
relations of these algebraic expressions, and consequent y o 

geometric notions which they represent. 

The coordinate system itself sets up a method for represen ing 

points by pairs of real numbers. The following theorem shows 

how the idea distance is trans¬ 
lated into algebraic terms. 

Theorem. The distance, d, 
between the points Pi(xi,yi) and 
Pi(x 2 ,yi) is given b y the formula 

d {X 2 — X\)“ -f (3/2 — 3/l) 2 - 

Note. The distance between 
two points is not to be regarded 
as a directed distance. The d of 



this fori 
number 


4 . * 


Proqf. Through Pi 
Fig. 4. By the theor 

( 1 ) 


a of Pythagoras, 

d= Vfts*+ m 
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Since opposite sides of a rectangle are equal, PjS = A X A 2 , and 

SPt = BiB 2 . Hence, substituting these values into Eq. ( 1 ), we 
have 


( 2 ) 


d 


V' 


A iA 2 -f- B\B 2 . 


Now by the theorem of Sec. 1 and the definition of 
nates, 

AiA 2 = A\0 -f- 0A 2 

= 0A 2 ~ 0A 1 

( 3 ) 

Similarly, 


the coordi- 


X 2 — Xi. 


( 4 ) 


BiB 2 — y 2 


yi 


Then, substituting from (3) and ( 4 ) into ( 2 ), we have 


Remarks. 


A = V (Ij - -(y.-Bj) 


„„ dir ;!” SP , P , y " e the ,ormula of the theorem, it makes 

no difference which of the two given points is called (x bVl ), since 

i - (ff. - m? = (it. - y,Y. 

2. It should lie strongly emphasized that this formula is true 
no matter where the tm print* may He. Our proof has covered ^ 

Celor auS “u ^ UP ° n * he theorem of Sec- 1, which is 

line F„ r T e arra T ments °! three pohits on a directed 
proof resides not ^"tT’ lT ^ ana ! yt,c 8 eometr y in general, the 

™te. And the equations we wrote in the proof of the present 
Exercl” PreC1Se y the Sa “ e wh erever />, and A may lie (see 

EXERCISES 

1. Write out the proof of the theorem, illustrating it hv a fi ■ ,. , 

S d' ■" “ 1,16 61,1 nwxhant, P, in the third guMmwhBh 

() ft is on the negative r-aiis, and ft in the fourth quadrant. 

. ompute the distance between the points of each of tfco f«n • 

(a) (6,2) and (7,1). ,,, * f h of the foUowui g pairs: 

(C) (-M) and (4,6). ® , ft0 (5,-1). 

(*) M and (M). <“•? “d M- 

3 Finrl i ^ \ a >b) and (c,0). 

(0,1), (1,6). °* "" Sides 01 the who* vertices a* 

4. Show by means of the distance formula tw iu a • , 

m . { l 1 <¥>. “d to) is an iawcefe, ^ whMe 

6. Is the triangle of Exercise 4 » - 
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4. Equations and Their Graphs 

Just as the -paint is represented by a pair of numbers and distance 
by a number, so is the geometric notion curve, or locus, represented 
by the algebraic notion equation. 

Definition. The graph of an equation is the collection of points 
whose coordinates satisfy the equation; we also refer to the equation 
as the equation of the graph, or locus. 


When the equation is given, the graph may be sketched by 
assuming a suitable set of values for x, computing the correspond¬ 
ing values of y from the equation, plotting the point repiesented 
by each such pair of coordinates, and connecting these points, 
in order of increasing x, by a smooth curve. As the word 
“sketched” suggests, such a process in general yields only an 
approximation to the true graph of the equation, probably a 
pretty good approximation if the points which are actually plotted 

are not too far apart. 


y 

A 



FIG. 5 


For example, for the graph of 
the equation y = 4x — x 2 , we 
write the table of values 


X 

y 

-1 

" — 5 

0 

0 

l 

3 

2 

4 

3 

3 

4 

0 

5 

-5 


and draw the graph as in Fig. 5. 


EXERCISES 


Draw the graph of each of fee following equations: 

t y-4r-7. 2. e « 

4 8* - 4y * U- *• F “ 

7. 8 « 9 1 — 80. ft. 3» * 0* 


8. F-KC + SR. 

8. * “ y*. 

0, tF 4" *>* * 
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5 . Angles 

We shall regard an angle such as AOB of Fig. 6 as having been 
swept out by a moving half line, or ray , which has been rotated 
about the vertex 0 from the initial position OA to the terminal 



position OB. We can thus extend our notion of angle to include 
angles of any magnitude. For example, we might say that the 
minute hand of a clock sweeps over an angle of 360° in one hour, 
or 450° in an hour and a quarter. 

We further agree to consider an angle positive if the terminal 

ray is supposed to have rotated counterclockwise , negative if the 
rotation was clockwise. 


It is frequently convenient to place an angle in what we shall 

call standard position with respect to the rectangular coordinate 
system. The vertex then falls at 


the origin, and the initial ray along 
the positive ar-axis. If when the 
angle d is in standard position 
the terminal ray lies in the first 
quadrant, we speak of 6 as an 
angle of the first quadrant; if the 
terminal ray lies in the second 
quadrant, 0 is an angle of the sec¬ 
ond quadrant ; and so on. Thus, 
for example, 169° is an angle of 
the second quadrant, 315° of the 
fourth, and - 250° of the second. 
The last of these is shown in 
^8* marked with the arrow 



which should always be used 
having OP as terminal ray ha 
In the absence of the arrow, a i 



angle 


250°, or +110°, or +470' 


or any on< 
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the infinitely many other angles coterminal with — 250, that 
which have the same initial and terminal rays as — 




Angles like 90°, 180°, and so on, whose terminal rays fall on an 
axis, belong to no quadrant but are sometimes referred to as 

quadrantal angles. 


EXERCISE 

Each of the following angles being supposed in standard position, to what 
quadrant does it belong? 

(a) 269°. ( b ) 270°. (c) -712°. 

(d) 470°. 0) —1,492°. (/) 7.5 right angles. 

(j 7 ) n 360° + 12°, where ti represents any integer, positive or negative, or 

zero. 

(h) (2 n + 1)180° - 45°. 


6. Polar Coordinates 

The basis for a second system of coordinates is laid when we 
describe the position of a point P by specifying: first, its distance 
from a fixed point 0 called the pole , and second, the angle made by 
OP with a fixed ray OX called the polar ray. OX is commonly 
drawn horizontally, like the positive half of the x-axis in the 
rectangular system. 

The polar coordinates of point P are: first, the number p which, 
in terms of some convenient unit of length, measures the distance 
of P from the poleand, second, the number 6 , which is the 
measure in degrees* of the angle XOP. We write P{p,B) to 
indicate that P is the point having p and 6 as a set of polar 


coordinates. 

The distance from 0 to any point P on the terminal ray of an 
angle 6 ghn.ll be positive; distances measured in the opposite direc¬ 
tion along the ray or its backward extension are to be negative. 
Thus, on the terminal ray of 6 = 225° in Fig. 8, the distance OP 

is positive, OQ is negative, PQ is negative. 


* In Sec. 15, we introduce a different unit of measure for angles. We must 
note also that we regularly employ the letter $ in two quite different senses. 
Sometimes, when we say “the angle 0,” we are using the letter sunply as a 
convenient name for the angle; but frequently we mean the number 8 of degrees 
in the measure of the angle. The context will always make clear in which sense 
the letter is being used, and no confusion ahould result. Similar remarks apply 
to the use of o and many of the other symbols we employ. 


I 
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Chapter 2 


THE TRIGONOMETRIC FUNCTIONS 


7. Definitions 

Most problems involving angles are studied by means of certain 
ratios, related to the angles, and called the trigonometric functions. 
Let 6 be any angle. We shall take its initial ray as the positive 

x-axis of a rectangular coordinate 
system and, at the same time, as 
the polar ray of a polar coor¬ 
dinate system, as indicated in 
Fig. 9. On the terminal ray of 9, 
mark any point P. Let its rec¬ 
tangular coordinates be (x,y), and 
its polar coordinates be ( p,d ). 
Then the six trigonometric func¬ 
tions of 6 are simply the six differ¬ 
ent fractions which can be formed 
by dividing any one of the num¬ 
bers x, y, p by another. These 



six 


cotangent of 6 , secant of 6, cosecant of 6, for which we regular^ 
use the abbreviations shown below in the equations of definition 





Sec. 7j 
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II 


have a formula or a rule for finding out the value of F when a 
value is assigned to v. Thus, if F — v 2 , F is a function of v because 
we have an algebraic formula for F in terms of v and can answer 
all questions of the form: “What is the value of F when v = —3?” 
Again, the number of cents which one must pay when mailing a 
parcel from Boston to Chicago is a junction of the number of 
pounds the parcel weighs, because when the weight is known the 
cost can be computed from tables in the post office. 

The six ratios defined above axe functions of the angle 0 because 
their values are determined when the value of 0 is given, and do 
not depend upon the position of the point P on the terminal ray 
of 0. Since the six quantities which we are discussing are ratios of 
two sides of a triangle (called the reference triangle for 0), they are 
unchanged if we make a new choice of P and thus create a new refer¬ 
ence triangle similar to the original OMP. See Exercise 1, Sec. 10- 

Trigonometry is the systematic study of these six trigonometric 
functions, their properties, and the relations among them, together 

with applications to a variety of problems. 

Example. If the terminal ray of 0 is OP, where P is the point 
( — 2,5), Fig. 10, the value of each of the six functions of 0 is easily 


Y 



omputed. The values of x and y are the rectangul 
nates of P, and from the theorem of Pythagoras aDnl 
reference triangle, we get p = VT+25 = V£9 Thin 

definitions of the functions, we write sin 0 * 5 /V 29 C ot 
and so on. 9 C01 


H, 
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8. Signs of the Functions 

It is evident that the algebraic sign of a trigonometric function 
is determined by the quadrant to which the angle belongs, since 
when the quadrant is known, the signs of x and y are known. 
The polar coordinate p is always positive for any point on the 
terminal ray of the angle 6. 

Suppose, for instance, that 6 is an angle of the third quadrant. 
An y point on the terminal ray lies in the third quadrant, and for 
such a point x is negative, y is negative, and p positive. Then 



J 

i 


x — 

sin + 

x + 


V + 

CSC + 

y + 

, all + 

P + 

others - 

; p + 


X — 

tan + 

x + 

cos + 

y - 

cot + 

y - 

sec + 

P + 

others - 

p + 

others — 


FIG. 11 


the only two functions which can be positive are the two which 
involve x and y> the signs of which are alike. For angles of the 
third quadrant, accordingly, the tangent and the cotangent are 
positive, the other four functions negative. The situation for 
angles in each of the four quadrants is indicated in Fig. 11. This 
information about signs is constantly needed, and the student 

must be able instantly to recall it. 


9. Reciprocal Functions and Cofunctions 

It is important to notice two different ways in which the func¬ 
tions may be grouped in pairs. In the first place, there are two 
functions which involve any two of the letters x , y, p, one of these 
functions being the reciprocal of the other. These pairs, as a 
glance at the definitions will show, are sine and cosecant>cosme 

* ... m, j| we m to id 


sin 0 


_ f . and cotangent 

we know at once that esc 0 *= Ml if cos 9 
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mi - 6 — — -2. In particular, notice that the two members of a recip¬ 
rocal pair alw-ty# agrt ( in sign; for a given 0, for example, it is 
impossible for the tangent to be positive and the cotangent 
negative. This consideration makes it easier to remember the 
facts which we established in the r>receding sertion dhmit thf> 


igns of the function? 


in the preceding section about the 


In the second place, the functions may be grouped into pairs 

uf cofunctions: sine and cosine, secant and cosecant , tangent and 
cotangent. T he fundamental fact about a pair of cofunctions is 
that the formula for one of them is obtained from that of the 


Y Y 



FIG. 12 


other by mterchaugmg the * and the y. One important property 
t such pairs comes directly from this fact. Consider two acute 
angles which are complementary, such as *25° and 65° or more 

gm.-rally. a and 1)0 - a. It' ue _ t ... . ’ 


gen« illy. ,» and !)0 — a . If we . . , 

h r such a pair of complementary angles, as in Fig. 12, ma kim? 
f, b ° t > " nee triangles will be congruent 

f ™ T,° r f. f 1* thc othcr - % function of a, 
ref .rt. is equal to the cofunction of 90° — <*. p or ex . lrrm p, 

sm 25 = 008 65°, and sec 62° = esc 28° Ca fun**** r * ’ 

, ' 1 °J unctl °ns of com- 

jHementary angles are equal . 


10 . 


interdependence of the Functions of an Angle 

lie ax functions of a given ancle are r 




ti<-ns is muc 


,uu * a Kiven angle are. of course, 
r. We have already seen that each 

i the list, and the mutual i_ 



ut toe list, 
more thoro 


mutual dependent 


igomg 


** the recipro 
c of the func- 


1 act alone in dicates 
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Indeed, if we are given the value of one function of an angle, we 
can find the numerical value of each of the other five functions. 
If, in addition, we know the quadrant in which the angle lies, we 
can determine the other five, signs and all. 

Example. Given sin 0 = %, with sec 0 negative. Construct 
the angle 0 and compute the value of each of the other functions of 0. 

From the definition of sin 0 and from the value given for that 
function, we know that for any point on the terminal ray of 6 
the quantities y and p must satisfy the relation y/p = %. Cer¬ 
tainly the simplest way of choosing values which satisfy this equa¬ 
tion is to take p = 3 and y — 2. Accordingly (see Fig. 13), we 
begin by drawing a circle of radius 3 with its center at the origin. 



Any point on this circumference has p — 3. Next, draw a line 
parallel to OX, and two units above that axis, cutting the circle 
at P and Q. At each of these points, y — 2 and p - 3. Hence 
sin JTOP = and sin XOQ = %. Either angle, then, satisfies 

Hie first of the two conditions of the problem. The requirement 
that sec 0 be negative, however, eliminates the angle XOQ , since 
any angle of the first quadrant has a positive secant. Angle X0 , 
obviously, fulfills the second as well as the first requirement and 
is the desired angle 8. In order to compute values for the other 
functions, we begin by finding the value of the x-coordmate o • 
From the theorem of Pythagoras applied to the ref erence t n- 

jmgip OMP , we see that x is numerically equal to Vs* — 2 — 
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' •> f" r a |H»int in tht* second quadrant, however, x is negative. 
Jims, x = — \ 5. Then, bv definition. 


COS 6 = ,r = - 


\ 5 


tan 6 — ■ - = 


p 

!/ 

x 


and so on. 


3 

o 

v 5 


^e said that y — 2 and p — 3 were the simplest choice. But 
it is imjH»rtant to realize that the final results would have been 
precisely the same had we chosen y = 4 and p = 6, or y = 10 and 
P = 1*5. or y = 2k and p = 3 k, 

any pair of values, in short, for 
which y p = %. 


EXERCISES 

L (a) Show that any two different 
choice* of V on the terminal ray of 8 lead 
to the same set of value* for the six 
function.* of 8 (see Fig. 14). 

(l>) Show that in the definitions of 
the six functions tin* point /’ may even 
he taken on the backward extension of 

the terminal ray of $. Hint: Refer to 

0 _ 



F «. H and prove that y" p" = yip, and so on. Do not neglect signs 
* Angle 6 « m standard p,>sition. and its terminal ray passes tl»ro 


iven. In each 

W (-3.-4). 

(P) (*,*). 

(*X (0,1). 

(of (-4,-4). 


find the va 
(d) (3,-4). 

(h) (*,-«). 
(0 (-1,0). 
(p) (-1,1) 


13; the i-coordinate of P is — 12 , 


point wbcise rectangular_ 

of all six functions of 8. 

(«) (3,4). (ft) (_ s>4) . 

(e> (5,-12). (/) (-2^), 

(•> (l,v's). (j) ( li0)- 

(«)(0.-l). («) (-3,-3). 

3. i* is on the terminal ray of o, and 

Find the values of sin a. cos a, tan a. 

^ * 1*810 0 is in standard position and the mint er ■ 

irr 1 n,> - of 

(,>«. Rt. +,) x. w - «n Wtmin x ^„rJ 1 

^ the values of sin 80 °, co* 00°, sec 60°, esc ** W,th ° ut miag a 

wm 4S° » 0,707, what is the value of cm 4s°? 
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8. If esc ct — b and tan a - <\ find sin a and c ot «. 

9. (a) If sin 6 = % and p - 30. find j. U>) If cos 0 = and.r = HUindy/. 
Construct cadi of t!ic' angles descnlicd below, and find tlic value ot <*ac j li 

of its functions: 

(a) sin 6 = %, tan 0 positive. 

(b) tan a = 0.0. a in the third quadrant. 

(c) sin j3 = —0.5, cos (3 positive. 

(d/,sin A = J 25 , A in the second quadrant. 

(e) // sec a = 3. 

11. Given cos a = H and sin a positive, find the values of cos (180° - «), 
tan (180° — a). 

12. Can Vn and lh ,U be the sine and cosine of the same angle? Can fq 3 

and Y\ 2 ? Why? ^ 

13. Is it possible to construct a, given sin a = 3 2 ? Or sec a = 0.4? Ur 

cos a = —3.00G? Or esc a = -3? Why? Make a general statement about 
the range of possible values for each of the six trigonometric functions. 

14; In what quadrant does the angle a lie if 

(а) " sin a is negative and cos a is positive? 

(б) ’ sin a is positive and cot a is negative? 

(c) J sec a is negative and tan a is negative? 

(d) J tan a is negative and cos a is positive? 

(e) ^all six functions are positive? 

(y)'aU six functions are negative? 

11. Functions of Some Special Angles 

Angles Related to 30°. By an angle related to 30°, we mean an 
angle, such as 120° or 210°, whose terminal rav makes with either 

end of either axis an angle of 30 . 
The exact values of the functions 
of such angles may be found by 
methods of plane geometry. For 
example, if we place the angle 
120° in standard position, as in 
Fig. 15, measure off OP = 2 on 
its terminal ray, and drop MP 
perpendicular to OX, we have a 
reference triangle OMP whose 
acute angles are 30 and 60 
Such a right triangle (half of an 

equilateral triangle) is familiar 

that its three 

cons 



to us 



our 
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OP = 2. Thus MP, being opposite 00°, has length Vii, and 
OM =— 1, being negative because measured from right to left. 
Thus the polar coordinates of P are (2,120°], and the rectangular 
coordinates ( — 1,^3), and recalling the definitions of the func¬ 
tions, we write sin 120° = Vs/2, cos 120° =~y 2 , and so on. 

Angles Related to 45 For such an angle, the reference triangle 
is clcaily isosceles, its acute angles being each To °. If we take 
the equal sides to be one unit in length (being careful to have the 
algebraic signs correct), the hypotenuse will be V2, and the func¬ 
tions may be evaluated as before. Thus, referring to Fig. 16, 

constructed for the angle 225°, we have sin 225° =_1/V / 2, 

tan 225° = 1, sec 225° = - Vs. and an An 



nff9^ rant<d An r f™\ To find the functions of 90°, we measure 

n = A "I! ° F ’ m F f 17 ' The P° lar coordinates of P are 
), and the rectangular coordinates are (0,1). Thus, x = 0 

V/fi 1 *f“ d T substitute these val ues into the equa¬ 
tions of definition of the __* H 


sin 90 


cos 90 


V. 

P 

x 


tan 90' 


p 

y 

x 


1 
1 
0 
1 
1 
0 


= 1 , 


esc 90 


7 = 0, sec 90° = - I _ p 


- = ~ = ? 


cot 90 


P 

y 

p 

X 

X 


y 


l 

l 

i 

o 

o 

i 


i. 


7 = 0. 


2E t « L U riT„ are ^ faCt ° rl ' ly CTal “ atrf - since 

y is not a permissible operation, the tangent and 
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the secant of 90° are meaningless and arc left undefined. One 
frequently sees the cryptic statement that tan 90 J = x, an ex¬ 
pression which has its uses but is sometimes misleading, because 
it tricks the inexperienced reader into the mistaken notion that 
90° has a tangent. Actually, the expression tan 90° = x is 
merely shorthand for this longer statement: 

“The tangent of 90° is not defined. Angles close to 90° have 
tangents which are numerically very large, since in such cases the 
ratio y/x has a numerator close to 1 and a denominator close to 0. 
If vou will name a number as large as you like, I can find an angle 


near 90° (but not 90° itself) whose tangent exceeds your number. 
If you then name a larger number, I can repeat my success, using 
an angle still closer to 90°. We describe this state of affairs by 
saying that as 9 approaches 90° the numerical value of tan 9 in¬ 
creases indefinitely, or becomes infinite. But as for 90° itself, it 
hasn’t any tangent.” 

It should not be, but sometimes is, necessary to point out that 
division of zero by another number is a perfectly possible opera¬ 
tion, so that cos 90° and cot 90° are entirely acceptable numbers, 


as we have indeed just shown. 

Values of the functions of other quadrantal angles are found 
similarly; but as in the case of 90° two of the functions will in 
each instance be left undefined. Quadrantal angles and angles 
related to 30° or to 45° will occur with such frequency in subse¬ 
quent pages that one should be able to derive for himself very 
quickly, in the manner illustrated above, such facts as those 
which we gather into the following table: 



sin 

COS 

tan 

0° 

0 

1 

0 

a j*. rt 

1 

Vs 

1 

so 

% 

2 ; 

Vs 

45® 

1 

V% 

i 

I v% 

l 

60° 

Vs 

1 

Vs 


i 

% 


90® 

l 

0 

Not defined 

180® 

0 

-l 

0 

870° 

—l 

o 

Not defined 
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EXERCISES 

TN ith the aid of a suitable diagram, find the values of the six functions of each 
of the following angles: 

1. 60°. 2. 150°. 3. —240°. 4. 135°. 

5- -«°. 6. -315°. 7. 0°. 8. 180°. 

9. -90°. 10. 270°. 11. 240°. 12. 210°. 

12. Tables of Trigonometric Functions. Interpolation 

It will perhaps have occurred to the reader that just as one 

mat compute the exact value of sin 30° by constructing a refer¬ 
ence triangle and making use of his 

recollections of plane geometry, so he 
might construct carefully, using ruler 
and protractor, a reference triangle 
for such an angle as 35°, as in Fig. 18, 
measure y and p, and calculate the 
value of yj p. Such a process would 

a very rough approxi¬ 
mation to the value of sin 35°, good 

enough for some purposes. Thus, ap¬ 
proximately, sin 35° = 57 ^ oq _ o.57. 

Fortunately, there are arithmetical 
processes, established in other branches of mathematics, by means 

of which th* vo nor f_a.- , ’ medns 



X 


desired degree of accuracy.* 
are set down in tahW 


uons may be approximated to any 
The results of these computations 


known 


discover 


MitMuo, me degree is divided into minutes, the mim,^ 
fractiwT^'d .-k a ^ w tables » tb e degree is divided into decimal 

tomary to divide the minute into tenths, one-tenth of . m ,w 

to mpToy “ “ S ' e " t)le “ avigator “Warily has oceas“on 

In a table like the sample below, values nf tV»o # . • 

Ubi^tod for rach minute, and results such as tan^sV = 0 

^ dmCtly fTOm Conversely, given that ^ f 

*See Sec. 44. 
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first-quadrant angle and that sin A — G./S/GA, we find that .1 
51°58'. Notice that as the angle increase*, the sine and the 
tangent increase, the cosine and the cotangent decrease. The se¬ 
cant and the cosecant are infrequently used in numerical work 

anil are not often tabulated. 

Functions of angles between 45° and 90° are found by reading 
degrees and minutes from the bottom and right of the table, 
choosing the column with the name of the appropriate fund ion 
at the bottom. This arrangement is possible because, as we have 
already seen, cofunctions of complementary angles are equal. 
Because sin 52° = cos 38°, the entry 0.78801 need be printed 
only once. As sin 52° it is found opposite 52°0\ in the column 
with “sin” at the bottom; as cos 38° it appears opposite 38 0' in 

the column w r ith “cos” at the top. 


sin 


tan 


cot 


cos 


cot 


tan 


cos 


38°0' 

0.61560 

0.78129 

1.2799 | 

0.78801 

1 ' 

0.0158!) 

0.78175 * 

1.2792 

0.78783 

2' 

0.61612 

0.78222 

1.2784 

0.78705 

3' 

0.01635 

0.78209 

1.2770 

0.78747 

4' 

0.01058 

0.78316 

1.2769 

0.78729 

5 ' 

0.01081 

0.78303 

1.2701 

0.78711 

* * ■ ■ 

39°0' 

#»»*•* 

0.62932 

0.80978 

m * * * ■ 

1.2349 

£. # a- a 4 • 

0.77715 

* 


sin 


J2 C 0' 



56' 

Oi) 


* * • 


O i\f 


51 0 


Angle 


If the angle, or the function whose angle we seek, lies between 
two entries in the table, we resort to a process known as inter¬ 
polation , which we now discuss briefly. 

Suppose, for instance, that we are provided with a graph of 

the equation S = sin 0, with 0 as abscissa and S as corresponding 
ordinate. (See Sec. 17, where these graphs are considered at 
length; recall also the exercises in Sec. 4, where we drew graphs 
of equations involving letters other than x and y.) et .. ^ . 

(Fig. 19) be two points on this graph. W e are assuming ia 
know to a sufficient number of decimal places the values of sm 
for 0 = A and for 0 = B, these values being represented by tn 
ordinates AP and BQ, respectively. What we seek is an approxi- 
mation to the value of sin » for 0 = 0, somewhere between A 
B. Geometrically, sin C is represented by the ordinate ' «• 


JsmV Jfe U*iw*itv Library 
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S 

A 



A\e h;i\e no simple arithmetical process for calculating CR, but 
if the distance AB is small enough, the chord PQ is a good repre¬ 
sentation for the arc PQ, and the distance CM a sufficiently 
approximation to the length CR. 

Now CM can be computed arith¬ 
metically from the known distances 

AP, BQ, AB, and AC. For if the 
(approximate) graph of the function 
is assumed to be a straight line, the 
(approximate) change in the function 
*S is proportional to the change in the 
variable 6. In other words, as we see 

by considering the similar triangles in -f y» '— 1 - 1 — 1 _ 

Fig. 19, XM/TQ = AC/AB. 

We now examine a few examples of FIG ' 19 

thJ mCeSS ° ! intCrp ° Iation which is bascd these considers- 

Example 1. Find the value of sin 38°4'25". 

The given angle lies between SS'W' and 38°5'0", iust 25 4 n of 

ir/i Th tIlG f °- mer t0 thC lattCr - AS «ed J by thedis 

should have a value about of the way from 0 61658 to 0.61681 
Now the change from 58 to 81 (omitting, for brevity, the decimal 
om an e common leading digits) is an increase of 23. Our re- 

To The - th t en ’ Sh ° / f d be found ahout ( 2 /eo) X 23 above 58 

rive SS PC * 23 “ 10 > ^hieh. added to 58, 

g tI 68 ’ d th ? re( 5 ulred val ue is sin 38°4'25" = 0.61668 

The situation is more readily appreciated if we arrange the data 

fcsvs: Ltr ate the st « e —^ 0 d nt 


60 


25 


ff 


f 38°4'0 
38°4'25" 
38°5'0" 


h 


61658' 

616_j 

61681 j 


23 


The proportion h/ 23 - 25/60 stands out prominentlv in 
arrangement and leads, of course, to h = 10 L bX? A P 

w ^ 

clearly belongs ® ^ 58 “ d 81, where it 
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Example 2. Find the value of cot 51°57'45". 

"V. \ 


60 


f5r57'(l 

46 (51°o7'45 

51°58'0" 


78-200 
782 _ 


h 


\4A 


i 


The proportion here is A/4 7 — 4 /'(>o» an( ^ ^ r ^ mc * 

since the change of 35 is from GO toward 22, we subtract the o* from 

the 69 and have, finally, cot 51°57'45" = 0.78234. 

Example 3. If cos A = 0.78718, find the angle A, which is 

assumed to be an angle of the first quadrant. 

_ ^ \ | 

18 



r 

h 

'38°4'0" 

787291 

1 

[11 

60 

[38 0 4'_" 

78718; 


i 

38°5'0" 

78711 

j 


The unknown change h is this time in the angle, our u« 
polation process is the same. We have as before a proportion 
JiJq o = 11/18, whence, to the nearest integer, i > 

3 When the proportion yields for h a value which ends in .5 and 
which thus falls midway between two integers, it « oi con 

immaterial from a mathematical standpoint which mtege 
chosen. Computers sometimes agree in such cases o 
that value for h which makes the resulting reading end m an even 
digit. We do not in any case keep the .5; we never reta 

digits than are used in the table itself. 

EXERCISES 

1 «v nsine a reference triangle, constructed carefully with protractor and 

8 „ 0 i„ w that some reliance may be placed on your measur 

taSTi* ? .prosimrte values for the sine, eoeine. -ui Un^t of 
l “ V^efi 19 i “-rite . P™f <* ^ I**- ^ “ AC/AB ’ 

1 fmm table, the vuluis of the fohow.ug funcUe™: ^ 

aSSwr. » humw. (f)-mn78 1619 . 

4. Find the sine, cosine, talent, and cotangent 
(n\ on°0'7". (W 62°58'40". 

40°1*'82 w . W 50°S0'50". 

8. Find thevalueof (b) cosSW^. 

in) sin 41 12.8 • jl 

(A tan e2°7.7'. ^ } 


(c) 15°9'6". 
(J) 71 a 19 , 10 M . 



*V * 
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(c) sin a 
(/) sin a 


0.32180 

0.00372. 


6 . Find the first-quadrant angle cx for which 

(a) cot a = 0.52014. (6) cos a = 0.52362. 

(d) cut a = 1.4300. («*) tan a = 0.25537. 

13. Functions of Related Angles. Reduction Formulas 

We have already noted and used the fact that cofunctions of 
complementary angles are equal; that is, for example, that 

a) cos a, where a is any positive acute angle. We 
w. e\cop a verj general class of formulas, among which the 
relations just cited find their places. We shall investigate all 
angles of the form n90° ± a, where n represents any positive or 
negative integer, or zero, and where a is any angle, and we shall 

in t an angIe may be e “ *** 



the form nfl0° ± a has rterminal r<, v u- , Th , my an « le oi 
■rngle equal to a with the positive or the nl^te i 

OP". For the purposeTilS Ll ■ “ ^ With tte ^ aa 
number. If reference trianvl W * regar ^ 2ero 33 an even 

«*»« ± O, the relaT^ar^e^TtrT^ <OT “ ** 

^ponding Sides will be ’r d their 

differ in sign. Also, it n i* * V ^“ aI > ^though they may 
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sides are equal to each other, liht , wi>r I hr ! v\ <* // !<■'*. il h»lh>'A> 

that any function of such a rrlatrd aiiL r lo i> ntim* rtrnii/j rqwal to 
the same function of a. If if L> odd as tor •, 11 1 r■ ,r xidr of wjn* 
reference triangle is innnvriraHij equal to the // >i<lr of the other; 
any function of such an angle, therefore, is numerically equal to 

V c 

the cofunction of a. As for the algebraic signs of tlic-c functions 
of »90° ± «, they may he determined by noting in what quadrant 

the angle h90° + a falls. 


Example 1 . Suppose a 
esc (270° + a) = ? 

Since 270° = 3 X 90°, n = 


to be a positive acute angle, 
3, which is an odd integer. The 


required result is therefore numerically equal to the cofunclwn 
sec a. Also, 270° + a is a fourth-quadrant angle, whose cosecant 


is accordingly negative. Thus, esc (270 J + a) — — see or. 

Second, let us sec what happens to such a formula when a in¬ 
creases or decreases, and moves out of the first quadrant. If n 
is even, as for a' in Fig. 20, we see that, when the terminal ray of 
a sweeps across a vertical axis, so does the terminal ray of the 
related angle; and when OP sweeps across a horizontal axis, so 
does OP'. Thus, when the abscissa of P changes sign, so does 
the abscissa of P’ ; when y changes sign, so does y’ . Consequently, 
a relation like cos (180° - a) = - cos a, wliich is true when a 
is a first-quadrant angle, remains true even in sign when a moves 


into another quadrant. 

Similarly, if n is odd, as for a", we see that when OP sweeps 
across a vertical axis, OP" sweeps across a horizontal one, and vice 
versa. Thus, when x changes sign, so does its numerical equal y ; 
when y changes sign, so does its numerical equal x". Hence m 
a relation like esc (270° + a) = -sec a, known to be true when 
a is in the first quadrant, we see that whenever sec a changes 
sign as a passes into another quadrant, so does its numerical 
equal esc (270° + ct). Hence the equation, signs and all , remains 

true whatever the quadrant of tire angle a. 

Example 2. Discover the formula for cos (540° + a ) • 

Since the formula will be the same whatever the quadrant oto. 
we may as well act as though a were in the first. Tins mates tte 

approach to the problem simpler, and we haw •»***“ 
obtained, the resulting formula is valid even if a is not m 
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first quadrant. First, since 540° = (i X 90°, and 0 is even, we 
choose the same function of a. Second, since 540° + a is in the 
third quadrant where the cosine is negative, we have 


cos (540° -j- a) = —cos a. 

It is impossible to overstress the fact that, although in finding 
the formula for a function of u90° ± a we act as though a were 
in the first quadrant, the formula thus discovered is true without 
change for any value of a. These formulas, in other words, 
are identities relations, that is to say, which are true for all 
values of the letters involved for which the terms have mean¬ 
ing. Not only is cos (540° + 25°) = —cos 25°, for example 
but cos (540° -f- 120°) = —cos 120°, and cos (540° + 1 100°) = 

- cos 1,100°. ' 

Let us state the general rule at which we arrive through the 
discussion of the last few paragraphs. 


Theorem. Let a he any angle, and n any integer, positive or 

negative, or zero. Then any junction of the angle n90° + a is 
except perhaps for sign , equal to 9 

a. the same function of a if n is even; 

b. the cofunction of a if n is odd . 

t0 - U V ? tten . htfoTe the siting function of a is the don 

£££ SUMtWn 0/ " 90 ° 1 “ h - if « «» « first. 

for™Z laS 1 ° btaine< ! by ming this theorem called reduction 
ir’Tj-T ‘ be 7 "' im P° rtant ‘hose for functions of 
which ™*ht aDg e co “P ,ementary t0 of : 90 ° + a and 180 “ - « 

which enable us to get from the tables values of ,r ’ 

tuse angles; and of -a (where n = 

Example 3. Find the value of r 


0, an even number). 


cos 


cos (180° 
—cos 22° 


22°) = cos (2 X 90 
-0.92718. 


22 °) 


might equally well, of course, write 


cos 


mo 


and this second approach 


cos (90°+ 68°) =-sin 68 


0.92718, 


angle involves minutes and seconds it i,T fc 
*r bom the given angle than to subtract the latter 
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EXERCISES 

1. By drawing suitable reference triangles for a and for the related angle, 
derive directly the formulas which connect the functions of the related angle 
with the appropriate functions of a. 

(a) 90° + a. ( b ) 180° + a. (e) 270° - a. 

(2.' Using the rule given by the theorem, write formulas for all functions of 
each of the following angles, in terms of functions of a: 

(aj 90° -f a. (6)180° - o. (c) 180° + a. (d) 270° - a. (e) 270° + a. 

(/) -a. (g) '360° - a. (h) a - 90°. (i) a - 180°. ( j ) 360° + a. 

3. Express each of the following in terms of a function of a : 

(a) sin (450° + a). ( b ) cos (450° + a). (c) tan (540° - a). 

(d) cot (630° — a). (e) sec (720° — a). (/) esc (720° — a). 

(g) sin (810° + a). ( h ) cos (810° + a). (i) tan (900° - a). 

(a) Express each of the following, in two different ways , in terms of a function 

of a first-quadrant angle: 

(a) sin 115°. (6)' cos 125°. (c) tan 137°. (d) cot 212°. 

(e) : sec 215°. (/) ‘ esc 310°. (g) sin 417°. (k) cos 550°. 

(i) tan 700°. 0) sin 134°12 , 15". (k) cos 155°%7'4iC''. 

^ 3y first expressing it in terms of a function of a first-quadrant angle and 
then using tables, find the value of each of the following: 

(o)'sin 140°. (6) cos 142°. (c) tan252°18'. 

(d) cot 806°15'. (e) sin 312°4'48". (/) cos 228°. 

(a) tan 111°6'36". ( h) cot 100°. (*). tan 402°. 

(J) esc700°. (ft)'cos 1,008°. (0 tan (—1,776°). 

(m) cot (—560°). iff) cos 127 18 50 . 

14. Relation between Rectangular and Polar Coordinates 

From the equations which de¬ 
fine the sine and the cosine, we 
have, upon clearing of fractions, 

(1) x = p cos 9, y = p sin 6. 

By means of these equations, we 
may find the rectangular coordi¬ 
nates of a point when a set of 
polar coordinates is given, as¬ 
suming, of course, that OX is the 
same for both the rectangular and the polar systems 

Also, from the relations 



FIG. 21 


Fig. 21. 


( 2 ) 


p® *■ X® IfS 


tan 


V 
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we may get polar coordinates corresponding to a given set of 
rectangular coordinates. Care must be taken in doing this, how¬ 
ever , to choose a value of 0 consistent with the data. 

Example. Find a set of polar coordinates for the point whose 
rectangular coordinates are ( —1, —\/ 3 ). 

Since p- = xj + y- = 1+3 = 4, we may take p = +2. From 
tan0 = ( —v3) + —1) =+v / 3, we might make the wrong choice 
0 — GO . The given point is, however, in the third quadrant; 
we must, since p is positive, choose for 0 a third-quadrant angle 
whose tangent is V5, such as 180° + 60° = 240° Thus one set 
of polar coordinates is (4,340°). Of course if we had taken 

* .7 777 thcn 0 could have been 60°, or any angle coterminal 
with 60 . 

EXERCISES 

ilC recU " 8ular “ OTdi “ t '» of the point whose pohr 

(a) (2,80°) (6) (3,43°). ( c ) (1,240°). (d) (2,315°). (e) (1 0°) 

C0 (-1.0). (,) (1,180°). (A) (0,1°). (,•) (0.4“). yboV) 

^ give"'' “* rCCl “ gUUr “° rdi “tes of the points whose polar coordinate 


(a) (1,0). 

(<t) (Za,0/t). 


(b) (l,a - /3). 

(e) (b,A ). 


(c) (a,0°). 

(/) <P,JT — B). 

501 or r* p p° sitive ^ «wng 

^Lr C ’ f ° r C8Ch ° f thC ***• whose -tangalafeof, 

(c) (-Vs.l). (d) (-1,0). 

(h) (2 cos fi 9 2 sin )8) # 

0) [cos (a-t 9), sin (a - /S) ]. (*) ( a>a) . 


(«) («.«). (6) (3,-3). 

(/) (1.0). (^) (a,0). 

(0 [cos (a + 0), sin (a + 5)]. 

(0 (bj>Vs). 


(e) (-4,3). 


Eo* (D^wp* ° f “ CUrVC We replace 1 and y by their values 

U)» obtain the eouAtinn of thn —, * , 

polar equation of * ^ CUrve 111 ^ ^tdinates 

(o) The circle + y* = 2. 

(b) The circle ar* -f- y* = 5 > 

W The straight line x = 2. 

(d) The straight line y = 4. 

W The parabola y « x*. 

(/) The ellipse 4x* + 0«* » *6 

(y) The hyperbola 4o* - 9y* » $6. 

«h m tt« curve wbo* eq^tiw, b polsr coordinate is 


(d) p = 2 sin 0. 
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15. Radian Measure of an Angle 

Heretofore we hcive measured angles in degrees. "Wc must, now 
discuss another unit of angular measure, the radian , which is used 
extensively in more advanced work in mathematics. 

Definition. The radian is the angle which, when made a central 
angle in a circle, intercepts an arc whose length is equal to that of the 

radius. 

It is clear that the size of this angle is independent of the size 

of the circle. We learned in plane geometry that a chord equal 

to the radius corresponds to a 

central angle of 60 °; thus the 
arc corresponding to a 60 ° central 
angle is slightly longer than the 
radius. Accordingly, the radian 
must be an angle slightly less 
than 60 °. The exact relation be¬ 
tween the radian and the degree 
is embodied in the following 

theorem. 

Theorem I. ir radians = 180°. 

Proof. Let angle AOB of Fig* 
22 be 1 radian, and let z be the 
n umb er of radians in the straight 
angle AOC. Recall the theorem 

,wo central angles have the same ratio as 
In the present instance, this gives 

arc AC 

Angle AOB arc AB 



FIG. 22 


mat 

their intercepted arcs. 



CD 
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angle AOB — 1 


Now in radian measure, angle AOC = z % 

>met“ arc A( is a semicircumference, its length is irr, and by the 
definition of the radian the length of arc AB is r. When we sub¬ 
stitute these values into ( 1 ), we get zf 1 = rr/r, or: = ;r. 

^ here are, then, tt radians in a straight angle. Otherwise ex¬ 
pressed, 7 r radians = 180°, or, more briefly, ir = 180°, where, in 
accordance with custom, we omit the word radians , it being under- 
st<x)d henceforth that, except when some other unit is explicitly 
indicated, the unit of measure for angles is the radian. 

Do not be misled by this abbreviated form into thinking that 
the number t r has somehow become the number 180. The equa¬ 
tion t = 180 5 merely indicates that it takes a little more than 
3 radians to make up 180°. The letter ,, as heretofore, repre- 

3d416 ^ rat, ° ° f ClrCUmferencc to diameter, approximately 
Example. Express the angle 17° in radians. 


180 

1 


TT 


17 


180 

17ir 

180 


the C ^dS, f rI S he ab0 “ t t 1 rcleS haw , a COnVenient expression when 
uie radian is the unit of measure for amrles 

»ented in the following theorem and in Exercise 9. ^ 

Let > be the number of radian* in a central anole r 
Then s = r$. ^ ™ arc intercepted by 6. 

Pmf. The theorem foUows imme- 

•hnteljr from the geometric theorem just 

used m the proof of Theorem I. Thus 
in Fig. 23, 


Are AC 
Arc AB 

s 

r 

s 


angle AOC 
angle AOB 

e 

—» 

1 

r$. 



FIG. 23 












30 


TRIGONOMETRY 


[Sec. 16 


In the formula just proved, r and .s' are measured in the same 
linear unit, anti 8 is the number of ruditut-s in the central angle. 
It is the use of the radian which makes the formula simple; an 
analogous formula which would he true for degrees would contain 

the awkward factor 71 -/ 180. 


EXERCISES 

1. Express in degrees : 7T, 7 r/2, ^71% tt/G, 1 2t/3, 2it/o, 3, 1.4, 2.7. 

2. Express in radians, leaving the results in a form which involves tt when¬ 
ever it is convenient to do so: 720°, 20°, 10°, 10.5°, 72°30', 12 , la , 22 30 , 18 4.5. 

3. What is the length of the arc in a circle of radius .5 in. which corresponds 

to a central angle of 1 radian? 3? tt/ 15? 2x/5? 45°? C0°? 108°? 44°? 

4. In a circle of radius 4, what central angle intercepts an arc of length 8? 

4? 7.1? 2? Give answers both in radians and in degrees. 

6. Through what distance does a point on the rim of a rotating flywheel 

move while the wheel turns through an angle of 1 radian? ... 

6. A wheel of diameter 4 ft. makes 160 r.p.m. What is the velocity in feet 

per minute of a point on the rim? Of a point at the middle of a spoke? 

7. The minute hand of a clock is 7 ft. long. How far does its tip move in 

19 min.? , , . ,» i * 

8. The radius of a circle is 4,000 miles. Find the length of the arc which is 

intercepted by a central angle of 1'. 

9. Show that the area of a circular sector with central angle 0 radians, in a 
circle of radius r, is given by K = 

10. Find the area of a circular sector of radius 3 and central angle 1.5 radians- 

1 1 . Find the area of the circular sector with central angle 22 30 m a circ e o 

radius 16 ft. „ , - 

12 At the eve of an observer, lines to the opposite ends of a diame r 

sun meet at an angle of about 32', and the distance from earth to sun is abou 
9.3 X 10 7 miles. What is the diameter of the sun? 

16. Line Representations of the Functions , 

The trigonometric functions are numbers, each having been 
defined as a ratio. It is possible, however, to represent themcor- 
rectly, both in magnitude and in sign, by certain ec 
segments. This representation makes it easy to visualizei . 
relations among the functions and to follow the changes in 

values as 8 varies. . . nfitr QA) 

Draw a circle with radius l. «nter ri 

. native twum. Draw MP and AT perpendicaar 
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and 1>S perpendicular to OY. T is the intersection of AT 
and OT\ S is the intersection of BS and OP. 

Recall that the positive directions on horizontal and vertical 
lines ar<* right and uji; and that on the terminal ray of 0, the posi¬ 
tive direction is the direction from 0 toward P. Then the six 





FIG. 24 



trigonometric functions of 9 are reoresent^ iwk • . , 


sin 

e = 

= MP 

esc 9 - 

= OS 

COS 

9 = 

= OM 

sec 6 = 

= OT 

tan 

9 = 

* AT 

cotff = 

= BS 


In the first place, these directed-line segments civ. n. 

“gns, aa we verify by inanectimr th. “ , gIve thc eorrect 

For example, when 6 is f °. Ur ven “ ons o! Fig. 24. 

negative, AT and BS posirive^Or "* 

•hM^uadrant murie. ““ bout ^ functions of a 
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values. 


m 


sin 6 — 


cos 9 — 


tan 6 = 


esc 9 = 


sec 9 — 


icing 

disposed 

of, 

nsidr 

ic tic 

tiuition o 

f each 

fan* 

■ fact 

that the 

rigid t 

riatm 

jrrc$i 

Minding’ sides pi 

•<»pnr 

MP 

■i 

_ ) [P _ 

MP. 


OP 

r 



OM 

_ OM _ 

OM. 


OP 

1 



MP 

A T _ 

AT _ 

iT 

OM 

OA 

f 

4 1 X ■ 

OP 

OS 

OS _ 

OS. 

MP 

OB 

1 


OP 

OT 

OT _ 

OT. 

OM 

OA 

1 


OM 

BS 

BS _ 

BS. 

MP 

OB 

1 



f 1 

Vs 


cot 9 = 

Note that by virtue of Theorem II, Sec. 15, since r = 1,6 also 
is represented by a length, namely, the length of the intercepted 
arc AP. This consideration will be helpful when we constiuct 

graphs of the functions, in the next section. 

Many properties of the functions are apparent from these line 

interpretations. For example, the numerical values of sin 9 and 

cos 6 never exceed 1; sec 9 is always numerically greater than 

tan 9; and always, no matter what the value of 9, sm 2 9 + cos* 8 

_ i* 

By inspecting the line interpretation, it is easy, too, to visualize 
the way in which the value of a function varies as 9 runs through 
the four quadrants. To trace the variation of sin 9 , for instance, 
as 9 increases from 0 to 2x, we have only to imagine the point r 
moving counterclockwise from A around the complete circum- 
ference, and to picture the resulting changes in the line* **“ 
MP As 8 increases through the four quadrants, we see a 
(„) increases steadily from 0 to 1; (i») decreases from 1 *» »• 

continues to increase beyond mn * repeats the »mes«^ , « * 

values, for, as we know from tbe theorem of Sec. IS, sm ( 

= sin 8, that is, sin (2ir + 0) = sin 0. 

• an* 9 is the accepted notation for the square of the fanetkm M 



Sec. 17, RADIANS. GRAPHS. INVERSE FUNCTIONS 


33 


Minilarly. for tan 6, fixing our attention on AT, we see that, as 
- increases through the four quadrants, tan 9 («) increases from 
0 to x; * h ' increases from -x to 0; (c) increases from 0 to x; 
,r increases from - x to 0. Notice that the values traversed 
hy the tangent in quadrants 3 and 4 repeat those assumed in 
quadrants 1 and 2. This behavior agrees with the formula 
tan x + 6 ) = tan 6, which is deduced from the theorem of Sec. 13. 


EXERCISES 

1. Describe the variation of each of the following functions, as the ancle 9 
nk*rea.M*> Imni 0 to 2*: 6 


(Cl i ('us 0. 

2 . [ 


(h) cot 0 


(c) sec 9. (<f) esc e. 

Mng the line representations of the functions, show that 

(a) 1 r tan '-9 = sec* 9. (4) 1 + cot* 9 = esc* 9. 

WU-O-KlJ. Wcot ».S5|. 

sin 0 

17, Graphs of the Functions 

TIk. Inhavior of a function as the angle varies is most strikingly 
pietured by the graph of the function. For example, to exhibit 

fmmTin C w I , T 1 S = , Si ” " thc Ungle • 

.. ’ e p , ot l * le ' a ' ucs of a as abscissas, and the corre- 

spondmg values of sin o as ordinates, mark the point designated by 
«eh pmr, and connect these points, in order of increasing «, by 

££ :X' 1 w WC C °" StrUCte,J ->« simpler 

functions m Sec. 4. We may obtain our table of values for the 

unction sm a from the tabulation of Sec. 11 or from a takl t 
natural functions supplemented by our reduction form I 6 ° f 
geometrically, by constructing as like thc 9s of Fig *4 ^th^ 

the «dhm „ the unit of measure for a, fJd tk'JI 1 
on both axes. e 8081618 t * le same 

♦ l 1 ^ f diacuadon of tbia notation. 

■ — ' 5 (i), Sec- 14 . ”*"****■ Sin 9, m polar coordinates. Com- 
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A function like sin a, which repeats its values in dehrnte cycles, 
said to be periodic , and the smallest range of values of a which 
rresponds to a complete cycle of values of the function is called 
e period of the function. The function sin a is periodic, and its 
riod is 2x. By the amplitude of such a periodic function, the 
aph of which oscillates like that of sin a equally far above and 
•low the horizontal axis, we mean the magnitude of its maximum 

TTif* nmnlitiN ie of sin a is 1. 


Instead of carrying the table of values beyond x/2, we use the 
fact, suggested by inspection of the line representation of the sine, 
that sin a repeats, in the second quadrant, the same set of values 
it assumed in the first quadrant but in reverse order. This is 
preciselv what is mean' by the reduction formula sin (x o .) — 
sin a. Si mi larly, since sin (x or) = sin a , the values in <juad- 

rants 3 and 4 repeat those in quadrants 1 
changed. Finally, as <x continues to increase, the same cvclo of 
values is repeated while a runs through the values from Sr t 
4 *. The complete graph consists of endless repetitions of these 
waves, to right and left of the part already constructed. 


<> 



a 

S 

0 ! 

0.00 

x/6 

0.50 

x/4 

0.71 

x/3 

0.87 

x/2 

1.00 


FIG. 25 
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In many applications of mathematics, for instance to theories 
of sound, it is necessary to deal with functions like S = 3 sin 4a. 
Here the 4a represents the angle which must run through a 

range of 2 tt to complete the period of the function sin 4a. But 
for 4a to increase by 2t, a must 

increase by 2 tt/ 4, or 7r/2. Thus, 
t /2 is the period of the function 
3 sin 4a. The values taken on 
by sin 4a, are, of course, the same 
set assumed by sin a; they are 
merely taken at a faster pace. 

The effect of the factor 3 is to 
triple all ordinates; thus the am¬ 
plitude of 3 sin 4a is 3. The 
graph of S = 3 sin 4a is easily 
sketched if one recalls the general 
form of the sine curve in Fig. 25 
and observes that the cycle is 
now to be completed in a range 
of it/2 instead of 2ir, and that the 


~ V* 



Of 


FIG, 26 


arches are three units tall, instead of one unit as in the earlier 

fsT and Jr 6 ge ? e f^ the amplitude of the function A sin pa 
is A, and the period is 2ir/p. 1 

. ,ollowin 8 samples embody methods which often 
They may be omitted without damage to the continuity of our 

i Xa ™ ple L Draw ^e graph of y = * + sin *.* 

x and y% = sin x y 

__linlmmr crr*r 

terms which make ud v are shown 

£ T v y snown as uonea curves in Fia ov 

Now for any value of * the corresponding ordinate 7h£?Jl 

V - »n * need nrt’S'Jnn”^' 11 tL' 1 ’*'’' y ken ' the ar in the equation 
hehreen the variahlee xandj, „hkh is „ ' T* 1 ” 11 merc ' 3 ' Kts UP • relation 

■».» - >*. the rrT PBca “ *« 

Pictured in the graph of Fie. 25 and »t #„_^ L • • 4, a relation which is 


construct 

X-J gl apus y\ 

same set of “uxiliary 
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of the ordinates ij\ and y 2 for the same x. Assuming tliat tin* 
preliminary graphs are correct, we may perform the necessary 
addition of ordinates geometrically. Certain points are obtains! 



FIG. 27 


with especial ease. Thus, wherever y 2 = 0, y — jju and the 
required graph (the solid curve in the figure) meets the graph of 
y x = x. This device supplements but does not necessarily re¬ 
place entirely the construction of a table of values for the equa¬ 
tion the graph of which we wish to plot. 

Example 2. Draw the graph of 




- cos x. 

3 


As before, we first construct the auxiliary graphs of 
a — r>na T* This time, v = vu/o; the ordinate y is 


Ih 


and y 2 = cos x. 1ms tune, y = me uiuu 

uct of the ordinates y y and y 2 . A purely geometric 
of y is not so simple as in the preceding example 
illustrated by Fig. 28, should be noted. 

a. When either factor, t/i or y 2 , is zero, then 
zero: that is, wherever either auxiliary graph t 


their product y u 
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b. If y x = 1, y — y 2i and if yz = 1, y = y\\ that is, for any 
x for which the ordinate of one auxiliary curve is +1, the required 
cuive has a point in common with the other auxiliary curve. 


Y 



FIG. 28 


e. When y l and y 2 have the same sign, y is positive; when «/, 
and y 2 have opposite signs, y is negative. 


EXERCISES 


1. Draw the graphs of the functions cos a, cot a, sec a, esc a. Determine 
the period of each and the amplitude in any case where that term has a meaning 

and sketch the graph of the function: 8 U ’ 


(o)2 cos 3a. (6) 4 sin 2£. (c) Hcosit. 

(e) sin 7Ta. (/) 2 C os 2 id. (g) H cos mt. 

3. Sketch the graph of the function tan St. 

4. Sketch the graph of each of the following functions: 


(d) 3 sin J^a. 
(h) b sin x/k. 


(°) y = | sin 4®. 

10 2 

(c) y = x sin x. 

( e ) y *= f + sin 2®. 


W y = ^ sin | ® + sin 2 *. 

(d) y = x 2 sin x. 

(/) y = -p + cos 27TCC. 

o 


18. Inverse Functions and Their Principal Values 

We frequently have to describe an angle bv mVin „ *i, » - 

one of its functions, and it becomes tedious to refer to suc^^ 
angle by a clumsy periphrasis like “an angle who ™“ 
Accordingly, we use the abbreviations SUle 18 


arcsin ^ for “an angle whose sine is M ” 
arccos b for “an angle whose cosine is b ’’ 
arctan 3 for “an angle whose tangent is 3,” 
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Notice that we sry “an angle/’ not “the angle, because tlierc 
are infinite! y many angles whose cosine, for example, has a given 
value, provided, of course, it is a possible* value for that fund ion. 
The expression arcsin 2 is, obviously, meaningless, since then* is 
no angle whose sine exceeds 1, but arcsin J-g could be 30 , or 
150°, or — £10’, or any of the infinitely many angles coterminal 
with 30° or 150°. 

By the statement a = arcsin S, we mean exactly the same tiling 
that is meant by the statement S = sin a. The emphasis in one 
case is upon ct as an unknown; in the other case upon S. S is a 
trigonometric function of ck; oc is said to be an inverse trigonometric 
function of S. There is a difference in the way in which these 
two quantities a and S behave as unknowns. When the value of 
<x is given, there is only one possible value lor $. This fact is 
graphically evident in Fig. 25. If S = sin a, we say that S is a 
single-valued, function of a. On the other hand, if a value is 
given to S, as we have already pointed out, there are infinitely 
many values of a to correspond. To see this graphically, observe 
that the graph of the equation a = arcsin S is exactly like that of 
S = sin a , except that the positions of the positive S-axis and the 
positive a-axis are interchanged. It is as though we drew the 
graph of S = sin a on transparent paper, turned the paper over, 
and rotated it through 90°. The result is Fig. 29. For any S 
from —1 to +1, inclusive, there are infinitely many values of a. 
For such values of S, we say that the function a - arcsin S is 
infinitely multiple-valued. For S numerically greater than 1, 

arcsin S is meaningless. 

For many of the purposes for which we need the function 
a = arcsin S, it is satisfactory to select the simplest value of a 
corresponding to a given value of S. The simplest set covering 
just once the complete range of values of S is that shown by the 

heavy arc in Fig. 29, reaching from a = — Yf to « = e 

call this selection of values the principal values of the inverse 
fnnntmr. arcsin S. and describe symbolically the range of these 


• • * 


writing 


1 1 

± ir £ Arcsin S £ = 

2 A 


writing an inverse func 
principal values. Thus 
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have seen, arcsin y 2 has infinitely many values, but Arcsin y 2 = 

30° = tt/6, the only value of arcsin y 2 which falls in the range 
from — y 2 Tr to -f y,Tr, 


a 

k 



~ — r 


— 7T 


-IT 



--7T 


FIG. 29 


FIG. 30 


Similarly, by inspecting the graph of a = arecos C, Fig. 30, we 
select as the simplest set of values completely covering, just once, 
e range of values of C those represented by the heavy arc, and 


0 ^ Arccos C 


T. 


And from the graph of a = arctan T, which the student mav 
readily construct by proper manipulation of Fig. 26, it is seen 

tage^'is the princi P al of the inverse 

- 5 ?r < Arctan T <~ T . 

* 2 

When we can use principal values of the inverse functions we 
Gilen t e a °! dealin « "f* single-valued functC 

fr I^nfSt tte“ e r ,OT *1 S “ e ’ COS “ e - or l ^nt, them 

spoudi ° No^'z ^Zeelrrlr'r ■ c r- 

indude, the “first^uadmnt values” between o ld™" ^ 

funcUoL^ ^elXnotmtT 1 ‘a° f the °‘ her ««e 

as easy to call an angle arccos H as arcsec 2 . Mo^ a ^e 
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of the principal values for arcscc and for arccsc presents certain 
difficulties which can more appropriately he discussed when these 
functions first assume real importance, in the calculus. 


EXERCISES 


1. Write in degrees three values, if possible not all associated with the same 
terminal ray, for each of the following expressions which has a meaning: 


(a) arcsin ^ — 


V_3 

2 



(d) arccsc 


Vs 

2 

VI 


(b) arccos ( — }o). 

(c) arctan V3. 

(A) arcsin f-^=.) * 

\ V2' 


1 


(c) arcsin —= 


v 2 


(/) arc sec 2. 
(i) arc sec 

2 


(A) arccos ( — 0.34202). 
(rn) arccos ( —1.0001). 
(o) arccos ( — 1). 


(6) Arccos 


Vs 


9 


(e) Hit — Arccos 0. 

(6) cos [arccos (— J4)1* 
(e) Arcsin (sin 30°). 

(A) Arctan (cot 30°), 
(Jc) tan (Arccos 34 s)* 
(n) sin (Arccos 34)* 

(q) Arccos (cos 315°). 


(c) Arctan ( — 1). 

(/) Arcsin ( —1) + 34^* 

(c) tan (arccot %). 

(J) Arcsin (cos 30°). 

(i) cos (Arcsin Y\ 2 )* 

(J) cot ( 7 r — Arcsin ?{ 3 ). 
(o) Arcsin (sin 150°). 

(r) Arcsin (sin 225°). 


(J) arcsin (0.76604). 

(/) arctan (-1.8040). 

(n) arccos 1. 

2. Evaluate in radians: 

(a) Arcsin 0. 

\ 1 

(rf) Arrcos (—1). 

(5) Evaluate: 

(a) sin (arcsin 0.45). 

( d ) arcsin (sin 30°). 

(g) sin (Arctan %). 

{j) arctan (cot 30°). 

(m) sin (arccos 34)« 

(p) Arctan (tan 120°). 

(*) sin (90° - Arcsin H). (0 Arctan x + Arccot x f x positive. 

4. If arccos (— %) is an angle of the second quadrant, construct the angle 

and find its sine and its cotangent. 

5. Construct Arctan (— %) and find the cosine of the angle. 

6. Construct Arcsin (%) and find the value of each of its six functions. 

7. Construct Arccos and find the value of each of its functions. 

8. In the formulas which define the ranges of values of the inverse sine and 
the inverse cosine, certain equality signs appear. Why are there none in the 
formula for the range of the inverse tangent? 

19. General Values in Terms of the Principal Values 

For some purposes, as we have said, the principal values of the 
inverse functions are satisfactoiy. There are occasions, however, 
when one needs a formula which will yield all values of ar ,Tlvprse 
function like arctan V3, or arccos (- H), or arcsin 
formulas we now develop. 
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arctan b. If p is the principal value of arctan b, Fig. 31, the 
only possible terminal rays for arctan b are those of p and of 

T + p. All such angles may be obtained from p by adding any 
integral multiple of t. Thus we have the theorem: 



Theorem I. All values of the angle arctan b are given bu the 
formula arctan b = » r + p, wh ere p is the principal vle andXre 
n represents any integer, positive or negatim, or zero. 

arccos b. If p is the principal value of arecos b, Fig 32 the 
terminal rays o „ and of are the only possible temuial V™ 

in tiTT i A T g eS tlavulg tIlese terminal rays are comprised 
m the fornmla embodied in the following theorem: P ™ 

/i!i -Infr/iZe7i a r b a - e hj the 

^ poll z - 



Now every angle coterminal with P can he ^ of T ~ 
multiple of * plus 0 - eVMy , e 

wiiu rr — p t as an 
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odd multiple of tt minus 0. Both sets of angles can be repre¬ 
sented by tlie one formula iitt -T ( 1)"$, because ( 1)” =- l - l 

when n is even, and (— 1)" when n is odd. Thus we have 

the theorem: 


Theorem III. All values of the angle arcsin h are given by the 
formula arcsin b = nw + (-l)"/3, where. (3 is the principal value, 
and where n represents any integer, positive or negative, oi ~cro. 


Remark. It is also a fact that these general-value formulas, 
set forth in the three theorems, yield a correct set of values if for 
j8 we substitute any admissible value of the inverse function in¬ 
stead of the principal value. For example, by Theorem I, 
arctan 1 = ut + tt/4. But the same set of values is represented 
also by arctan 1 - mr + 5ir/4, where n in each case is allowed 
to take on all integral values. See Exercise 2. 


EXERCISES 

(1. Write the general value of each of the following angles: 

(a) ct when cos a = H- W a when tan « = J* 

(d) a when cos a — 0. 

(/) arccosl. (fiO arctan (-1). 

(i) arctan oo. (j) arccos ( ^ /i) 

(f) arcsin (cos 00°). («0 arcsin (sin 45°). 

(o) a if sin 4a — 1. 

(g) a if 2 sin 2 a = 1. 


(cY& when sin a — 1. 
(^arcsin ( — Vs/2)* 
(hy &TCsin ( 1 /^). 

(A:)*" arctan 0* 

(n)*' jS if cos 30 = H* 
(vYx if tan 2a: = 0. 


(rY 0 if cos 2 0 — 1* 

2. Prove the statement in the remark, above. . • h 

3. (o) Prove that, if jSo is an angle for which tan 2 (3 -b, all ang es 

tan 2 0 = 6 are given by the formula 0 = mr ± ^ which 

(&) Prove that, if /3 0 is an angle for which cos 2 0 - b, all angles 

cos 2 0 - 6 are given by the formula 0 = ^ ± , for whicb 

(c) Prove that, if /So is on angle for which sin 2 0 - b, all angles 

gin* 0 sa b are given by the formula 0 “ nir ± 0q. 
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IDENTITIES AND CONDITIONAL EQUATIONS 


Functions 


We have already seen that when the value of one function is 
piven, together with the quadrant in which the angle lies, the 
values of all the other functions can be found. The functions of 
a given angle, therefore, are related in certain definite ways. 
These relationships we now explore in systematic fashion. 


write 


sm a - z = 


cos a = - 


definit 

ions 

of 

the 

six 

= y = 

1 

r 


1 

9 

P 

p/y 


CSC 

a 

X 

i 


1 


p 

p/x 


sec 

a 

m if = 

1 


1 



tan a — “ ~ 


x x/y cot a 


giving us three formulas which we shall call the reciprocal formu - 


a) 


sin a 

« 1 
esc a 

or 

C8C a = 

COS a 

m 1 
sec a 

or 

sec a = 

tana 

« 1 

or 

CO to = 

COt a 


i 


sin a 
i 

cos a 
1 


tan 


a 


Second, again using the formulas of definition 
numerator and denominator by the same quantity, 


dividing 


tan 


cot 


* „ g/p 

* *!p 

It v/p 

43 


gin a 

COB 
006 

am 
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giving us the important three-function formulas 


tan a — 


* 2 ) 


COt a = 


Sin a 

COS a 1 
COS a 

Sin a 


Finally, from the relation .r- + y 
by x-, and by y 1 , we get 


= p~, dividing in turn by p", 


9 


i + r = pj 

a*- x “ 


and 


1 + ■ ~ - P 
r y 


from which, upon substituting for each of the above ratios from 
the equations of definition, we get the three Pythagorean rela¬ 
tions: 

sin 2 a + COS 2 a = 1, 

(3) 1 + tan 2 a = sec2 a > 

1 + COt 2 a = CSC 2 a. 


21. Trigonometric Identities 

Each of the eight relations we have just proved is an identily; 
that is, it holds true for all values of a for which the expressions 
In volved have a m e ani ng. The function tan a and the ratio 
sin a /cos a, for example, are interchangeable; the expression 
sin 2 a -f- cos 2 a may always be replaced by +1, or cot 2 a by 

esc 2 a — 1. 

By u sing these eight identities and the familiar processes, of 
algebra, it is possible to establish any number of other identities. 
There are three general modes of attack for the problem of verify- 

ing an identity. 

A. Two expressions may be shown to be identical by trans¬ 
forming one of them until it assumes the form of the other. 

Example 1. Establish the identity sec 2 a — 1 = sin 2 a sec* a. 
By applying in turn certain of the formulas of Sec. 20, we 
transform the expression on the right until it assumes the form 
sec * •— 1, The details follow. 

sin 2 a sec 2 a = * , , by (1), Sec. 20 

cos 2 a 

= tan 2 a, by (2), Sec. 20 
= sec 2 <* — 1* by (3), Sec. 20 
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Notice that each change of form leaves the value unaltered, what¬ 
ever angle a may represent (except of course those values for 

which cos a = 0), since only identities and valid algebraic opera¬ 
tions have been employed. 

2?. Two expressions may be shown to be identical by trans- 
foiming each of them to a common third form. 

Example 2 . Verify the identity sec 2 a — tan 2 a — 

By (3), Sec. 20, we have 


esc 2 a — cot 2 a. 


and also 


sec 2 a — tan 2 a = 1 


csc“ a — cot 2 a 


1 . 


Thus the two members of the proposed identity are equal for all 
values of a for which the terms have meaning, since each is equal 

. ffi T t he ‘ W ° , met ! lods of attack described in A and B would 
uffice for the identities we shall wish to verify. There is a third 

approach, however, which we wish to discuss because of its use- 

fe e L m ior m " ? ’ from resenting, proofs of identi- 

, , ’ “ nd a ! SO (“ aa<ie of lts dose connection with certain important 
quotums m elementary algebra which are all too frequently ore 
seated incorrectly in the schools. Our discussion is informal and 

theorem a^dt ^ 4 “ ““ »***“» a 

Suppose that, from a proposed identity (a), we can deduce hv 
the operations of algebra an equation ( 6 ) which we recognize as 
a W„ identity. Have wc therefore proved (a) toT tru e “ 
y o means. We have established the proposition* “If (n\ * 

proposition: “If (or since) ( 6 ) is true then (a) fa te“T 
necessarily true. converse ot a true theorem is not 

sbove^and IZZ^^Tb^ ® W 
W as hypothesis and wort our wa( b^k to toTb^" ^ W ‘ th 

teats: 

tfon: ‘V » is 
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'K 


bv which wc derived (b) from (it) is s;iid to he reversible , ;in<l v,r 
have the important ])rineiple: 

If from a proposed identity (a) (I known identity < /<> run he dtnnd 
by a reversible process , the proposed identity un is true. 

Now this two-way argument is a common method of (^tahhdi- 
ing a proposed theorem. "We try the experiment of suppo>ii 
the tentative theorem («) to he true, and we derive from it some 
known proposition (b). Wc may then he able to retrace the steps 
from ( b ) to (a), in which case (ft) is proved. Furthermore, after 
completing only the first half of the argument [If (a) then ibt. 
where ( b ) is known to be true], we can in many cases declare with 
certainty that the process can be reversed and the converse 
proposition [If ( b ) then (a)) established. Consider the operations 
which one mav perform in transforming the equation (a) into the 
equation ( b ), and the corresponding inverse operations which we 
should have to perform if we were to succeed in the reverse opera¬ 
tion of transforming (6) into (a). _ 

1 . If as a step in the process of transforming (a) into (b) we 

change an equation (i) into an equation (ii) by mUMuhng for 

some expression X m (l) its equal 1, variable 

identity; then we can, conversely , for any value of 

for which the terms have meaning, transform (u) into (i) b\ sub¬ 
stituting for Y its equal X. 

2 . If as a step in the process of transforming (a) mto (6), we 

change an equation (i) into an equation (ii) by adding the same 
expression to each member of ©. we co«rr«iy. transfo™ 
(ii) into (i) by the inverse process of subtracting this xp 

sion from each member of (u). t : on 

3 If similarly, we transform an equation (i) into an q 

onby JX& member ot (i) by 
we may, conversely, transform (ii) into (i) by the ««"«£«£ 
of diJing each member of (ii) by this same egression but <ndy 
for values 0/ the variable for which thie dmeor « different from, sere, 

division by zero being ra™*? ^ me[nber of 

4. If we transform ( 1 ) into W y 9 ^ of 

the variable for which the terms have 

(i) by the inverse process of multiplying each 

this same expression. 
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5. If we transform «_i) into (ii) by exiracting an nth root of each 
member of i.iy we can, conversely, transform (ii) into (i) by the 
in verse process of raising each member of (ii) to the nth power. 

*i. If we transform ii.) into (ii) by raising each member of (i) to 

the nth power , we cannot retrace the step from (ii) to (i), because 

the inverse process of extracting the nth root does not give one 

unambiguous result. There are n nth roots, and instead of 

proving that if iii) is true then (i) is true, we can only prove that 

if ii) is true then some one of n possible equations including 
(i) is true, which is not enough. 

In summary, then, if we transform a suggested identity (a) into 

a known identity (b), using only previously proved identities and 

the elementary processes of algebra, we know’ that the whole 

process is reversible and that (a) is true provided we have avoided 

the two operations discussed in (3) and (6) which cannot be reversed , 

namely, multiplying each member by any expression which is equal 
to zero, and raising each member to a power . 


Example 3. Verify the identity (a) - + cos 6 


sin Q 


sin 6 


1 — cos 6 


Acting os (hough (a) ,r m (me, and multiplying each member by 
e least common denominator, sin Q (1 - cos Q), we have the 

£*a^ of (I ~ r 5 Si ™ ' WhiCh We rec °^ - *"» 

sin 9 (1 - cos «) ts different from zero. But if either factor of this 

product were aero, the terms of (a) would be meaningless. Thus 

the Process is reversible for all values of 6 for which (!) has mean- 
mg, and (a) is an identity. 

.JhS f 1 " °" e dL ’ COVerw) tie troth of an identity by this 
method, he may wish, m presenting a written proof, to avoid the 

•Jjument about the reversible process. I n such a case, he mav 

iwtuaUy wnte only the steps by which (a) is deduced from (4) or 

A “ y l nd " W s ay ° / (“ aS f trU ;, t 7 a . P-^ » the manner of A or B. 
Aofe on (he Solution of Algebraic Equations. One reason f„. 

. “oossing this third approach to identities is that the not; 

mvolred m it are implied in the solution of ever7dgebreic' T u 7 

aware of the fact. What do#»« it * P oDaoiy not been 

(a) 5cc — 3 = 2 x + 0 9 g v j . ° SO ve t ^ le equation 

+ By defimt,on * 11 means to find a number 
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which, if substituted for x. will satisfy tli<‘ <c|uati<»u. How <!<• 
we find this solution? We have been taught to do it by acting ns 
though (a) were true and transforming it thus: 


3x 


9, 

3. 


(b) 

What we have actually done is to prove 
( b) is true. We must prove also the converse: if (b) is true, thm 
(a) is true. At this point a great many elementary algebra books 
and too many teachers confuse a theorem and its converse. W hy 
do they not get into trouble with the solutions of their equations? 
Because in most cases the process is reversible. When it is not re¬ 
versible, as in the case 


(a) 


1 


x 


1 


(b) 


%x + x- 

- Q : y 

iVO/ 

X 


y/ x' 2 — 5, 
- 5, 


x 


6 , 


3, 


we are suddenly instructed that a check is a necessary part of the 
solution. Again, why? Because this time the process is irre¬ 
versible on account of the first step. The final step in the attempt 
to derive (a) from ( 6 ) would give us , not (a) alone, but the amb igu- 
ous conclusion “ either 1 — x = -\-y/x 2 — 5 or 1—x — — x — o 


UUO -- 

and by setting 3 for x we see that it is the second of these equations 
which is satisfied, not (a). The tentative result (b), x = 3, is 
the so-called extraneous root of elementary algebra. 


EXERCISES 


Verify each of the following identities: 

1. tan a. cos cl — sin a. 

2/tan a sin a + cos a = sec a. 

* „ sin a cos a _ ^ 


esc a 


4/sec a = 


sec a 

cot 2 a + 1 


esc a cot a 
y sin 2 at + cog_a = sec , a 

U* n 

cos 2 ot 

,2 


sin 2 cl + tan 2 a + cos* a 
tan cl cot a = sin 2 a 


sec 2 a = 0 


tan 


cos a 


sin a 
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A < 1 

v. sec a — tan a = —-- 

sec a tan a 

4 q 1 cot a — cos a __ cot a cos a 
cot a cos a cot a + cos a 

11. (1 — csc 2 a)(l — sec 2 a) = 1. 

12 . 1 







sin a(tan a + cot a) ~ C0S a * 

13. sec 2 a -j- esc 2 a = sec 2 a esc 2 a* 

14. tan a + cot a — sec a esc a. 

;an 3 a + cot 3 a . „ 

7~~T i == tan 2 a + cot 
tan a + cot a 

10. (a sin ol ~f* b cos ol ) 2 -f- (a cos a 

17# 1 tan 4 ol = 2 sec 2 of — sec 4 c^. 

jg 3 tan 2 of _3 — 4 sin 2 ot 


15. 


b sin a) 2 = a 2 + b 2 . 


1 3 tan 2 ot 4 cos 2 o: — 3 

In each of the next three exercises, transform the given expression into »n 
equivalent expression which contains only sin 0 and cos 0. ^ ^ 

19. tan 2 0 + sec 2 0. 20. esc 2 0 + cot* 0. 

21. tan P + cot /8 — sec /?. 

f “‘'i'’”* '°"° wing eII>ressio,ls *n terms of cos /S alone: 

1“ / + 23. sec 2 (8 + cot»/3. 

2 ^ csc/S _ sec 0 H 

sin /3 cos 0‘ 

Jif" WlMt ™ l " ° f “ d » tlK ^ identiUe, in , his IW ^ ^ 

22. The Addition Formulas 

We now establish identities for functions of the sum and of the 
angles. First we derive a for- - separate 

mula for cos (a — 0 ). 

Suppose a and 0 in standard 
position, as in Fig. 34. On 
their terminal rays, measure off 

OQ = 1. Then the polar 
coordinates of P are (1,«) and 

those of Q are (1,0). Hence 

(see Exercise 2, Sec. 14), the 

rectangular coordinates of P are 

(cos a, sin«); those of Q are 
(cos 0 , sin 0 ) . Now by the theorem of q , 

Of the line segment PO. we haT ^ ' apphed to the length 



FIG. 34 


PQ 


(cosa - cospy + (sin* 


sm 


t 
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Expanding, and rearranging terras, we have 

PQ 2 = (sin 2 a + cos 2 a) + (sin 2 0 -f cos 2 0) 

— 2 (cos ex cos 0 sin oc sin 0 ), 

or, since sin 2 9 + cos 2 9 = 1, 

( 1 ) w = * — 2(cos a cos |3 + sin a sin 0). 

Suppose now that we draw a new set of axes on our diagram, 
with origin at 0, but with the positive axis of abscissas, OX', along 
the terminal ray of angle 0 . Notice that, with respect to this 
new system, the angle a — 0 is in standard position; the polar 
coordinates of Q are ( 1 , 0 ), and of P are (l,a - 0). Therefore, 
with reference to this new system, the rectangular coordinates of 
Q are (1,0), and of P are [cos (a - 0), sin (« - 0)]. If we again 
compute PQ\ using the theorem of Sec. 3 but this time employing 
the coordinates of P and Q with reference to the new axis system, 

we get 

PQ 2 as [cos (a — 0) — l ] 2 + [s ^ 11 ( a ~~ 0) ~ 0] 2 . 

By expanding and rearranging this result, we have 

PQ 2 = cos 2 (a — 0) + sin 2 (a — 0) + 1 — 2 cos (a — 0), 


or 


(«) PQ 


2 — 2 cos (a — 0) ■ 


cos (a — 0) = cos a cos 0 + sin a sin 0 


/ * 

Now Eqs. (1) and (2) give two expressions for the same quan¬ 
tity. Equating them and solving the resulting equation for 
cos (a — 0), we have the desired formula, 

The student would do well to look again at Exercise 1, &ec. o, 
and to read the remarks at the close of Sec. 3. Since the theorem 
of Sec. 3 is true for all possible positions of P and 0, the 
riven holds without change whatever values a and 0 may ha¬ 
lo Fig. 34, a and 0 happen to be acute, but tha ‘ y 
ing on the proof. « or 0 may be positive or negative and may 

belong to any quadrant. Formula (3) is an « denhty, as ate 

° - « • i _1_11 fi»Am if' 

formulas 


If in (3) we replace 0 by 
+ cos 0 and that sin (-0) , 


remembering that 


formula 


(4) 


cos (<* + 0) =s a @ 


sin 



Sec. 22] IDENTITIES AND CONDITIONAL EQUATIONS 51 

Again, if in (3) we replace or by 90 — a, and recall the reduction 
formulas for functions of 90° — a, we get 

cos [90° — (a + 0)J = cos (90° — a) cos 0 + sin (90° — a) sin 0, 

or 


(5) sin (a + 0) = sin a cos 0 -f cos a sin 0. 

Finally, by replacing 0 by -0 in (5), we obtain 

(6) sin (a — 0) = sin a cos 0 — cos a sin 0. 

Formulas (3) to (6) are the so-called addition formulas for the 

sine and cosine. From these identities, we derive analogous 
formulas for the tangent, as follows: 


*“ ( “ + « = by m. s-. *o 



sin a sin d* by Eqs ' W (*) 


sin a cos ft cos or sin ft 

cos a cos ft cos a cos ft 

cos a cos ft _sin a sin ft* 

cos a cos ft cos a cos ft 


whence, by Eq. (2), Sec. 20, we have the identity 


(7) 


tan 


tan a -f- tan 0 

1 — tan a tan 0 


K in (7) we replace 0 by - 0 , recalling that tan ( 
we get the identity 


0 ) 


tan 0, 


( 8 ) 


tan 


0 ) 


tana — tan 0 


tan 


Note. 


■ t - student should appreciate the fact that in our der 

which we nmde L 8 ™ P ' y . becsuse «>e formulas in 

for a, or for 90° — « . winch are true 

formulas have £££ ^ ° f VMiabl<JS which 
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1. Draw a figure analogous to Fig. 34 for the case in which a is an angle of 

the second quadrant, and 0 of the third. ^ ^ ^ 

£ the sine and the cosine of 15 °, using the fact that l.> = 4 j — .50 . 

Do not use tables. Leave the answers in radical form. 

3. Find the values of all six functions of 7 .»°, without tables. 

41 a and 0 are positive acute angles. If cos a = 0.0, and sin /3 — ,17, find 

without tables sin (a - 0) and tan (a + 0). 

61 If tan a = 0.5 and tan (3 = 2, find tan (a 0 ) and tan (a + p). 

Prove the following identities: 

6. sin (a + 0) + sin (a - 0) = * sin a cos 0. 

sin (a — 0) 

7 . tan a — tan 0 — co3acos ^‘ 

- _ sin (of d~ 0) sin (a 61 . 

8. tan 2 ot tan 0 cos 2 a cos 2 0 


I tX 6 


EXERCISES 


9. sin(0 


iH 


sin 0 — cos 0 


V* 


10. sin (a + 0) sin (a — 0) = a 

11. tan* 0 — sin 2 0 = tan 2 0 sin 2 0. 

1 — tan a cot a — 1 


sin 2 0. 


12 . 


13. sec 4 a — tan 2 a = sec 2 


tan 


14. cot (a ■+■ 0) — 


cot a + 1 
cot a cot 0 — 1 
cot a + cot 0 

16. sin 3 a cos a - cos 3a sin a = sin 2a. 

17. cos 4a cos 3a + sin 4a sin 3a = cos a. 

18. 1 


1R tan (a - 0 ) + tan 0 _ tfln a 

1& ’ 1 — tan (a - 0) tan 0 


sec 2 a 


tan 


tan 


f do the identities (7) nod mJZl + A 

ton ( a — 0) become meaningless? 


3. Identities for Functions of the Double Angle 

Evidently the angle 2a may be written 
So (5 ). Sec. 22, then, substituting a for 0, 


From 


sin 


sin a cos a + cos a sin a. 


or 


( 1 ) 


fifn 2a — 2 SKI of COS a. 


Simila rly, from Eq. (4), Sec. 22, 


cos 2a — cos a cos a — rin a sm ct. 


or 


cos 2a = cos* a — sm* a. 
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Making use of sin 2 a 4* cos 2 a = 1, first to replace sin 2 a by 

1 cos” a, then to replace cos* a by 1 — sin 2 a, we may write our 
formula in each of the three forms 



cos 2 a 


cos 2 a — sin 2 a, 
2 cos 2 a — 1, 

1 — 2 sin 2 a. 




tan 2 a = 


2 tan a 
1 — tan 2 a 


24. Identities for Functions of the Half Angle 


If in the last two versions of Eq. (2), Sec. 23, we replace o by 
a/2, the formulas become J 


cos oc = 

= 2 cos 

cos a = 

1 - ‘ 

of these, 


2 sin 2 — = 

= 1 - 


a 

2 


1 , 


a. 

2 


cos a , 


or 


(1) 


sin ^ = ± 


cos a 


2 


Similarly, from the first, 


( 2 ) 


cc 

cos - = ± 



1 + cos a 


2 


And since tan — = sin —/cos —, 


2 


2 


2 


(3) 


fan _ 
2 


I 1 — cos a 
± n + cos « 




sign in formulas (1) to (3) does not 

*v«n c«e there are two different corrLt vX j Z 


mean that in a 
a function 
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The proper sign must be determined by noting 

We add two further formu- 


of a hall angle. 

in what quadrant the angle aj'i lies. . . .. , 

las for tan a/2, useful because they do not involve the unde 

termined sign. The proof is to be supplied by the student. 


(4) 


a. 


i 


COS a 


tan s = \ 


sin a 
sin a 


> 


[1 + cos a 


EXERCISES 

1 If sin a = %, with tan a negative, construct a, and find without tables 
u,e "r.-t "■* «• “ d “ ” tt0Ut ubies 

4 Derive a formula for sin So, fa tarm, of «u <r. 

£ Hinf, Exiuess sin a and cos a in terms of fourth 

%\ ain 3S° « S sin ITf Why? Ir *> •* - * f «« TOj? 

£ Find without table, the vdue, of the hmebom, of 15 . 

9. Express cos 4a in terms of functions of a. 


15. sin 2a 


a 


prove the following identities. 

10. cos* a - sin 4 a * cos 2a. 

1 — sin a _ 003 a 

12, cos a 1 + sina 
14. (sin a/2 + cos a/2)* = 1 + sm a. 

2 tan a 

m i + tatfi 

ain* a — cos* a — 1 + ^ sin 2a. 18. cot ^ 

17, sin a - cos a * 

1fl 1 cos 2a _ tnn » n . 

1 + cos 2a , , „ 4 ~/o 

M. - 1 - 

8 4* 4 co* t COS ML 

21. cos 4 a ® " g ~ 

IHihoU 1 1«Wy .~ 9) ,nd 

M. Ibr w»at valUM »l « *> fa ™““ W 

ffl bwiffpu* meaningl ess? 


2 sin a cos a_ _ » on 
11 ‘ cos* a — sin* a 

13. tan* a/2 = (esc a — cot a)*. 


1 — tan* a/2 
16. cos a " j _|_ a j% 




this sectaoB 
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25. The Factoring Formulas 


From formulas (3) to (6), Sec. 22, we may write 

* y 


sin (a + 0) + sin (at - 0) 
sin (a -{- 0) — sin (a — 0) 
cos (« + /?)-{- cos (a — 0) 
cos (at -j- 0) — cos (a — 0) ^ « 

that we ar f interested in the angles a + ff and 
ft rather than m a and 0 individually. We then set 

a + j3 

( 2 ) ~ - 0 


2 sin a cos 0, 
2 cos a sin ft 
2 cos a cos 0, 
2 sin a sin 0. 


at 


y 

8 , 


* J 

in the left members of the four equations above • to i 

right memWs ot __ , „ ve ' co 1 


tight members, we so.ve (!) 7^ X 


interpret the 


a 

0 


Vifot ~h s). 



When these values are substituted for a and 0 on the riirht of fl, 

formulas because they serve to convert a sjffffi /“ctoring 
a product. ni or a difference into 

sin y -f sin s 

* sin ^ (y + 5) cos ^ (y 

~5), 

sin 7 — sin 5 

= 2 cos^ (y -f $) sin ~ (y 

-5), 

c °s 7 + cos 5 

~ * C0S 2 f't d" COS^ (-y . 


-OS 7 — COS S ■ 

= -2sini ( 7 + j) sin l( 7 

m 

-a). 

i 


EXERCISES 


Prove the following identities : 

o' ^f a + c ° 89 « - 2cos7 aco s£a. 

2. cos 2a - cos 4a = 2 sin 3a sin a. 



0) 


** ~ tan a = 2 cot 2a. 

f * 008 Sa *= 4 oos* a — S cob a 

. tan (46 s -f- a) + tan ( 45 s — a ) 


tan 


S tan 


a — ta n 8 a 
T 8 tan* ct 


® sec 2a. 
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8, sin 4a — 4 sin a cos* a — 4 cos a sin 3 a. 
g sin a + sin 2a = cot a. 
cos a — cos 2a 2 

10. 2 tan 2a = tan (45° + a) — tan (45 — a). 

11 . sec 2a — 1 + tan a tan 2a. 

^ sec }4a esc x Aol 

12 . esc a - ---* 

% 

cos 2a 4* cos a + 1 


13. cot a = cot 2a + esc 2a. 


14 3 sin a - sin ja = ^3 „ 
cos 3a + 3 cos a 

16. tan 2a - sec a sin a = tan a sec 2a. 

sin 3a 4- sin 2a + sin a _ . 9 

17 * cos3a + cos2a + cosa " **" ^ 

18. cot a + tan 2a = cot a sec 2a. 


16. 


sin 2a + sin a 


cot a. 


— sin 2a 


19 . ? ~ sin . gg - (1 - col «>*. 

1 — cos' a 

M 1 — cos a + sin a . n lx 

9 A t „ n 2 PL _ « = x 21. —-—-— = tan Via. 

20 . tan ^ 4 j 4 . gin 2 a 1 + cos a + sin a 

22. sin (a + 0 + 7 ) = sin a cos /3 cos 7 + sin 0 cos 7 cos a 

4 * sin 7 cos a cos /? — sin a sin p sin 7 . 

23. cos (a -f 0 + 7 ) = cos a cos /3 cos 7 - cos a sin 0 sin 7 

— cos j3 sin 7 sin a — cos 7 sin a sin p. 

24. sin a + sin 0 + sin 7 — sin (a + /3 + 7 ) . 

— 4 sin + 7 ) sin I4(y + a ) sm VvJ* “r P)* 

26. sin (a + /3 + 7) + sin 0 + 7 - «) + ^ (7 + « - ™ (« +/•” 7) 

= 4 cos a cos p sm 7 - 


26. Conditional Equations 

Not all trigonometric equations are identities. For example, 
it is easy to find by inspection any number of angles which do 
not satisfy the equation sin a - 1 = 0, or the equation sm a 
cos a. To solve such an equation means to find the values ol a, 

if there are any, for which the equation is true. 

Example 1. For what values of a in the range from 0° to 360° is 

6 cos 2 a — sin a — 4 = 0? . 

This can be regarded as an algebraic equation m which the 

variables are cos a and sin a. These variables, as we have seen, 

arerelated by a simple formula. We may begin, then by express- 

S everything in terms of one function of the angle «, by replaong 

cos’ a by its equal 1 - sin* a. When this is done, and the ob 

ous reductions carried out, we have 


sm 


2 = 0 . 


we may 



a quadratic equation in one unknown, sin 

% II *m1**mt*i wmd 

just as we 
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Tni» particular equation we may solve by factoring the left 
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From formula (1), Sec. 23, applied to the term sin 5a, we have 


5a 


^ . 5a • a , • 5a 

2 sin — sm - + 2 sin —- cos — 
2 2 2 2 


0. 


Factoring the left member, 


. 5a / 5a 
sm — I cos 


2 


2 


sin f) = 0. 


5a 


From the root sin — = 0, we 


2 



5 a 
~2~ 


— TlTTy 


or 


a = 


2mr 

~5~ 


When w 

equation 


5a • « 
cos — = sm — 
2 2 


This equation is equivalent to the statement 


5a 

2 


arccos 


(sin !)• 


One value of the arccos (sin is clearly | - \ Th us > h ? 

Theorem II, Sec. 19, and the remark which follows that theorem, 
we may write all admissible values of 5a/2 in the form 


5 a 
2 



+ 


{- - IV 

\2 2 / 


This double equation with the ± sign leads upon simplification 


to 


the two equations 


2nic . v 

a — —z~~ *t* « 
3 


6 


and 


cl 55 nir 


v 

4 


The complete solution of the original equation is, therefore. 


a 


2nir 

5 


a 


2nrr , v 

3 + 6 * 


CL » IMT 


Example 4. Find the 

This type of equation is best 
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it through by the square root of the sum of the squares of the 
coefficients of sin a and cos a. In the present case, this gives 


o 


V20 


sin a 


4 


V20 


cos a 


3 




e know that the fractions on the left, since the sum of their 

squares is unity, can be taken as the cosine and the sine, respec- 

"vely, of the same acute angle. That is, we may write, for con- 
venience. 


o 


V20 


= = cos 3, 


4 


V20 


sin 


and hence tan 6 = gjp ft 


whereupon our equation becomes 


cos )8 


2 , 


sin a cos 0 — cos a sin (3 


3 


which, by Eq. (6), Sec. 22, is 


V20’ 


sin (a - 0) = 0.67082. 

0 6708»t; PrinCil>a !,, Value of the whose sine is 

^ 42 7 49 , gives as the general solution 


a — p = w!80° -f- (—1)»(42°7'49"). 


__ ■ \ yx* i 

0 I s found from the relation tan p = _ 
the table of tangents, we get B = 63«26'4", so that, finally, 


2. From 


n!80° + (-1) "(42°7'49") + ggogg.j,, 


seated by generalueTo™^ JS S diff"to fo™ 1 * 6 n”' 

easily satisfy himself, by looking at the t* t lt- | Sludent “ay 

angles in question, that the same values ^ ray9 „ of the 

by “ y the formal^ I ^ » We “ 

mtegral vahms. Co mpare a | so Exercise ^ take* on afi 

observe certaiT^fodpl« 1 to f0 3“^ 1 ^ a ^ pIeS, tf ' C studetlt will 
equations: P to guide him m solving conditional 

a ’ Ex P res » everything in terms of 
aome means the equation can be renlaJd h 11111688 b y 

tion through factoring. P 8Ce< * more ^ an one equa- 
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b. Reduce everything to the same function of that angle. 

c. Solve the resulting algebraic equation for this function, and 
determine the corresponding angles. "Watch for possibilities of 
factoring. 


d. If, in the process of transforming the equation, each member 
has been raised to a power, results must be checked, since (see 
Sec. 21), raising to a power is not a reversible operation and may 
introduce extraneous roots. It may be noted, however, that the 
only extraneous roots which are introduced by raising to an odd 

■v 

power are imaginary (see Sec. 48, Exercise 9). 


EXERCISES 


Find all values of a in the range from 0° to 360°, inclusive, which satisfy each 
of the following equations: 


1. sin a — cos a. 

3. sin of = tan a . 

5. sin a + sin 7a = sin 4a. 

7. 35 cos 2 a = 6 sin a + 27. 

9. sin of + cos a — 0. 

11, cos 4 a — sin 3a — cos 2a = 0. 
13. 2 sin a = sin 2a. 

16. tan a = sin 2a. 

17. sin (60° - a) - sin (60° + a) = 


2. cos a + sec a — 

4. cos 2a = sin 2a — 1. 

6. cos 2a — 3 sin a + 1 = 0. 


8, sec 2a = sec a. 

10. cos a — sin 2a — cos 3a = 0. 
12. sin 4a — 2 sin 2a = 0. 

14. 2 cos a = sin 2 a. 

16. sin 3a + sin a = 2 cos 2 a. 




18. 4 sin a cos a = 1. 

20. cos 2 a + 5 sin a = 7. 
22. 3 sin a — cos a — 2. 
24* tan 2 a + 2 sec 2 a = 5. 
26. 4 sin a — cos a = 2. 


19. 5 cot a = 3 esc a. 

21. cos 2a — 3 cos a + 2 = 0. 

23. 2 sin a cos 2 a = sin a. 

25. cos 3a + sin 3a = cos a + sin a. 

27. sin 3a +V5 cos 3a = 1. 


Find all values of a which satisfy 

28. sin a = 2(1 — sin a) . 

30. t^n a 4“ cot a 2 = 0. 

32. cos a + cos 2a = 0. 

34. 3 tan 2 a - 1 = 4 sin 2 a. 

36. cos a — sin 3a — cos 2a =* 0. 

38. sin a + 2 cos a « 2. 


29. 4 cos a = 3 sec a. 

31. cos 2a + 5 sin a — 3 = 0. 
33. cos 3a = sin a. 

35. tan a — V2 sin a = 0. 

37. cos 2a — cos a 4* 1 = 0, 
39. sin a = 2.0508 cos a. 

41 * tan a 4 cot a ” 0. 

43. sin 3a 4 cos a “ 0. 


I cos 2 a + sin a = 3. 
jog* a — sin 2a. 

I gin* 3a + sin* 6a ** 2. 
tin (m. -4- »)a 4- sin 2ma 


(m — fi)a «=* 0. 
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Determine which of the following are identities, and solve the others for 
eral values of a: 


46. sin 5 2 a + cos 5 a = 1. 47. (sin a - cos a) 5 + sin 2 a 

48. sin 4 a - sin 2 a = cos 3a. 49. 2 sin a + 2 cos a = Vi. 

50* siir 2a 3 sin*" a -|- 4 sin'* a -j- cos 2 a — 1, 


51. cos 5a — sin a — 0. 

53. sin a + cos 2 a = 1. 


52. 




sm a 






cos a 


= 2 


54. 3 sin a -f 4 cos a — 5. 


Show that 

55. Aresec 3 = 2 Arccot V% m 
l 66 - Arctan H + Arctan = Arctan 1. 

67. 4 Arctan ; — Arctan = -. 

5 239 4 

68. 3 Arcsin x = Arcsin (3x — 4x»). 


gen- 
= 1 . 




Chapter 5 


COMMON LOGARITHMS AND LOGARITHMIC 

COMPUTATION 


27. Logarithms to 


the Base 10 


10 1 - 

10,000. 

10 s = 

1,000. 

10 2 = 

100. 

10 l = 

10. 

10° = 

1. 

10" 1 = 

0.1 

10" 2 = 

0.01 

10“ 3 = 

0.001 

io- 4 = 

0.0001 


These results are familiar, if we recall the definitions of zero and 
negative exponents. We could, of course, extend the list upward 
and downward indefinitely. Note that adding 1 to the exponent 
of 10 is equivalent to moving the decimal point one place toward 
the right^n the number on the right of the equation. We have 
here a definite scheme for representing certain numbers as powers 
of 10; that is, we write the number in question as 10 with an 
exponent. This exponent we propose to call the logarithm of the 

number to t Ae bese 10, ^ 

more briefly, since 10 is the only base we shall use extensively for 
the present, as the logarithm of the number. 

Definition. The common logarithm of a number is the exponent 
which toe must use to write tke number as a power of 10. 

This definition k equivalent to the identity 10*-* = *'?**? 
we use the abbreviation log * for the logarithm of *. Thede&n- 

. D a* ^ i. v*** »d <*»*-*-£ »-£Y 

WitJasB, we use the notation h&xtor “bgmthm of * to t he ;_ 

Su—,, to *•"“ 
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tion implies that lO 1 *** = y, that lO' 0 **' = X y, that 10 Io s (*/v> = x / y . 

and also that the statement 10"‘ = .r means the same thing as the 

statement m = log.r. In the language of the definition, we see 

from the equations at the head of the chapter that lo" 10 = 1 
log 1,000 = 3, and log (0.0001) = -4. 

The list at the head of the chapter, even if extended indefinitely 
m both directions, comprises a very special class of numbers and 
does not assure us that the definition we have just written means 
any nng for numbers which are not integral powers of 10 or 0 1 
It .s, however a fact that all positive numbers do possess loga¬ 
rithms, the values of which have been approximated in the form 
o decimal fractions and gathered into tables. Thus, to five 
places of decimals, log 4 = 0.60206, log 50 - 1.69897, and so on 
e do not here define the logarithm of a negative number. 

increases Tt! WritT * “* ^ P ° WerS ° f I0 ’ 88 a n ““ber 

of ^number between 1,000 and 10,000 lies between 3 and 4, and 

»d T a 1 m,e numb - 

th( gt™ n“ a ' A T l 6 ^ ^VinspCL 

the numbed “hTfet \ P»int in 

logarithm is 0. When the decimaT ’. l le c ^ aracterl sticof the 
the r^ht, the characteristic of the bgarhhm (nTr^:! ZT/ 0 

Hence the rule which follows. ^ fashion. 

To find the characteristic of the loaarithm L 

peneif at U* right o f the /rat noZTfJt ZT’ ^ 

is at the left. ^ V enci U negative if it 

The mantissa, or decimal part of the logarithm 

«wi uirieoUndT^b,, 10!“ j? 01 th< ’ ^ is not indicated, m 
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certain number of places in the table, lteca.ll iiuvv tlial nmltiplv- 
ing a number by 10 simply adds 1 to the logarithm of tin- iii.mil mt. 

Thus, if log 1,540 = 3.1 KIWI, then log 15.460 = 4.1.S951, ;m< 
log 15.46 = 1.18951. The mantissa, in other words, is not 
affected by the position of the decimal point in the number, hut 
solely by the succession of digits in the number. 

To find the logarithm of 15.40, by way of example, we first 
determine the characteristic by the rule just laid down. In the 
case of 15.46, this characteristic is +1. W e then find the first 
three digits, 154, at the left of the appropriate page in the table.* 
and follow across the page on that line until we reach the eolunn. 
under the fourth digit, 6. Here we find the mantissa, .18951. 

Finally, then, log 15.46 = 1.18951. 

If the number were 0.01546, the characteristic of its logarithm 

would be —2, and the logarithm would consist of this negative 
whole n um ber plus the positive mantissa, +.18951. W e could 
write log 0.01546 =-2 + .18921, which would be decidedly 
awkward. We could add the characteristic and the mantissa 
algebraically, and write log 0.01546 = -1.81079; but this opera¬ 
tion changes the mantissa, and it is decidedly worth while to keep 
the mantissa always the same for any number whose digits are 
1, 5, 4, 6, wherever the decimal point may be. It is customary, 
therefore, to convert the negative characteristic — 2 into 8 — 10, 
associating the positive 8 with the positive mantissa, and thus to 

write log 0.01546 = 8.18921 - 10. Similarly, log 0.0001546 - 
6 18921 - 10, log 0.1546 = 9.18921 - 10, and so on. 

The process of interpolation, by which we find the mantissa for 
a number having five digits, is like that by which we earlier found 

natural functions of angles. 


Example 1 . Find the logarithm of 42.627. 

The characteristic is 1. To find the mantissa, we use 


the 


scheme 


10 


7 


[ 42620 
42627 
42630 


629611 

629_ 

62972 


h 


11 


J 


,. • tlint thp student Tiaa a five-place table of common 

bms. »Hh lire, digit, of tb« P""*" 1 “ ** * “» ^ 

digit at the top, 



COMMON LOGARITHMS 


65 


I hi' > ivi«ls tin- proportion it 11 = 7 10, whence h = 8. Thus 

log 4-2.»;27 = 1 . 0 - 2000 . 

Example 2. 

First, t,, ,]w 

tin- x-litim- 


If 1*««: jt 

= s.kilos _ 10< fj, K j r 

»ver the 

suceessiu 

n of digits 

in 

10 A 

-S2.V) 

*2S-2.j 

4510*2 ■ 
45108 j 6 | 

|» 


*282(10 

45117 j 

i 


h 10 = 

G 15, 



h - 

4, 



“ , " 1 "" r l,as tlu ' *««. The characteristic, 8-10 

", r ' 7 "" ltt *■“» "«• deeiinal point should be displaced two’ 

' ' , r V,' f "* n,,r,uul " I’csition at the right of the first 

nonzero digit. Hence, x = 0 . 028254 . 


EXERCISES 

1. Fiiwl the logarithm of earl, of the following numbers* 

.*1. <6, o.im. >ri o.unji. id) b . 098 {e) n 734 a) 4 . 0(j . 

O') 28.S287. 

(n) 0.0000028287. 


# <tn 0.007(444. m (M >2K!) 

iL ' I-WI0. («, 0.28287. 

2- Fual the n urn Ur of which the logarithm is 

... (r) 3.00000 

# rl H.h^tu>h— lo. j f\ j win / » 

(JI ...n'rM. (y) 7.4435J 

(*) 9.81388 


(T) 0.94974. 


O'* 8.07089—10. 


(<f) 0.41019. 
10. (A) 6.19379. 
10. (/) 8.32286. 


Th* Laws of Logarithms 


-e St. "tbir ,hnM dcpcnd u,wn wich 

JZZTtofJZ. U * arMm * - J- 6 - “ «- »/ rte log. 

Vic consider the case of the product of two factors The „ 
era! case may be treatcrl hv«n . , ia tiors. ihe gen- 

sad u rrnrrjirnt th $' extens,on *>t the argument. Let x 
U i The we wish to 

u \ogn, = logx + logy, 

y the definition of the k^arithm, 

* « 10u«. 

I f ** 10*«* 
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Thus, by the law of exponents in multiplication, 

XIJ = 101‘'E x+l"K y * 

But this statement, by the definition of a logarithm, is equivalent 
t° log (xy) = log x + log y. 


Theorem II, The logarithm of a quotient is the logarithm of the 
dividend minus the logarithm of the divisor. 

Here we wish to prove that log (x/y) = log x - log y. 

As before, by the definition of a logarithm, 

x = 10 u,|! *, 

y = I0 lusl '. 


Then, by the law of exponents in division, 


_ '[Qlogr—logy 

y 

and this, as we see by comparison with the definition of the loga¬ 
rithm, means that log (x/y) = log x - log y. 

Theorem IE. The logarithm of a power of a number is the log¬ 
arithm of the number multiplied by the index of the power. 

We have here to prove that log (x p ) = p log x. 

By definition of the logarithm, 

x = 10 log *. 

If we raise each member of this equation to the power p, recalling 
the law of exponents in raising to a power, we have 

X* as 10 P lo * *. 

But this, by definition of the logarithm, is equivalent to 

log (x p ) = p log x. 

Theorem IV. The logarithm of a root of a number is the logarithm 
of the number divided by the index of the root. 

The proof is left to the student. 


EXERCISES 


1. Prove Theorem IV. Note that although there are 

number, only one of them i» poaitive. See Sec. 48. 

2. Show that the logarithm of the reciprocal of a nt 
the logarithm of the number. 


nth loots of a positive 


number is the aegatwe 
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Example 2. Evaluate 


0.004150 

0.83010 


log 0.004150 = 8.80720 - 10, 
log 0.83310 = 9.92070 - 10. 

We next subtract the logarithm of the divisor from that of 
the dividend, in accordance with Theorem II, Sec. 28. But since 
the positive part of the former is the larger, we first rewrite 
log 0.064150 as 18.80720 - 20. The subtraction then yields 


log 


or, approximately, 


0.064150 

0.83310 

0.064150 
0.83310 


= 8.88650 - 10, 


= 0.077002. 


Example 3. Evaluate (0.26730) 4 . 

log 0.26730 = 9.42700 - 10. 

When, in view of Theorem in, Sec. 38, we multiply this logarithm 


by 4, we have 


log (0.26730) 4 = 37.70800 - 40. 


But since 37 - 40 = - 3 = 7 - 10, we may write also 

log (0.26730) 4 = 7.70800 - 10, 


or, approximately 


(0.26730) 4 = 0.0051050. 


Example 4. 


/aluate V^O.06753. 

log 0.06753 = 8.82950 - 10. 


Because of Theorem IV, Sec. 28, we next divide this logarithm 
by 5, the index of the root. In order, however, that ^ nega¬ 
tive characteristic of the resulting logarithm may e in 
customary -10, we first mentally convert the ^ven 8 10 

48—50, by adding and subtracting 40. Division of 48.82950 

by 5 then yields 


v^O .06753 


10, 




v'0.06753 * 0.5833 
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22. The moment of inertia of a cylinder about its axis is 

T _ Ell 

*g ’ 

where W is the weight in pounds, r the radius in feet. What is the moment of 
inertia of a cylindrical flywheel whose weight is a4.JO lb., and whose diameter is 

17.75 in.? 

23. A body weighing IF lb. and moving V ft. per sec. has kinetic energy 

K — IFF 2 /2<7 ft.-lb. What is the kinetic energy of an automobile which weighs 
2,885 lb. and which is moving at the rate of 20 m.p.h.? 00 m.p.h.? 

24. A colony of r 0 bacteria increases in t hr. to x, where x is given by the 
formula x = Xoe kt , where e = 2.71S28 .... and where /,• is a constant for given 
bacteria and given conditions. If x 0 = 10 4 , and k = 0.4114, how many bac¬ 
teria will there be at the end of 4 \-i hr. ? 

25. The taxable horsepower of a motorcar is computed from the formula 


Jl = where n is the number of cylinders and d is the diameter of each cyl- 

5 

inder, in inches. What is the taxable horsepower of an 8-cylinder car if the di¬ 
ameter of each cylinder is 3.062 in.? 

26. The velocity of radio waves is the product of their wavelength and their 
frequency. What is the frequency of radiation having the wavelength 536 
meters? 25 meters? (The velocity in each case is 300,000 km. per sec.) 

27. What is the wavelength of radiation whose frequency is 880 kc. (880,000 

vibrations per second)? 6.2 megacycles (1 megacycle = 1,000 kc.). 

28. For expressing the acidity (or alkalinity) of a solution, the chemist may 
use its so-called “hydrogen ion concentration, H,” or, more conveniently, its 
“pH number,” where pH — —log H. Thus, for saliva, we might have H — 
10~6 9 p H = +6.9. Fill the blanks in the following table: 


Substance H pH 



29. If (H) 100 were to be expressed as a decimal, how many zeros 


would 


precede the first nonzero digit? 

30. Obtain the approximate value of 

(o) S‘». (» * • . * 

31 We have said that we shall not define the logarithm of a negative numb 
Explain how in spite of this fact we may use logarithms to lighten the labor 

computing such an expression as 

7.1140 V'—1,866.0 

(-0.46800)* 

Find the value of this expression (compare Exercise 9). 
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THE SOLUTION OF PLANE TRIANGLES 


30. Solution of Right Triangles 

To solve a triangle means to find all remaining sides and angles, 
when certain ones are supposed known. For the right triangle 
W e may obtain the solution by using the Pythagorean relation' 
an the equations which define the trigonometric functions. We 
begin by considering a special case of the definitions of the func- 
tions, in a form smted to the purposes of this section. 

... ", t lC “°“ en . t we are “Deemed only with angles of right 

angief:; ; h e‘ C L°t f 1 1 7 ^7 

lie the %£ mpLrthe^f^, " ^ ‘° 

It should cause 8 no f 

stand for the length of the side,* as “ letter ° to 

well as to mark a particular side. 

To get expressions for the functions 
of the acute angles A and B in terms 
of the lengths of the sides of the tri¬ 
angle, imagine the triangle placed as 

“ Fl f * 35 » A at the origin, and 

side AC along the positive z-axis. Then from th A « • • 

Sec. 7, and from the fact that V , the defini tions of 

“■desyl and B are equal, we We ° M ° f com P lem “tary 

More precisely, a is the number of untie in the measure 

71 
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sin A — 

» - = cos B , 
c 

CM’ .1 

= -- = see /»’. 
a 

cos A = 

1} * j> 

: - =» sin />, 
c 

sec A 

= j = cm:* B, 
b 

tan A = 

-- J = cot B , 

b P,;...;. 

cot A 

= - = tan /?. 
a 

Thus, for either 

acute ;UQgle of ; 

right 

triangle. w< may expired 

the formulas for tl 

ie trigonometric 

f unc-tii 

>ns schematically tlm>: 

• 

opposite 

CSC = 

hypotenuse 

sin — 

hypotenuse 

opposite 

cos = 

adjacent 

hypotenuse 

sec = 

hypotenuse 

adjacent 

tan = 

opposite 

adjacent 

cot = 

adjacent 

opposite 


Bv adjacent, we in« ;in the length of the si< 1 <* adjacent to tlie 
angle whose function we are considering at the WKWieo t. Ihc 
words opposite and hypotenuse are similarly to 1 m- interpr<!(d as 

lengths, or measures of lengths. 

In the solution of right triangles, we employ as formulas these 

modifications of the definitions, with the addition of the 1 J 

Each of these seven f< 




gorean formula a- + b~ = c*. Each of these seven loramias 
volves three quantities, either two sides and a function of an 
acute angle, or three side- If an acute angle is given, we can 
find any one of its functions in the tables.* Thus it is clear that 
we can* solve any right triangle provided we know 
addition to the right angle ( ,at least one of which mu't I ^de. 
The methods of solution can be presented most easily by examples. 



11.60 and A 


27 : 36 '; find all th< other 

& 




Example 1. Given c 

parts of the right triangle. 

The choice of a suitable formula is simp 
formula which contains the two given part;,, 
stance, the formulas a, b = tan A and b a = cot A 
used, since neither contains the given r, while the 
a 2 _j_ — c - is ruled out because it den s not contain the 

* Some tables do not list values for the secant and the cosecant, 

_ % * -i 1^.1 The eomaininff fivP formulas aT? “ 1 

of these functions is easily a\o 
for the solution of all cases. 


have a 



irmuja 

Tip .1* 



the u* 
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which is another of the given parts. If we should try to use one 
of these formulas, we should have to deal with an equation con¬ 
taining two unknowns. The secant and the cosecant we shall 

avoid. We are left with a/c = sin A and b/c = cos A, which we 
shall use in turn. 

From a/c = sin A, we have, upon solving for the unknown, a, 

a = c sin A. 

Now substitute for c its given value, and for sin A the value 
found in the table. Then 


a = 11.60 X 0.46330 
= 5.3742800. 


From b/c — cos A, we have, similarly, 


b = c cos A 
= 11.60 X 0.88620 
= 10.2799200. 


Finally, B = 90° - 27°36' = 62°24'. 


Remarks on the Accuracy of Computed Results. When a length 
is recorded as 11.60 ft., it is assumed that the measurement is 
correct to the nearest hundredth of a foot, that the true value lies 
etween 11.685 and 11.605; and we say that the measure has four 
significant digits. If the length were given as 11.600 ft., we should 

™ significant digits, and the measure would be presumed 
to he between 11.5995 and 11.6005. In the ease of a decimal 
proper fraction like 0.00750, the zeros which precede the digit 7 

z t :rz nt t gits ’ becanse ** serve to ax the posi. 

the zero which follows the 5, however, is a significant digit be- 

has been made. Thus, 0.0075*0 is ^3 rtr7a” 

ment whose true value Ues between 0.007495 and 0.007505 and 
we have three significant digits. In the case of a measurement 
recorded^ 6,500 ft., for example, we cannot tell witho“her 

measurement might be correct to the nearest * 

mficant digits), to the nearest 10 ft. (three significant di 
only to the nearest 100 ft. (two significant digits"* 
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may be avoided in sueb eases l>y writ ini' 11 1 «• meaxumin-iit a-. 
6.500 X 10 3 ft., or (5.50 X 10 ft., or (5.5 > 10 ft., nrionliug ;i> 

the value is supposed correet to four, three. or two .Mgijifiemit 
digits. 

In Example 1, our computation yielde<l h = Id.^TOOvMio. It 
would be folly to suppose that we could start with a measurement, 
for c, correct to only four significant digits, and emerge with a 
result for b correct to nine digits. There is no way by which a 
mathematical calculation can produce results more reliable than 
the measurements upon which the calculations operate. We do 
not intend to dwell at length upon the matter of the limits of 
accuracy of computed results, but two facts should be pointed 
out: First, since tables of functions are themselves approxima¬ 
tions, reliable only to a certain number of digits, wc cannot use¬ 
fully retain in our answers more digits than are used in the tables. 
For example, if we are using a five-place table of cosines, no re¬ 
liance can be placed on digits beyond the fifth in our results. 
Second, it is unrealistic to carry out computed lengths to more 
significant digits that were supposed correct in the data (some¬ 
times we have to be content with fewer) , or to express computed 
angles to the nearest second when the angles in the data were cor¬ 
rect only to the nearest minute. 

In the case of Example 1, then, we should clearly submit as 

part of our solution b = 10.28, retaining four digits, of which the 
last is 8 because the digit which follows the 7 is greater than 5. 
For fl, we record only three digits, o, = 5.37, in spite of the fact 
that the data gave four. For, first, experience suggests that we 
cannot expect to calculate the length of a side to the nearest 
thousandth of a unit when the given side was known only to t e 
nearest hundr xlth; second, since the first digit of c is 1, we ha\e 
very little better than three-digit accuracy in the data, so tha 
in the value for a, which begins with a 5, we have no great con¬ 
fidence in the fourth digit. .. , r . 

When more precise information is required about the relia . 

of a result, we may get it by reasoning as follows: Since c is re¬ 
corded as 11.60, the true value of c lies between 11.595 and 
similarly, the value of sin A lies between 0.463295 and . • 

Consequently the true value of the product o s “\ 

between the products 11.595 X 0.463295 and 11.605 X 0.4633 , 
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Thus, as the student may verify, the value of a in Example 1 lies 
between 5.372 and 5.377. 

* 

Example 2. Solve the right triangle in which a = 18 5 
b = 25.0. 

The formula a/b = tan A is evidently available. If we sub¬ 
stitute for a and b their values, we have 


tan A = 


18.5 

25 

0.74000. 


Interpolation in the table yields A = 36°30'5" 

. We mus ‘ not ? et tllc habit of regarding A as more important 
M more interesting than B. Tims we might equally well have 

cot B = 0.74000, 

B = 53°29'55". 

Or we may get B from the relation B — 90° — 

To find c, we write 


A = 53°29'55" 


a 

c 


sin A, 


a 


sin A 
_ 18.5 

0.59484 

= 31.1. 

It should be pointed out that if the lengths of a an A h Q 
rate to no more than three digits, the computed values of mT" 

get a decimal form for the value of tan A we ha J ^ l ° 

last two digits of the quotient. To put the matt ^ t0 ^ 

W we know that 18.45 < a < 

we see that 311(1 < b < 25.05, 

l 8 - 45 ^ a 18.55 
25.05 b ^ 24.95 * 

0.73653 < tan A < 0.74349, 

* bes between 


Accordingly, we should record as part 
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of the solution of Example 2, A = 36°30\ B = 53°30\ rcalizii 
that even the 30' is subject to considerable doubt, as we have just 
demonstrated. In general, if the lengths of the sides of a tri¬ 
angle are known to five-digit accuracy, angles will be correct to 
about one-tenth of a minute; if the sides are known to four digits, 
angles will be known to about the nearest minute. 

To check the solution of a triangle, we may substitute the com¬ 
puted results into a formula not used in the solution itself. If 
there are no errors, the check formula should reduce to a numeri¬ 
cal identity, within the limits of accuracy of the tables. In the 
case of Example 2, if we substitute into a- + b 2 = c 2 , we get 
342 -f- 625 = 967, and the results are presumably correct. 

EXERCISES 

In spite of our previous remarks concerning the accuracy of computed results, 
we find it advisable in a book which teaches calculation with tables to retain 
in the printed answers to our exercises all digits obtained by working with a five- 
place table, simply that the student may be able to find any numerica errors 

results would of course be rounded off in the manner previously suggested; and 
instructors, quite naturally, may demand that all answers be thus rounded off. 

1 Solve the following right triangles, in each of which C - 90 and c repre¬ 
sents the number of units in the length of the hypotenuse. 

/ \ w A — KQ.°QK* (b) c = 3.4, B — 37 . 

»I - w a : U0M= 

S JI0) A - snnr. • ->«»»• 

)y. b _ = on 6 (1) B — 44° 14.8 , c = 221.4. 

2. A°iadder 45 ft. long leans against a vertical wall and makes an angle of 

60°19' with the ground. How far up the wall does it reac „ 

3. How many degrees above the horizon is the sun when a flagpo 

times as long as its shadow? . .. • an( i ^ ^00 yd. apart. 

on the other tak. opposite C. Angle ABC is found to be 56 S7. « 

is the width of the river? . r * following measure- 

6. State the number of significant digits m each of the following 

menta: . 0.0006. 

») el)0900 - [ c) . (« s.eo x »'• 

(/) 75,000. ( 9) 74,909. W 



(a) 60.00. 

(a) 1.0101 

(t) 8.2 X 10 4t . 


obtai 


L the right triangle ABC we are given the lengths 
$n tb* manner of Example 2, the values between 1 


S 4.8 in., 

must he. 
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31. Solution of Right Triangles by Logarithms 

Example 1. In the right triangle ABC, b 
A = Sri8'0". Find the remaining parts and the area. 
B = 90° - A = 5S°42'0". 

To find a, we may use 


77 


124.60, 


7 = tan A, 
a = b tan A. 


We have now to compute the product of the number b and the 

taTt I„d an ,h , °r aVOid thc labor of look “S UP tie value of 
: , “ tieo lookingf up the logarithm of this result, another 

con.tr,?., r° n L ° ga , nt ' rns of trigonometric Functions, has been 

from o" 1f90^ VU, Th •' thC ,!° garith ” S of functions of angles 

example Lies ^ ^ ^ *>“ ‘*>e present 


log b = 2.09552 
(+) log tan A = 9.78391 - 10 

log a = l.87943 
a = 75.758. 


To find c, we write 


a 

c 


= sin A, 


- -« 

sin A 

log a = 1.87943 
(-) logging = 9.71560 - 10 

log c = 2.16383 
c = 145.82. 



log a = 1.87943 
(+) log b = 2.09552 

3.97495 
(-) log 2 = 0.30103 
log K = 3.67392 

& = 4719.8 square units. 
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For purposes of checking, we may use a- + b 2 = c-, which has 
not appeared in the solution. Subtracting b- from each member, 

r> O To 

a- = c- — b- 

— (c -f~ b) (c — b~) 

= 270.42 X 21.22. 
log (c + 6) - 2.43204 
(+) log (c -b) = 1.32675 

3.75879. 

If the work is correct, this should equal log (a 2 ). Dividing the 
logari thm by 2, in accordance with Theorem IV, Sec. 28, we have 
1.87940 for log a. This agrees substantially with the value of 
log a which we found by another formula. The work is pre¬ 
sumably correct. 

It is decidedly worth while to arrange the work systematically 
and to label each logarithm as it is looked up, so that it may be 
identified later when it is needed; in many problems, the same 
logarithm is used several times. 


EXERCISES 

See the note at the head of the exercises of Sec. 30. 

1. Find by means of logarithms the unknown sides and angles (but not the 

area) of each of the following triangles. In each case C = 90°. 


(a) A - 37°18'0", b = 4.9820. 




(b) B = 26°S2'24", b = 20.936. 

( d ) b = 45.265, c = 99.234. 

(f) A = 12°30'0", c = 0.: 

(h) A = 58 ° 1 ' 40 ", a = 14 . 

(f) A = 16°28'10", b = 100.92. 

a = 0.76820, b = 0.53240. 

(n) A = 19°48'35", c = 62.710. 

(p) B - 69°24'1S", b = 0.07880. 

n. One side is 19.96 in. Find the 


tt) 


(c) a * 10.415, b - 17.217. 

(e) B *= 72°16'12", c - 1.2463. 

(g) B - 42°21 , 0", a = 1,672.0. 

(i) a = 6.3755, c = 12.700. 

\k) b - 22,314, e = 53,687. 

(m) B ” 26°56 / 24 // , c = 3.6543. 

(o) a = 10.087, c = 19.862. 

2. The diagonal of a rectangle 
0th< 3. men the sun is S7°44' above the horizon, how taH is a tree which casts 

the distance between two points C and B, on opposite sid 
of a pond, a fine AC is run, perpendicular to CB, end 100 ft. long. Angle C 

is found to be 08°88'. Find the distance CB. _ 

5, Find the perimeter of the right triangle whose hypotenuse u 118 JM 

and one of whose sides is 57.08 ft* T u & «.„n 

». A BU* a »»* *0 tte top ol • tags* ft. M. 

the In* cndrf ti» rep. i. mlM JoB»a* P* 

the distance from the foot of the pole when the rope 
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7. The base of an isosceles triangle is 7.80 in., and a base angle is G0°3'30". 
Find the length of the etjual sides. 

8 . A diameter AII is drawn hi a circle whose radius is 43.47 in. A chord AC 

is drawn, making an angle of 22 o 14'50" with the diameter. How lone is the 
chord AC? 

9. At a point on the ground 132.5 ft. from the foot of a tower, the angle of 
elevation of the top of the tower is 3G o 2'10". Find the height of the tower. 

A’oh. The angle of elevation of an object higher than the observer is the 

angle between the horizontal and the line of sight to the object. The angle 

of depression of an object lower than the observer is also the angle between the 
horizontal and the line of sight. 

* tbe to P °* a 310 ft. high, the angle of depression of a boat is 

lo 10 . How far is the boat from the foot of the cliff? 

a I t,tude of 40 isosceles triangle is 3.G58 in. The vertical angle is 
08 1 i . Find the area of the triangle. 

12 . From the top of a cliff 267.5 ft. in height, an observer sights two buoys 

^ directly north, the angles of depression of which are 32°34'10" and 
10 11 ' 20 ". How far apart are the buoys? 

13. The angles of depression of the top and the foot of a flagpole, as seen from 

‘ e °; a buJf ling 4o0 ft. away, are 25°22'44" and 31°5'22", respectively 
t ind the heights of pole and building. 

14. A Ship is sailing toward the northeast at the rate of 10.5 m.p.h At 

HoXl .f 1 ^*7 and at 1 A M - ,his ligl,t bMrs wesl t>y xxith. 

How far is the ship from the light at 11, at 1, and at midnight? 

' 0te \ y CSt hy x S0U \ h mean * thal the line from ship to light lies south of the 
east-west line and makes an angle of 11°15' with it. 

* 6 ; Sl, ! p due east when a light is Observed, bearing N. 65° E. 

N SS 0 ^ Vth “h •* Bdcd t * A mUeS farther toWard tfee east ’ the %lit bears 

the light? Sh,P C ° ntuiues on the same course, how close will it come to 

the^nnr+k ^ ^ sh ' P ' L the h 'e ht ’ ^ SN ^ I^e through S toward 

U»e^rth. To say that the light bears N. 65* E. means that the angle ^ 

16. On the corner of a building 73.25 ft. high stands a flagpole 13.50 ft tall 

pole to a point on the ground 130 ft. from the foot of the biding? L 

A 4 5 mSut® ?TV y ab ° Ve a town C ' the “gk of depression of a town 

twotbwEs on^ ^ ^ ab ? W a IeVC ! Pkin - ^ observer on the hilltop sees 
other due south with ’ ° De ue Wltb 1111 angle of depression 22 o 50'40", the 

“ 80816 ° f depreS8ion 37040 How far apart are the 

npl A C" T W S; isM ’? : *• -7 * measured 

angle of 28°56 , 12" (that is lines from the tower * ll subtends an 
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20. (a) From a ship sailing on course AE , Fig. 30, a light L is seen. \Mien 
the ship is at A* angle EAL is found to he a. When the ship has sailed k It. to 
B, angle EEL = j8. Show that, if the ship continues on the same course, its 

closest approach to L will he at the distance 
L /. 

d ----—• 

cot a — cot p 

(b) Show that when j8 — BL = AB . 

(c) Suppose o: = 24°. W hat will be the 

value of j3 when AB = d? 

Using the idea involved in this example, 
invent a simple rule for the mariner who 
wishes to determine the shortest distance 
between his course and the point L. 

21. Certain physical entities (forces, velocities, and accelerations among 
them) require for their complete determination not only a magnitude but a 
direction . For instance, if a force of 5 lb. is pulling in the direction N. 30° E., it 
may be represented by the arrow of Fig. 37, the 5 units of the length of which 
represent the magnitude of the force, and the direction of which is that of the 
force itself. Such an arrow we call a vector . The length and the direction com¬ 
pletely determine the vector; two vectors are defined as equivalent if they have 
the same length and direction, regardless of where they may be drawn. For the 
present we confine our attention to vectors lying in a given plane. When we 





FIG. 37 


FIG. 38 


•efer to a vector V (Fig. 37 or 38), we use a boldface letter to designate the entire 

rector, and the corresponding lightface v to denote the lengt o ® ^ 

}f course o is a positive number. If a vector v has its initial point at the g > 
is in Fig. 38, and makes an angle 6 with the positive x-axis, the polar coor rna es 
>f the tip of the vector are (v,6). The rectangular coordinates v, *°« '»** 
»lled th. x-component nd the of tt*vector ..or tie 

if v on the axes, and we write, m accordance with Eqs. (1) and (2), t*c. , 

« « ■ - 8 




tan 




I?* * v cos 0, 

% « e sin fl, 

_ 14 regarding the choice of 9 still in force 

th« eastward and northward components of the lore* 

> cos 66" ** 6 6° 
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Find the x-component and the ^-component of each vector for which v and 
6 are given below: 

[a) r = 1.1, 0 = 27°. (b) v = 20. 9 = 125°. 

fe) v = 100, 9 = 212(d) v = 50. 9 = 320°. 

(< ) r « 8, 0 = - SO 0 . (/) = 070.8, 0 - 67°15'45". 

22. Find the magnitude and the direction of the force whose x- and ^-com¬ 

ponents are 

(a) 7 and —0. (b) 4 and 4. (c) 3 and —3. 

(d) 100 and 04. (c) — 7 and 24. (/) —5 and—12. 

23. The component of a vector v in a direction which makes an angle ft with 

i is gi\en r cos )3. Thus, the component in the northeast direction of the 

force of Fig. 3/ is 5 cos 15 = 5(0.90593) = 4.83. Find the component of each 

of the vectors of Exercise 21 on a directed line which makes with OX an angle 
of 120°. 6 

24. The student is probably familiar with the fact that two forces such as 

those represented by vectors A and B of Fig. 39 are together equivalent to the 
single force represented by the vector C 

formed by the diagonal of the parallelo¬ 
gram determined by A and B. This is 
a special case of vector addition. We 
define: the sum of the vectors A and B 
which emanate from the point 0 is the 
vector C having the length and direction 
of the diagonal, emanating from 0, of 
the parallelogram determined by A and B. 

B — C, then A x + B x = C’ x , A v + = C v . 

26. Find the direction and the magnitude of the single force which is equiva- 
20* 1 t>*°with*° 0 ne ° f 10 lb ‘ m a direction for = 45°, the other of 

forces Fm<1 thC S1Dgle f ° rCe lS e( l uiva,ent to eac h of the following sets of 

(o) Si = 12, di = l5°;/ 2 = 3, 0 2 ~ 80°. 

{b) S' = 6 - 6l “ 10 °;/2 = *0, 0 2 = 110°;/ 3 = 8, 0 3 = 250°. 

25 m nt n ai fP lane h ^ adg " ort hwest, its air speed being 120 m.p.h. A wind of 

35 w y' 1 - 1 the srou ° d speed - 0Dd »«■« 

^ ^ y and direction as seen from the ground)? 

28. A ship is sailing S. 30° E. at 20 knots. At what rate U it 
southward ? at rate K rt naakmg progress 

“■ . A ; iWr *""“*•* S "VPS- A motorboat, the ^eed of which in still 

« 4 m.p.h., crosses the river, heading north. In what direetmn ,1 
move and with what speed? direction does it 

»• An airplane, the speed of which along its inclined oath i s • 

h*mg altitude at the rate of 50 ft. ner see m»t 177? P , “ 120 m f h ’ 18 
of flight and the horizontal? ' P “ ^ ^ is the between its line 



FIG. 39 

Show geometrically that if A + 
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31. An iron pipe which weighs TOO lb. is on a ramp inclined 15° to the hori¬ 
zontal. What force directed up the ramp will just keep the pipe from rolling 
down? 

32. How long a ramp must be used to roll the 400-lb. pipe from ground level 
to a height of 6 ft. if a force of 150 lb. must suffice to move the pipe? 

33. The ends of a 7-ft. cord are attached to rings 5 ft. apart on the ceiling. 
A string supporting a 25-lb. weight is tied to the cord 3 ft. from one end. Find 
the tensions in the two parts of the cord. 

34. In certain military calculations, it is convenient to use as the unit of 
angular measure the angle called the miZ, defined by the relation 1,000 mils = 90°. 
Thus, approximately , the mil is one one-thousandth of a radian, and it intercepts 
an arc equal to about one one-thousandth of the radius. The advantage of the 
mil lies in the fact that, when the angle is small enough (less than alxmt 340 mils, 

or about 19°), the intercepted arc MP> the 
chord MP y and the tangent M T (see Fig. 40) 
differ very little from one another and are all 
given, approximately, by the formula 



M 


s = 


x 


1,000 


R, 


where x is the number of mils in the central 
angle, s and R being measured in the same 
unit of length. Thus, approximately, at 1,000 yd. a vertical yardstick subtends 
an angle of 1 mil; a tower 6,000 yd. distant whose angle of elevation is 4 mils is 

24 yd. tall. 

Fill the blanks in the following table: 


Height of object 


Distance from 
observer 


Angle of 
elevation 


(a) 

(b) 

(c) 

(d) 

m 

(y) 


12 yd. 

1,000 yd. 

30 ft. 

2,000 yd. 

30 ft. 

64 yd. 

10,000 yd. 

6,000 yd. 
2,500 yd. 


8 mils 
4 mils 

6 mils 

8 mils 
10 mils 


angle 





4 mils. How far away is it? . . j «nnn 

battery is to shell a road parallel to the battery front and 9,000 yd. 

A test shot has the correct range but falls 150 yd. to the left of 

What correction has to be made in the aiming of the piece? 

-i airplane is directly above A> which is 1,500 yd. from batters' 







Sec. 32] THE SOLUTION OF PLANE TRIANGLES 
32. The Low of Sines 


83 


For the solution of oblique triangles, it is necessary to develop 
several formulas, one or more of which will be found to be appli¬ 
cable to any giver set of data. We prove first the so-called law 
of sines. 

Theorem. Let ABC be any oblique triangle, and let a, b, c repre¬ 
sent the lengths of the sides opposite the angles A, B, C, respectively. 

Then , 

a _ b _ c 

sin A sin B sin C 

Proof. The size, shape, and other important properties of the 
triangle are not altered if we draw a rectangular coordinate sys¬ 
tem with the x-axis along the side 

AB, Fig. 41. First, let us take 
the origin at vertex A of the tri- 
angle. Then the polar coordinates 
of C are (b,A), and the ordinate 
of C is b sin A. 

Second, if 



put the origin at 
B, the polar coordinates of C will 
be (o,t - B), and the ordinate of Cl ~ 

n: * / . no. 41 

t is now a sin (ir — B) = a sin B. 

But the ordinate of C is the same whichever point is taken as the 
origin. Hence, equating the two expressions for this ordinate, 

b sin A — a sin B, 

or, dividing both expressions by the product sin A sin B 

9 

(i) 


a 


b 


sin A sin B 


In like fashion, by drawing the x-axis through 
show ° 

(«) b 


sin B 


sin 


Finally, Eqs. (1) and (2 

' j"'"* me uesirea tneorem. 

USed 7 hcn of the triangle 

°r po,Ue '* <t d*™ (the ambUnLa 

ande md any two mfk,. Note that when ... .L, _ 
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given, the third may be found at once from the relation, known 
from plane geometry, A + B + C' = 



Example. Given .4 = 35°36', C — 23°48 , J b — 82.43. 
remaining parts of the triangle. 

B = 180° - (A + C) = 120°30\ 

To find a, we choose from the law of sines the form 


Find the 


a 


b 


b 


sin A sin B 


or 


a — 


sin B 


sin A 


and to find c, we write, similarly, 


b 


sin C sin B 


or 


c — 


b 


sin B 


sin C. 


Note that the fraction b/ sin B appears twice; this fact can be 
used to save a bit of labor. We proceed. 


b 


a 

log b 
(—) log sin B 

log _r ~» 

sin B 
(+) log sin A 

log a 
a 


sin B 
1.91609 
9.93487 


sin A, 


c = 


b 


sin B 


■ sin C. 


10 


1.98122 

9.765 01 - 10 

1.74623 

55.75. 


b 


log • 
sm B 

(+) log sin C 

log c 


= 1.98122 

= 9.6 0589 - 10 
= 1.58711 
= 38.65. 


See how one operation was avoided in the solution by treating 
the fraction 6/sin B as a single quantity, and using its logarithm 

in two parts of the computation. 

■a 

33. The Ambiguous Case 

When the given parts are two sides and an angle opposite one 
of these sldea^they may determine on* triangle, or to* or none at 
ail. Let the given parts be «, b, and A Sevmlca^ an^ 

solution• (6) if a = CH, there is one solution, a right triangle, 

m> vdbm, CP and CQ, for the aide a. and we «et ^ 

side a, gives a triangle which does not contain 

as an 







33] 


THE SOLUTION OF PLANE TRIANGLES 


85 

b, there is 


/./ 



FIG. 42 


II. W hen *1 is obtuse: (a) if u is less than b, or if a _ u, 

vo solution; (b) if a is greater than b, there is one solution. 

In practice, this matter is very 
easily settled. First of all, the 
cases in which there is no solution 
give no trouble, for they show up 
in the course of the work bv in- 

t/ 

treducing an impossible value for - 
the logarithm of the sine of an 
angle. Second, the case in which 
the right triangle appears as the 

only solution makes itself evident by producing log sin B = 0, and 

ius - 90 . Neither of these cases has to be guarded against 
m advance. Neither does the case in which A is obtuse. 

All that we have to be careful about, then, is the case in which 
here may he two solutions. This is possible only uhen the given 

P . j art uo and an acute angle opposite the shorter . The 
student should memorize this test and should always notice 

Tf Y-' 1 t 7 ai ! g e W ,lch prcsents itself f °r solution satisfies it 
If the triangle does satisfy this criterion, it still may have one or 

% “X7 r,’ , Ul ', hC POint l ° be sl — 1 » that a triangle 

advan^ ^ “ 0t thcn have to be watched for in 

^£xunV^l^ Solvo the triangle in which a = 68.7, b = 91 . 2 , 

ambi^o^eff t Wear" S ,-n ang ) le f* 865 the criteri «n of the 

solutions, but we are awake* tn"th ° Ubt ^ ^ number of actual 

We write “ e 10 the posMtty of there being two. 

sin B b 


sin A 

sin B 

log b 
(+) log sin A 

(~) log a 
log sin B 


a 

b sin A 
a 

1.95999 
9.90987 
1.86986 
1.83696 
0.03290. 


10 
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But since the sine of an angle cannot exceed 
must be negative. In the present ease, then, 
exist and there is no solution. 


1, its logarithm 
angle B does not 


Example 2. 
b = 27.436, A 


Determine the number of solutions if a — 16.610, 
= 37°15'30". 


sin B = 


b sin A 


a 


(+) log sm A = 

(-) log a* 
log sin B = 

B = 


log b — 1.43832 

9.78205 


10 


1.22037 

1.22037 

0.00000 

90°. 


The triangle is a right triangle, and there is but one solution. 


Example 3. Solve the triangle in which a 
and A = 54°18\ 


= 82.6, b = 91.2, 


B 


log b 
(+) log sin A 

(-) log a 
log sin B 
63°43' or B 


1.95999 

9.90960 


10 


1.86959 

1.91698 


9.95261 - 10 

180° - 63°43' = 116°17'. 


This time there are two solutions. Notice that it is the value 

is Station; if log sin B is zero, there is one solution; rf log sm B 
• ^atae there are two solutions. In the latter case, one va ue 
ot angle B is read directly from the tables; the other is the supp e 

"fo ule'pr^nt example, we have two distinc^tmnglesjhkh 

“S J ctTsr - {/+ B) - «1W. 

die ottei, f- 89.6, b = 91A A - M18-1«. 

In the otne » R/ v _ q025 / The two triangles are 

ta SgV To complete the solutkm. we still have to 

lengths of the sides c and c' of the two -.Xtimfr* 
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From the law of sines. 


C — 


a 


sin A 


siii C 


a 


log a = 1.91 G98 
( —) log sin .4 = 9.90960 — 10 


S1X1 


sin C' 


(+) log sin C = 


2.00738 

9.94587 


10 



2.00738 

log sin C f = 9.21382 - 10 


c = 


c 


1.95325 
89.8. 


log c’ 


1.22120 

16.6. 



FIG. 43 
34. The Low of Cos 



:- *-X 


FIG. 44 


mes 


Theorem . Let A be any 
lettered in the conventional manner 



of the oblique triangle ABC , 
Then 


— b* -f- c 5 — 26c cos A. 
and 7h{’ ^. D [‘ W reCtangU ' ar “ornate axes with the oritrin at A 

Fi f 44 -, Th * Sr - 

accordingly, (4 cos A, b sin A). The^t^d 8 ^ C “?. rdinates - 

tance formula of Sec. 3, we have d C ’ d the dls " 

(6cos^ ~c)»+ (bsmA)*. 

Expanding, and rearranging terms. 


a 


e 


&*(mnM + cos 8 A) + c * - fife co 8 a 


, and since sin* A -f- cos* A = 1 

= 6* + c* — <jtbc cos A. 
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Remark. In the applications, it is convenient to have other 
forms of this relation, obtained by permuting the letters. Thus 

b- — c- + a~ — ~ca cos B , 
c- — a 2 + b' 1 — 2ab cos C. 

The law of cosines is of great importance in theoretical work and 
may be used in solving triangles in which the given parts are two 
sides and the included angle, or three sides. On the other hand, 
the formula is not convenient for computation if the numbers 
involved have many digits, since it is not suited for use with 
logarithms. In the following sections we establish formulas which 
can be used with logarithms in the solutions of these remaining 
cases of the oblique triangle. 


EXERCISES 

1. Find a if b = 6, c = 4, and A = 30°. 

2. Find b if a = 3, c = 5, and B = 60°. 

3. Find c if a — 4, b — 7, and C — 135 * 

4. Find angle C if a == 2, b — 3, c — 4. 

6. Show that, if the lengths of the sides of a triangle are represented by whole 
numbers, the cosine of any angle of the triangle is a rational number (quotient 

of two whole numbers). 

35. Tangents of the Half Angles in Terms of the Sides 

Let A be any angle of the triangle. From Eq. (3), Sec. 24, we 


get 

0 ) 

From the law of cosines, in the form a 2 = & 2 + c 2 - 2 be cos A, we 


, ,1 i 1 ~ cos A 

tan “^ ~ 1 + cos A 


have 


cos 


A 


b 2 + c 2 — a 
2 be 


Substituting this into (1) and doing the indicated algebra, 


b 2 + c 


tan 2 1 jii 



1 4- 
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a 


*1 


(b - c)- 


(*) 


(b c j- — d 2 

ia -f- b — c )(ft — b -f- c) 

{a + b + c) ( — a + b -T c) 


For convenience, set 


= a + b + c. 

Then, subtracting -2a, 2b, 2c in turn from each member of this 


equation, 


2(s — a) = — a -f- 6 -j- c, 

2(s — b) = a — b + c, 

2(8 — c) = a + b — c. 


When we set these results into (2) and divide numerator and de¬ 
nominator by 4, we get 


tan* \ A 


(s — b)(s — c) 
s(8 — a) 


We get the formula for tan X AA by taking the square root, and 
similar formulas involving angles t/,n «rul i AC Kw r^r™.— 


letters: 





(3) 

tan ^ A 

= 4- 

1(8 

— b)(s — c) 

8(8 — (l) * 

( 4 ) 

tan ^ B 
2 

= + 


— c)(s — a) 

8(8 — b) ’ 

(5) 

tan | C' 
2 

= + 

(8 

V 

— a)(s — b) 

s(s — C) 


Tliese formulas have the + sign before the radical because A, B , 

C, being angles of a triangle, are each less than 180°. The half 

angles, then, are angles of the first quadrant and have positive 
tangents. 

If now we multiply the numerator and denominator of the frac- 

<ZZl 3 llL- 10 (4) by * - 6 ’ “~ 


t “l B 

t»|c 


=s -J- 


+ 


+ 


\ 


(>- 

- a)U 

— 

b)(s - 

~ <•) 

l 


i 


s 


s 

— 

9 

a 

/— 

- a) (s 

— 

b)(s - 

- c) 

i 


If 


8 


8 

— 

b* 


- a) (g 

— 

b)(s - 

- c) 

l 


i 


8 


8 


€ 
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Replacing by the letter r the radical which occurs in all three 
of the formulas, we may rewrite them in the compact form which 
appears in the theorem whose proof we have just completed. 


Theorem. If A, B, C are the angles and a, b, c the corresponding 
sides of a plane triangle, then 


tan - A = —-— 
2 s — a 


- ta 4 s "rh> 


tan \c = 7 


2 


s — c 


where 



These formulas for the tangents of the half angles are used to 
fin d the angles when the three sides are known. 


Example. Let a = 28.800, b = 39.400, c = 50.200. Find 
the angles. We arrange the work in tabular form, with minimum 

of explanation. 


a = 

= 28.800 

log (s - a) = 

= 1.48287 

& - 

: 39.400 

(+) log (s - b) = 

= 1.29667 

c - 

= 50.200 

(+) log 

(s - c) = 

= 0.95424 


= 118.400 



3.73378 

S - 

> 59.200 

(-) 

log S ■■ 

= 1.77232 

s — a = 

= 30.400 


iogr 2 = 

= 1.96146 

s — b = 

= 19.800 


logr : 

= 0.98073 

s — c s 

= 9.000 




Subtracting log (s — a), log 

(s — &), 

log (s - 

* c) in turn from 


log r, we get, by the formulas of the theorem, 


iogtan y&A 
log tan )^B 
log tan y&C 


9.49786 

9.68406 

0.02649, 


10 , 

10 , 


yiA 

y& 

WJ 


17°28'S", 

25°47'11", 

46°44'46", 


A 

B 

C 


34°56 , 6 ,/ . 

51°34'22". 

9S°29'S2". 


e ‘solution by comparing the sum of the 
LVe computed them, with 180°. But note 
of the angles ore in general reliable only to 
minute, when the data are conwst to ate 


digits. 
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36. The Law of Tangents 

Theorem. Let .1, B be any two angles of an obligor triangle, and 
a , b the lengths of the sides opposite these angles. Then 


a — b 
a -f b 


tan ^ (A - B) 


tan \ (A -f B) 


Proof. We know from the law of sines that in any triangle 
a/ sin A — 6/sin B. Let k represent the common value of these 
equal fractions. Then a - k sin A, and 6 = k sin B. Thus, 

a — b k sin A ~ k sin B 

a + 6 k sin A -f k sin B 

or, dividing numerator and denominator on the right by k , 

ft — 6 __ sin A — sin B 
ft + 6 sin A -f sin B 

But now, by the factoring formulas, applied to the difference and 
the sum appearing in the fraction on the right, we have 

a — b _ <j cos }4(A 4- B) sin \j(A - B) 

a + b 2 sin y 2 (A + B) cos y 2 {A - B) 

and this, by virtue of the three-function formulas and the re¬ 
ciprocal formulas, is equivalent to 


a ~ b _ tan \^A — B) 
a + b tan )$(A + B) 


RemarL Of course we may equally well write the formula in 
terms of B -- C, or C - A instead of A - B t with corresfjonding 
changes m the rest of the equation. Moreover, when the given 
sides are a and 6, for instance, with 6 greater than a, so that a - 6 
is negative, we may interchange a with 6, and A with B, and have 


^ a = tan W.B - ^4) 
b + a tan M(B + A)' 


“ the *° lution *>y logarithms 

dudS^gt Pttrta *" two ««« »d the 
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Example. Given a = 63.41, b = 44.12, C = 71°24'. Find 
the remaining parts of the triangle. 

We first use the law of tangents, in the form 


tan \ (.4 
2 


B ) = 


a 


a + b 


^ tan t (.<4 -f B). 


2 


We get fro: 



l the data of the problem 

a-b = 19.29, 
a + b = 107.53, 


Then 

(-) 


y 2 (A + B) = 3^(180° - 

log (a - b) = 1.28533 
log (a + b) = 2.03153 

9.25380 - 


C) = J^(108°36') = 54°18'. 



(-J-) log tan + B) — 0.14353 _ 

log tan y 2 (A - B) = 9.39733 - 10. 

y 2 (A + B) = 54°18 / , 

y 2 {A — B) = 14°1\ 


Adding, we have 


subtracting, 


A = 68°19', 
B - 40°17'. 


We should finally have to use the law of sines to find the re¬ 
maining side c. 


EXERCISES 

li Show that the law of tangents may be written in the form 

tan \( A ~ W = *t+l> COt l C ' 

2. Establish the formula of Exercise 1 by using Eq. (8), Sec. 2S 

theorem of Sec. 85. 

3. Establish the relations 

a-b _ sin VAA - B) a±b _ cos H(A -_g). 

i ~T" “ cos W * • sm 

formulas, called Mollweide’s equations, are useful in checking 

isaoa Umy involve all six parts of the triangle. 
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but which has not been employed, directly or indirectly, in the 
course of the solution. Note carefully that when we have used 
in the solution two forms of the law of sines, the third may not 
be used as a check, since it is implied by the other two. Neither 
may we use the relation A + B -f- C = 180° as a check after 
solving by the law of tangents, since this relation is used in 
applying that law. JVIollweide's equations (see Exercise 3, 
Sec. 36) are satisfactory as check formulas. 


38. Radius of the Inscribed Circle 

Theorem. The length of the radius of the circle inscribed in the 
triangle ABC , lettered in the conventional fashion, is given by 


R 



where s 


a + b 4- c 


2 


Proof. In a triangle ABC, Fig. 45, draw the angle 

which, as we recall from plane geometry, meet at the 
the inscribed circle, which we call 

0. From 0, drop perpendiculars 
OD, OE, OF to the three sides. 

These are equal in length, being 
radii of the circle. Call the length 
of this radius R. By proving ap¬ 
propriate pairs of right triangles 
congruent, we can show that 
AF = AE , BD = BF , CD = CE. 

Call these three lengths x , y, z, respectively. Then 


bisectors, 
center of 



2x 2y - f- 2s 

2x + 2y + 2 z 

x + y + z 

x 

x 


o> ■]- b -J- c, 
2s, 


s, 

s 


(y + 2 ) 


a. 


figure 


tan \a 
2 


R 

x 


R 


8 


a 
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But from the theorem of Sec. 35, 


1 . r 

tan - A — - 

2 s — 


a 


Equating these two expressions for the same number, we find 
that R = r\ that is, the radical which was introduced into the 
formulas of Sec. 35 for purely algebraic reasons turns out to be 
the length of the radius of the inscribed circle of the triangle. 

39. Area of the Triangle 

When the Given Parts Are Two Sides and the Included Angle. 
Suppose that A, 6 , and c. Fig. 46, are known. Draw the alti¬ 
tude DB and denote its length by h. The area of the triangle is 

But h/c = sin A, or h = c sin A. Thus, 
K — y 2 hc sin A. We may, of course, 
equally well write K = %ab sin C, or 


given by K — %bh. 


B 



( 1 ) 


K 


1 

2 


ac sin B. 


C 


fro: 


When the Given Parts Are Two 
Angles and a Side. If two angles are 
known, we may always find the third 

the relation A + B + C = 180°. Hence we may as well 

known. Suppose the given side to 


be 6. Then from the case of two sides and the included angle. 


From the law of sines, 


K — }^bcsmA 

b sin C 
c ~ sin B’ 


Substituting this value for c in the preceding formula, we get 


( 2 ) 


K 


b 2 sin A sin C 
2 sin B 


There are, of course, analogous formulas for the cases in 1 

M Are the Three Site,. Stem Fig. 4 

see that the Me. ol ABC » the sum «t the ateu of tnangie. 

Ann. and is accordingly given bv 
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K = Yira + y 2 rb + y 2 rc 

— -f- b + c) 

= rs 

__ j(s — a)(s — b) (s — c) 


or, finally, 

H 

(3) K = Vs(s — a)(s — 6)(s — c). 

Note how easily this expression may be computed from the 

logarithms used in solving for the three angles when the three 

sides are given. For instance, to find the area of the triangle 

whose angles we found in the example of Sec. 35, we add log s to 

3.73378, instead of subtracting , and get log K 2 = 5.50610. To get 

log K, we divide this by 2. Thus, log K = 2.75305, and K = 
566.30. 


40. Miscellaneous Exercises Which Involve the Solution of Triangles 

See the remark at the head of the exercises of Sec. 30. 

(¥ In each case, find the unknown sides and angles, but not the area. 

(af A = 12°8\ B = 58°40', b = 223.62. 

{bYB = 42°18', C = 68°9', b = 4.1768. 

(cYa = 12.304, b = 16.286, A = 36°25'14". 
id) a = 6.0, b = 7.1, C = 42°3'10". 

(e) a = 6.2, b = 2.3, c = 4.4. 

(f) a = 73.781, c = 111.60, A = 47°40'5". 

(g) b = 3.6029, c = 5.4183, A = 140°0'0". 

(A) B = 22°30'30", C = 85°7 , 10", a = 27.870. 

(t) a = 5.6, c — 13.4, A = 22 0 3'36" 

U) A = 68°24', C = 94°36 / , b = 123.75. 

(k) a = 1752, b = 2138, C = 73°40'. 

(0 A = 103.14, c = 87,860, C = 52°40 , 42". 

(m) a = 21.081, b = 32.169, c — 27 500 

(n) B = 109°36'0", C = 33°50'20", 5 = 12.147. 

(o) 6 = 47.893, c = 28.605, J5 = 100°50'6" 

(P) a = 144.20, b = 202.42, C = 180.68. ' 

(?) B = 42°6'6 // , a = 60,504, c = 48,506. 

(r) a = 165, b -= 181, c = 144. 

(*) & = 616.41, c = 300.67, A = 30 o 44'10' , . 

2. A tree, 4, is observed from two points, B and C 17 ft a #f . 

is found to be 76°30' and angle ACB to be 44°45' HoTT* ■ 
tree from the uoint B? ** 45 • “ ow far is the 
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3. Two airplanes leave a field on courses that make an angle of 47°33' with 
each other. The ground speed of the first is 100 m.p.h., and that of the second 
120 m.p.h. How far apart will they be at the end of 2 hr.? 

4. A tree is 76.5 ft. up the slope of a hill which is inclined 20°7' to the hori¬ 
zontal. From the foot of the hill the angle of elevation of the top of the tree is 
57°18'. Find the height of the tree. 

5. Two points, A and B, are concealed from each other by an intervening 
hill, but both are visible from C, which is distant 2,26 and 4.87 miles, respectively, 
from A and B. If the angle ACB is 34°17', how far apart are A and B'i 

6. Find the smallest angle of a triangle whose sides are 20, 23, and 29. 

7. In what direction must an airplane head, to track northeast if its air speed 

is 150 m.p.h. and if a wind of 35 m.p.h. is blowing from N. 70° W.? 

8. Town B is 15 miles due west from town A. Town C is 8 miles from B and 

13 from A. How far north is C from the line joining A and B ? 

9. To find the distance from A to a point B on the opposite side of a river, a 
point C is taken, 100 ft. from A. The angles ACB and CAB are found to be 

25°42' and 106°36', respectively. Find the distance AB. 

10. A road runs from A to B, 24 miles distant, and another from A to C, 
17 miles distant, B and C being 13 miles apart. What angle is formed by the 

two roads? . 

11. A tower 120 ft. high is sighted directly north of an observer, the angle 

of elevation of its top being 31°4'. The observer travels northwest, and later 
finds the angle of elevation of the top of the tower to be 14°8'. How far has he 

traveled? 

12. \Find the area of the triangle in Exercise 1 («)• 

13. / Find the area of the triangle whose sides are 4,10, and 11. 

14KThe diagonals of a parallelogram are 42 and 54, and one of the ang es 

formed by them is 67°. Find the area of the parallelogram. 

15. If a man travels 432.2 miles west, then 605.6 miles northeast, how far is 

he from his starting point? , ,, 

16. The lengths of the sides of a triangle are 19,26, and 32. Find the lengt 

of the median to the longest side. 

17 Find the area of the triangle in the preceding exercise. 

18. From a level plain, a hill rises toward the north, the gain in height being 

651ft for every 100 measured along the slope. Find the height o « 

the angle of elevation of its top, as seen from a point 131 yd. south of its foot, 

M lfcThe three sides of a triangle are 127.4,216.7, and 175.5. Find the length 

of the altitude to the longest side. 

20/Find the area of the triangle in the preceding exercise. 

21 From a balloon 4,000 ft. above the sea two ships are observed, 

of oC10W. to otte, iow-dto 

with. a angle of ol lW. .» to *£ 

fl2. One diagonal of a parallelogram is 7, the other 8. lney 

Find the lengths of the sides. 

Find the area of the parallelogram in the preceding exsKase. 
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24. Two sides of a triangle are in the ratio The angles opposite these 

sides are in the ratio 2 (. Find these angles. 

25. At a certain point on the ground, the angle of elevation of the top of a 

tower is From a point 100 ft. farther away, the angle of elevation is 

21°7'0". Find the height of the tower. 

26. At a certain point on the ground, the angle of elevation of the top of a 
tower is a. From a point k ft. farther away, the angle of elevation is (3. Show 
that the height of the tower is k /(cot 8 — cot a). 

27. A lighthouse 00 ft. high stands at the top of a slope. At one point on the 
slope the vertical dimension of the lighthouse subtends an angle of 21°48 / . At 
a point 82 ft. farther up the slope, it subtends an angle of 46° 30'. How far is it 
from this second point to the foot of the lighthouse? 

28. Show that the area of any quadrilateral is one-half the product of its 
diagonals by the sine of the angle between them. 

29. How t many acres are there in a four-sided field whose diagonals are 172 
and 324 rods, if the diagonals meet at an angle of 62°28 / ? 

Find two triangles each of which has sides 18 and 56 in. and an area of 
92.4 sq. in. 

31. The bases of a trapezoid are 50.6 and 102.8 ft. The angles at the ends 
of the longer base are 70°23' and 75°11'. Find the lengths of the other two sides. 

32. An observer whose eye is 5 ft. 9 in. above the ground stands on a hill 
42 ft. high and finds that the angles of depression of the near and the far banks 
of a stream are 53°G' and 16°55'. Find the width of the stream. 

33. From a height h, the angles of depression of two objects in line on the 

plain below are a and /3. Show that the distance between the objects is h (cot 8 
— cot a). 


63 


34. A flagpole stands on a hillside which makes an angle a with the horizontal. 

At a distance k down the slope from the pole, it subtends an angle jS. Show that 
the height of the pole is k sin /3/cos (a + /3). 

35. A gun, on the straight line between two observation posts A and B 
is 1,000 yd. from A and 1,200 yd. from B. At A and B simult^eous observa- 

a f'P. 5 ’ and an 8 les SAB and SB A are found to be 22°30' and 
llo 40 . What is the distance from the gun to the ship? 

, 36 ‘ TW ° !^ rs at ^^ces 6.5 X 10“ and 7 X 10“ miles, respectively, 

ff e 6 , h ‘ At the e f th ’ the distance between them subtends an angle of 
. How far apart are they? s 

JO: Jr ^ are 5 mile, apart. From a Moon above A the 

W “. I8 5- . Uter ' ^ baUoo, ‘ bd “S B, the angle 
the two observations? ° W far dld the balloon rise between 

an^ofeSltt^of ° n level ground. From the foot of the post the 

angle of elevation of the top of the tree is a. From the top of the post the anele 

that the height of the Uee is * ^ *** ^ Show 

^ ^ ^ the same 
w tnat the ratio of the areas of their inscribed circles is 
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40. From the top of a building of height h, the angle of elevation of the top of 
a hill is a. From the ground at the foot of the building, the angle of elevation of 
the top of the hill is (5. Show that the height of the hill is h tan /3/(tan 0 —tan a). 

41. Show that the diameter of the circle circumscribed about the triangle 
ABC is equal to the length of any side divided by the sine of the angle opposite 

that side. 

42. In this exercise, A, B, C are the angles of a triangle; a, &, c are the lengths 
of its sides; R is the radius of the circumscribed circle of the triangle; r is the 
radius of the inscribed circle. Prove the identities: 


(a) sin (A + B) = sin C . (&) sin A(A + B) — cos AC* 

(c) cos A + cos B + cos C = 4 sin y&A sin AB sin AC + 1. 

(<f) tan A + tan B + tan C = tan .4 ta 


(e) abc = 4#Vs(s — a) (a — b) (s — e). 


t px a sin AE sin AC 

V) 7 = -SHi A - 
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41. The Law of Natural Growth 

Many processes in nature take place in accordance with a 
principle commonly called the law of natural growth , in which the 
rate of increase of a substance or a population at any moment is 
proportional to the amount of the substance or the size of the 
population at that moment. For example, a colony of bacilli 
in a suitable medium increases by simple division. The rate of 
increase of the colony doubles when the population doubles , just 
because there are twice as many individuals to divide. More 

generally, any change in the population brings about a proportional 
change in the rate of growth of the colony. 

This manner of growth, it is to be noted, is something like the 
way in which money increases at compound interest. If $P 0 are 
deposited at 3 per cent interest, the amount at the end of one 
year is $1.03P 0 . At that time, the bookkeepers begin computing 
interest on this new amount instead of the original $P 0 . More 
generally, if $P 0 are invested at lOOr per cent, compounded n 
rimes a year, the amount at the end of t years is $P 0 (1 + r/n) nt * 

ow m the case of the bacilli, Nature does not wait for the end 
o e year or the end of the quarter before adding the “interest” 
the principal ; in other words, natural growth is like com- 
P „ d ^rest with the mterest compounded continuously. 

it f, or ™ u1 ^ for this kind of growth, suppose, first, that 

veL Th f u° n the mitla i ^ uantit y A is compounded n times a 
y . Then the amount P at the end of t years is given by the 

ormula just above, which may be rewritten in the form 


P 

Se© Exercise 12. Sec# 



X Pq. 
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Here n is any integer, and to obtain an expression for the 
amount with continuous compounding we inquire what happens 
to this formula when n is allowed to increase indefinitely. Now 
it is a remarkable fact, which we are not at present in a position 
to prove,* that, as n increases without limit, the expression 


( 1 \ n / r 

1 -j--) approaches a definite limiting value, which we de¬ 

ny r/ 

note by e, and which is given to five decimal places by the ap¬ 
proximation e = 2.71828 .... Then the amount at the end 
of t years under continuous compounding becomes 


(1) P = P 0 e rt , 

which is, more generally, the formula for the quantity, P , at 
time t, of any substance which changes in accordance with the 
law of natural growth, the initial amount being Pa, t being meas¬ 
ured in any convenient unit, and r being a constant to be de¬ 
termined in practice by an observation. 

Example. A colony of bacteria increased from 10 to 880 in 
4 hr. How many were there at the end of 7 hr.? 

Here Po = 10, and the formula becomes 



P -- 

= \0e Tt . 

But when i = 4, P = 

-■ 880. 

Hence, 


880 = 

= 10e 4r , 


e T - 

= 88*. 

Then 

P ■■ 

= 10(88*)*, 

or 

P ■■ 

= 10 X 88*' 4 . 

In particular, when t 

- 7, 



P 

1 

i 

= 10 X 88* 

= 25,284. 




This computation is easily performed with logarithms in the 


manner of Sec. 29. 

* See C. T. Holmes, Calculus and Analytic Oeomctry, Sec. 64, 
Book Company, Inc., New York, I960. 
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EXERCISES 


1. Compute (1 -f -H 


k 


for k = 1, 2, 3, 4, 5* 10, 100, 1,000, using logarithms 


for an approximation in the last three eases. 

2. If a colony of yeast cells doubles in 40 min., how 
to 50 times its initial size? 


long will it take to increase 


3. If the number of microbes in a culture increases from 100 to 325 in 1 hr., 
what will be the number at the end of 3 1 2 hr.? 

4. If a substance increases in accordance with the law of natural growth ami 

changes from / o at t — 0 to P\ at t — ti, show that the amount 1 J at time / may 
be written as P « /V/V^o)* 7 *'. 

6. Radium disintegrates at a rate proportional to the amount present, and 

2 per cent of a given quantity disappears in about 50 years. How much is left 

at the end of 30, 420, COO years? How long will it take for half the radium to 
disintegrate? 


42. Natural Logarithms 

The number e which appeared in our discussion of continuous 
compounding is of wide usefulness in mathematics. In the cal¬ 
culus, for example, we find it expedient to employ this number as 
the base for a system of logarithms, the so-called natural or 

Napierian logarithms. 

Definition. The logarithm of a number to the base e is the 

exponent which must be employed to write the number as a power of 
e. In symbols, x 


EXERCISES 


Prove that 

1. log,e*l. 

3. log. xy = log, x + log, y. 
6. log, x p = p log, x. 


2. log, 1 = 0. 

** ~ — log. X — log, y. 

6. log, Vjr = I l 0 g x 

9 


Nalural logarithms are not very useful in computation but 
ever IT* “ certam theoretical discussions; and when 

ever it is desired they may be exoMPd , * IKn " 

logarithm,, and common logarithm, in term, of m 
nthms, by means of the following theorem t d Ioga ' 
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Theorem. 


log x = ^ 

g * login e 


Proof. By definition of the natural logarithm of a number x. 


( 1 ) 


j> — luge * 


If now we take the common logarithm of each member of (1), 
using Theorem III, Sec. 28, we have 


( 2 ) 


logio X = log, x logio 0, 


or 


, logi 0 X 

,0g<1 - 1 Z^Te 


Corollary. 


loge 10 = 


1 


login e 


It is clear from Eq. (2) that a table of common logarithms may 
be obtained from a table of natural logarithms merely by multi¬ 
plying each entry in the natural log table by the constant logic e, 

the approximate value of which is 0.43429. 

EXERCISES (Continued) 

7 (n\ Define loEa x, where o is positive and not equal to 1. ... 

( $ (1) to (6) bold also for logon,hu* to th, 

h^/prove that log, r « jj*f. where o and 6 are positive and diflermt Ion. 1 . 


oil 


(a) logs* 2- 
(d) log 2 64. 
(g) logs 81* 
(J) logs 0.2a 


(c) log 2 4. 

(f) logs 
(i) logs 3*. 


(b) log2 1* 

(e) log 2 H* 

(h) logs Has* 

. _ fi „ (Jc) loto 

9 . Why ia the nnmber 1 not suitable as a base for a ,^' m ot l “8" ltllIM 

JO. Write in a fore, which -vrdv. • ^ ^ ^ 

Wbfcl-0. <S)l* B = R 



(a) logs 1*5 — 8. 

(d) log* 7*9 - 6. 

11. Rewrite in logarithmic form: 

(a) *• = 8. ( b) 4* - 16. W ^ =Hi- 

- S. log.? 4 ' "** **“ J 


9° * 1. 
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13. If logo t — m, logo s = 7i, logo t = p, evaluate 



(a) logo 


14. Write the value of x if 


(6) log* t. 


(a) x — log3 81. 

( d) log 3 x = — 3. 

( 9 ) logo x = 1. 

15. Solve for x. Hint: 
base. 

(a) 625 = 5*. 

C i) 4 = 2 2 * -1 . 


(6) X — log 3 J-2 7* 

(e) e x = 1. 

(/«) log 5 = 1. 

Take the logarithm of each 

(6) 32 = 2* 1 
(c) 3 = 5*. 


(C) logrSf. 


(<“) log* Ke = 

(/) e° = x. 


— 2 . 


member to any convenient 


(c) 5 = 4*. 

(/) 125* = 0.2. 


43. Logarithmic and Exponential Functions and Their Graphs 

If the student will refer to the second paragraph of Sec. 7, he 
will realize that the relation y = log* x defines y as a function of 
x. We have seen that the nature and behavior of the trigono- 

Y 



metric functions are conveniently exhibited by their graphs- the 
graph of the logarithmic function, Fig. 47, is similarly instructive 

For instance, note how the graph illustrates the following prop¬ 
erties of the function y = log, a;: g P P 

a. log, 1 = 0. 

b. log, 6 = 1. 

c. log, x is not defined when x is zero or negative 

d. As * approaches zero through positive values, log, * assume, 
«*abve values which increase numerically without lMt 

Trim the definition of the natural logarithm if 

that the equations o - W & and b - J‘ “ “PP"™ 1 

log. o and o - e- me an precisely the same 
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thing, since each says that a is the exponent that must be used 

In other words, the functions 


to express b as a power of e . 

Y 



y — log e x and y = c 1 

are inverse functions, precisely as 
y = sin x and y = arcsin x are 
inverse functions. Moreover, the 
graph of y ~~ e x , Fig. 48, can be 
constructed from the graph of 
y - log, x just as the graph of 
y = arcsin x was obtained from 
that of y = sin x in Sec. 18. 

EXERCISES 

1. Using the same set of axes in each 
case, draw the graphs of 

(a) y = 2* and y = log 2 x. 

(b) y = 4 1 and y = Iog 4 x. 

(c) y = (H) 1 and y = log**. 

the relation between the ordinates cf 


FIG. 48 


2. For the same values of a;, what is 
lints on the curves y = log* x and y = logio 

3. Sketch the graph of 

(a) y ~ e 4 *. (h) y — ^ tf 

4. Recall the method of Example 2, Sec. 17, and 

(a) y = e~ x sin x. W V 


e~ z . (d) y = 

sketch the graph of 
= €~ xl2 cos 




44. Series Representation of Functions 

In his school algebra, the student will recall, it was shown that 
for the geometric progression, or series , 

a + ar + ar 2 + ar 3 + • ' • > 

the sum of the first n terms is given by 

Q _ r ") 

1 - r 



Now if | r | < 1,* the second term on the right, because of the 
Ih# of r without reg . f. , meaM that the value of r is W***' 1 
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presence of the factor r", can be made to differ from zero by as 
little as we like by taking n sufficiently large. But since this 
term is the difference between the variable S n and the fixed num- 


a 


^ K ' r j _ * ' v< ‘ may also say that S„ will differ from the number 


I _ r ***• hftle as we like for all sufficientl}' large values of n. 

1 his is precisely what we mean when we say that the variable S n 
approaches the limit — a - as n increases indefinitely, a statement 


which we usually put into the form 


lim S n 


a 


n — 


1 


Tins statement implies that no matter how small a positive 
number is proposed, S, will differ from its limit by less than that 
small positive number for all values of n beyond some fixed value 
For example, if we take a = I and r = y 2 , the series becomes 


and 

Si = 1, 


1 + X A + H 4 - % + • • . 


S 2 = ?i. 


S 


/ 4 * 


• # 


s, 


2 - 


In this ease the limit is 2, for it is not difficult to see that 5. will 
differ from 2 by less than 0.01 for all values of n greater than 8 

Ih Tnoow °'°?, 1 f ° r a11 Values of n ^ reater than 11, by less 
than 0.0001 for all values of n greater than 15, and so on. 

Agam, if ! z | < 1, the sum of the first n terms of the seo 
metric series e geo ~ 

1 2T —|— S 2 —f— ^3 —^ 

for which a = 1 and r — z, approaches ~ 
definitely. We write 


1 


as n increases in- 


1 


1 


l+Z + Z I -f-2*-|-. • . 

1 9 


< 1, 


<U>d tiat the "present, the function —L_ for | z | < i 

meaning that, by taking enough terms of the _ 
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approximate the vnluc of the function ns clnsrl\ as we like, ju>l 
bs in the case of the previous numerical illustration. 

Now a great many functions can be represented l>y series in 

somewhat the same fashion as is K v the £ co,uctric scriei ” 

1 ^ 

and for most of them this series representation is the simplest 
analytic formula available. Methods of obtaining these series 
representations are developed in the calculus, where, among 
others, we find the expansions: 


( 1 ) 

( 2 ) 

(3) 


sinx = x 


cos x = 1 


x 3 . x 5 

3 ! + 6 ! 

X 2 , X 4 

2! + 4! 


y2 y3 Y* 

e» = l + i + 2j + 3j + j; + 


,/or all values of x,f 
, for all values of x, 

• • - ,/or all values of x 


In using series (1) and ( 2 ) it must be understood that x is measured 
in radians. These particular representations are valid lor all 
values of *, but in practice they are useful only when * is fairly 
small numerically; for a large value of x it is necessary to use an 
inconveniently large number of terms to obtam the desire 
accuracy. This disadvantage, however, is not so serious as one 
might suppose. In computing a table of cosines, for examp e, 
only relatively few values need be calculated directly rom e 
series, others being found by using half-angle double-angle, or 

addition formulas. Thus, we might find cos 1 from senes (2), 
as follows: 


cos 1° = cos 


* 


180 


1 -- 


*7180 


2 


+ 


= 0. 



Similarly, from series (1), 


sin 1 


* 


* 


**/180 s 


sin 7 


180 180 
= 0.01745. 


6 


+ 


* * 


. For . extended imn** <*<** ris - 1 "*““ 
and Analytic Geometry, Secs.18 ^ ^ the ptaitive iniqpa 

♦ The notation n\ is an abbreviate te thepr«iu«« 

1 ~*7 . tj. ThnsS' * 1 •*•8,4! « •*»«»> 

from 1 to n inclusive, iiiusa. 
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But to get sin 2° we should not need the series, since 

sin 2° = 2 sin 1° cos 1° 

= 2(0.01745) (0.99985) 

= 0.03490. 


The series for sin a; and cos a: are alternating series; that is, 
the signs of the terms are plus and minus in turn. With 
such a series, it may be shown that the sum of the first n ter ms 
differs from the exact value of the function by less than the 
numerical value of the first term not used. Thus, the approxima¬ 
tion to cos 1°, obtained above by using the first two terms of the 
series, differs from the correct value by less than the third term, 
which is far too small to affect the fifth decimal place. 

It may also be shown that the smaller the numerical value of x, 
the better the agreement between the function and the s um of a 


given number of terms of the series. Thus, to four decimal 
places, sin x is correctly represented by theirs/ term, x, for values 
of a: which are numerically less than 0.08 radian (about 5°); and 
by the sum of the first two terms, x - x s /6, for values of x numer¬ 
ically less than 0.35 radian (about 20°). Consequently, if x is 
small enough, the polynomial x — x?/6 may for many purposes 
be used for sin x; and similarly, the polynomial 1 — x l /2 for cos x. 
In using these two formulas, of course, we must remember that 
x is the radian measure of the variable. Fortunately, these 

approximations are at their best for those values of x for which 
the tables are least useful. 


. An arc AB of a great circle* on the earth’s surface 

is 30 miles long. How much shorter is the chord AB? 

Let O Fig. 49, be the center of the earth, which we assume to 
be a sphere of radius 4,000 miles. Draw 

OC bisecting the arc AB and consequently 

the chord and the central angle. Now 


CB 

OB 


sin 0, 


or 

(4) 


OB — 4,000 sin 6, 


* See Definition 1, Sec. 50. 



B 


O 


FIG. 49 
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By Theorem II, Sec. 15, 


15 = 4,0000, 


or 


( 5 ) 


d - 


3 


800’ 


where, fortunately, 0 is already in radians, as it must he for the 
employment of series (1). From Eqs. (4) and (5j, 


CB = 4,000 sin 


o 

<) 


800 


and from series (1) 


CB 


r 


3 


( 3 soo) 


and 


chord AB — %CB 

= 8,000 


800 

6 

" 3 


800 

0 

, between arc i 

‘ 3 

(?^oo) 3 


6 


+ 


v ■ * 


* * * 




The required difference, then, between arc AB and chord AB is, 
approximately. 


d = 30 - 8,000 


SMAl 3 miles 
6 X BOO 3 

8,000 X 3 s X 5,380 X 13 


cs 


in. 


6 X 800 3 
= 4 34 in., approximately. 

The student will observe that the first term neglected is too 
small to be significant for our purposes. Why could not to 
problem be successfully attacked by the methods of Chap. 6 and 

the tables? 

EXERCISES 

L Compute directly from the appropriate series the value of each of the fob 

lowing, to four decimal places. 

(o) sin 3°. (6) cos 0,1 radian. (c) sinl . 

«) Ve. (/) !/«• W VVl 

1 Supposing to *£ -to* 
tor ho» OM to comoute y* mu*. 






iaO 



Q>) cos 46°. 


(e) cos 58°. 


( 4 ) 
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3. If the ends of & 50-mile canal were at sea level, and if the bottom of the 
< were a >tnjght lim, uUnit how much deeper would the water he at the 
45-mik mark than at the ends of the canal? 

4 - In the calculus it h >howii by tlie same methods which lead to the series 
1} to (3 that for any positive integer ft 


krg, (ft + 1) « log, n 




1 


+ 


1 


+ r 


1 


+ 


set n 


in + 1 S(in + l) 3 5(2w + l) 5 

v taking n = I, we get from this formula the value of log, 2. Then if we 

kgi 3 in terms of log, 2, and so on. For a factorable number 
like 0, ho ver, we do not nets! the scries, since log, 6 m log, 2 + log, 3. 

I dug the aeries where neceasary (that is, for prime numbers) and then the 
theoran of Sec. 42, compute the natural and the common 


(a) i. 

it) 8. 


(i) 3 
(k) 9 




e ) 4. 

(f) 10 


(d) 


a 


(c) 6 


if) 7 


45. Complex Numbers and Their Arithmetic 

In (Ik* «:arli« r pages of this book, we have used only the real 
numbers. For tile purposes of higher mathematics,"however, 
and indeed for some rather elementary algebra, it is found neces¬ 
sary to introduce the so-called imaginary numbers , those which 
involve an even root of a negative real number. Thus, if we are to 

be able to 




x ~ 4- 1 = 0, our 


mu>l include numbers wliosc square is _1 

I 1 f • * / ^ 




W v u>* f b<- >v 




\ 


HUT i 


1. wliich \\v further abbreviate by writ 


1, to represent a number whose stjuare is _1 


If 


I . ir> - I . il if’ 

and y are r.*al numbers, all symbols of the form x + yi are comblex 
nu mber*, .and they an* defined by the following rules which we 
lay d«>wn for Operating upon them, in all of which a, 6, c, d are real 

’ ’ *«-**_# cut 




-ri- — —1. H 
H. a -j- W = c + di, i 

f . (a + 6i) + (c di) — (a 
O. (a -j- bt)(c -f 

fl-f h' V ae -f __ 

c + d» c J -f d 1 c 


(ae 


if 

± c) + 

bd) +| 



c and h — d. 

± d)i. 








t. where c~ 4- d- is not 


zero 



are not arbi- 
o the rules of combination for 


no 
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real numbers, so designed that, when the numbers arc real, the 
rules reduce to the familiar ones for real numbers, and so that 
certain general laws of algebra, such as 


x -\-y = y + x, 
xy = yx, 

x(r + s) = xr + xs , 

may continue to hold for the complex case. See Exercises 1 to 4. 

The so-called pure imaginary numbers like V -4 mayalso he 
written in the form a + bi, this time with a — 0, thus 4 ti, 

and V—3 = V§ i. ...... 

A certain amount of caution is necessary in applying to these 
new numbers the processes of arithmetical reckoning, which are 
summarized in the five rules above. Thus, the incorrect assertion 

that _ __ 

VT§ V^5 =V(-3)(-5) 

= Vl5 

arises from failure to remember that the familiar identity Va Vb 
= Va6 of our high school algebra carried the restriction that a 

and b must be positive numbers. To simplify correctly the pro uc 

\A—5, we must first write each of the numbers m the 

standard form a + W, and then use rule D, which is the only 

legal formula for multiplying complex numbers. Thus 

V—5 = V3 i X Vs i 

^-VTE. 


exercises 

1. Show th.t compta number, obey the 3 

ir. * i a i ^ 

"” b aow that complex number, obey the J»w 

8, aowthatruksC. 1>. and Bare .till true llo + b*««le + < ^n , ® KaL 

4. Show that if * 0, then either *1 - 0° r * s “ 0 ; . 

B. Detect the flaw in the following chain of alleged equations. 
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V-i vT 


Vi 



1 

• f 


l - 
1 " l 

i 2 = 1, 

-1 = + 1 . 

6. Find a and b if they are real numbers and if 

(a) 3a - 4 bi = 9 + 8 i. (6) a 2 - 2 ai = b* + 4i. 

7. Perform the indicated operations and leave the results in the form a + bi. 

(a) (4 - Si) + (7 + 7i). (6) (3 - 2i) - (5 + 9i). (c) (2 - i)(3 + 2i) 

3 - i ,4 

2+7 « 

1 _ 2 

w (») (1 - i)(l + i) 2 . 


(d) i(l - i). 


w 


( 0 ) 


_3i 

3 -f- 4i 


(i) 


2 - Si 

2 - i 
* - » 


Si 


(*) 


4 + 5i 


(i) 


2 + i 3 + i 
2 + 2 - 3i 


(2 + i)(l - i) 

8. Express each polynomial as a product of first-degree factors: 

(а) * 2 -2x + 6. Hird: Write a: 2 -2x + 6 = * 2 - 2* + 1 + 5 = j\. . « 

(б) a: 2 + %x + 4. (c) x 2 + 4. (d) x 3 — l. 

46. Geometric Representation of Complex Numbers 

Since each complex number a + bi involves two real quantities 

a geometric representation of such a number requires more than 
the single straight line X'X which 

has served to picture the real- 
number scale (see the first para¬ 
graph of Sec. 1). Suppose that 
we retain the directed line X'X 
to represent the real numbers 
(that is, the complex numbers for 
which 6 = 0), as before. Now 
if we think of the process of mul¬ 
tiplying the number +1 by the 
number —1 as represented geo¬ 
metrically by a rotation of the line 
segment OA of IV. 50 _i 



X 


may 


Since 


»‘2 


sees: v “.triv r ed °“ “ 

7 *■ Ue "ly. then, a rotation of OA through 


I 
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+ 90 ° would be a suitable representation of multiplication by i. 
The segment OA is thus carried into the vertical position, and 
we agree to represent the number i by the point on 01 one unit 
above the origin. We shall call Y'Y the axis of pure imaginaries, 
and on it mark equally spaced points to stand for . . . —4?. 
— Si, -2i, -i, 0, i, 2 i, 3t, 4i, . . . , just as we have represented 
_4, -3, —2, -1, 0, 1, 2, 3, 4, . . . on the real axis A'A\ 

The origin represents the one complex number for which a and 
b are both zero, and which accordingly belongs at once to the 


group of reals and to the group of pure imaginaries. 

The complex number a bi is now to be represented on our 
diagram by the point whose rectangular coordinates are {o,b). 


EXERCISE 

Plot the point which represents the complex number 
(a) 2 + Si. ( b ) 4 - i. (c) 6 + t. (<0 5. 

. /••> 1 , 

( g) —1i. (h) 1-M. (*) 2 + _ 2 _ ‘ 


(e) 3i. (/)-!. 



47. Addition and Multiplication Geometrically Interpreted 

It is useful on occasion to think of a complex number x + yi 
as represented by the vector from the origin to the point (x,i/). 
If two numbers, zi = Xi + yii and = Xi + yd, are t us repre 
sented by vectors, Fig. 51, it is a simple exercise in plane geom- 



etry (see Exercise 1) to show that the number * 
wrted by the diagonal of the parallelogram two of whoae 

are the vectors which stand for Zi and s,. —manonds 

Tims the algebraic turn of the complex numbers comuxw» 

meAdyW th* zector »»» of the vectors rdiich rzjneand the num- 
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bers, as that sum was defined in Exercise 24, Sec. 31. For this 

reason, complex numbers are useful tools for the physicist and the 

engineer, who have a great deal to do with vectors. 

If we replace x and y of the complex number z — x + yi by 

their polar coordinate equivalents from Sec. 14, we obtain for 3 the 
useful formula 

(1) z — p(cos 0 -j- i sin 0). 

Here p (see Fig. 52) is the lengt h of the vector. It is a positive 
real number, equal to Vx 2 -j- y 2 , and is called the absolute value , 

Y 



f ™ mplex number *■ The angle 0 is also called 
the “mphtude of the complex number 3 . Since both sin 0 and 

cos 0 b ave the period 2 tt, it is evident that the angle 0 in (1) may 

foctor • ± *f T ’ ^ here K is an y integer. Notice that the 

^ / + . ZS1 ?.? )> whlch indicates the angle, or amplitude. 

° e nur nher, itself has the absolute value Vcos 2 0 -f- sin 2 0 = 1 * 

. , e P° icrm is particularly suited to computations which 

“L°tkg Twe“ write di ™ i0n ' raising ‘° P0WerS ’ «- 


Zi = Pi (cos 01 + i sin 0J, 

= p 2 (cos 02 + i sin 02 ), 

we have, by rule D, 

ZlZ * = PiP 2 f(cos 01 COS 02 - sin 0! sin 0 2 ) 

+ i (cos 0i sin 0 2 + sin 0 Y cos 0 2 )], 

or, by Eqs. (4) and (5), Sec. 22, 

( 2 ) ZiZi = P ip t [cos (0i -f- 0 S ) -j. j gin _j_ 
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It thus appears that the 'product has the absolute value p,p 2 , 
which is the product of the absolute values of the factors % and ~ 2 , 
and the angle (0i + df), which is the sum of the angles of the factors. 

Formula (2) leads directly to a 



geometrical construction for the 
product of two complex numbers. 
Let vectors OA and OB of Fig. 53 
represent the numbers Si and 
respectively. Join A to the point 
on OX which represents the num¬ 
ber +1- O n OB construct the 

triangle OBC similar to 01.4. 

Then the vector OC represents 
the complex number Z\Z 2 . For, 
first, its angle is (0i + df), the sum 
of the angles of the factors, by 


construction. Second, since the triangles are similar, the length 
OC of the vector satisfies the relation 


OC = OB 
OA 1 ’ 

OC = OA X OB, 

OC = PlP2» 


which is the product of the absolute values of the factors 2i and 3 2 


EXERCISES 

1 Refer to Fig. 51 and to the first paragraph of the present section, and prove 
bat 3 , + zjis represented by the diagonal of the parallelogram. 

2. Write in polar form: 


(a) 1 + i. 


(I b ) 3 - St. 


U Vi i. (d) H ” *• 

(h) +4. 


(e) Mb (ff) - 1 - 

8. Writ, in them^lar ,o m a+k: 

5ir . • Sir 

iKrr -f t sin iKv, where K is an integer. , — 
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(a) (5 + 2 i) -f- (3 — i). 

(c) (4 + i) - (1+ Si). 

(e) (3 - i) (2 + i ). 

iff) (2 - *)(2 + i). 

(0 ( 4 — Si) -J- (4 -(- Si). 

{k) ^cos ^ + i sin ^j^cos ^ — i sin 



(A) (1 + i) + (4 + Si), 
id) (1 - i) - (4 + Si). 
U) (3 + 4i)(l + i). 

C h ) iX(X+ MV3t). 

(j) (5 - 7i) - (4 - fit*).. 

//\ * ( 3t * • 3?r\ 
(/) t^cos —-i sin —y 


6. Show that, when it is applied to a real number, the definition of the absolute 
value of a complex number reduces to the definition in the first footnote of Sec. 44. 

48. Powers and Roots. De Moivre’s Theorem 

If the factors Zi and z 2 are equal, and if we call their common 

value „ , n . . . 

z — p(cos 0 -f- i sm 0), 

then formula (2) of Sec. 47 reduces to 

z 2 = p 2 (cos 20 -f- i sin 20), 

whence, by successive applications of the same formula. 


z 3 = P 3 (cos 30 + i sin 30), 
4 — p 4 (cos 40 ■+- i sin 40), 


z 


( 1 ) 


• . » 
z n — p n (cos w0 + i sin w0). 


where n is a positive integer. 

Formula (1) suggests also how we may compute the mth roots 
of a complex number Suppose that vr = p(cos 0 + i sin 0), and 
let us find a formula for w. If we represent w by 


then, by (1), 

and, accordingly. 


w — r(cos /3 + t sin ($), 


w 


i m 


r m (cos mB + i sin mB), 


i~(cos m0 + i sin mp) = „( C os # + i s in «). 
Then we shall have (see Exercise 8), 


from which 


*ftn 


r=V p , 


Mth r0Ot 01 ^ “-ber 


( 2 ) 

( 3 ) 


cos mB = COS 0, 
sin mB = sin 0, 
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From (3) and from Tho«»rrm III. St 1 . 1!> 


mrf = -b ' 5 


But this result can satisfy '-2i only if n i> an <mtrgcr. ami 
since (-1)" is then +1, 


m3 = 2AV 

2AV 


6. 

ft 


0 = 


m 


COS 


, * • 

4- i sin — 


where K is any integer. Thus, finally, the mill roots of the corn 

plex number p(cos 6 + t sin 6) are given by 

m '- f ft + 2K- ■ • • e + 2 ^" 

(4) w = v z = v p 

where A r is any integer. _ , _ 

If we give to K in turn the values 0, 1, 4 3, • • - > ’ 

get w distinct values for tt’. \Mien, however, we a c ’ 

S t periodicity of the sine and cosine. Thus a 

her has p^isely « ^ of 

integral values to K m (4). *or example, ui 

the number +1, for which p = 1 and 0 ~ 0, are 


cos 0 + i sin 0 — 1, 


2ir . . . 

cos ~ + * sm y 

4ir , ■ • 4ir 
cos ~ + t sm — 


1 + - Vs 

2 2 

Vs 


— 0>i 


1 

2 


1 

2 


Gdj 



The points which represent thoe 
toe numbers lie on the circum¬ 
ference of the unit circle, one at 
+1, the others at intervals of 1W 
(see Fig. S4). Similarly, the » 

mth roots of the number +1 M 
upon the unit circle at interval* 
of S60°/m, the principal root ben# 
-f-1 itself. Boots of othercompk* 

numbers are arran^^ ** . 

the same way, as the foBowfflg 


RG. 54 
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0 


Here, when we write 1 + i in polar form, we have p = Vi 
- V4. Hence the cube roots of 1 + i as given by (4) are 



cos il + { sin il) 

cos ~ -f- i sin 


cos 


4 
17 T 
12 


+ i sin 


4 
V7t 
12 


Note that these three points are equally distributed on the circum¬ 
ference of a circle with center at the origin and radius Vi 

If we write Eq. (!) for a complex number for which p = 1, so 
that 3 = cos 6 + i sm 6, the relation becomes 

( 5 ) (cos 6 + f sin ey = COS nd -f- i sin nd, 

a formula which is known as De Moivre's theorem. 

.,J n r ° m De M « iy re’s theorem, one may, by using the binomial 

of 7 t B ’^ tam formulas for cos nd and sin nd in terms 

of sm 0 and cos 0. Thus, if n = 2, Eq. (5) becomes 

(cos d + i sin d) 2 = cos 26 -f i sin 2d. 

fcpanding the left member, and eoUecting real and pure imagi- 


(cos 2 6 sin 2 6) -f- i 2 sin 6 cos 6 


Finally, equating real components, by rule B, 

cos 26 = cos 2 6 — sin 2 6 t 
«md equating pure imaginaries, 

sin 20 = 2 sin 6 cos 0. 


cos 26 -f- i sin 26 


EXERCISES 


1. Perform the indicated operations, and leave the results in th P # , r . 

(a) (2 cos 10° + 2 i s in lo °)(3 cos 20° 4 - tte form ° + k: 

(*) [3(cos l 5 o + i ^ C ° S 20 + 3t sm 20 °)* 

(e) —. 

(1 + i) 6 l vs 


(Vi - »■)*. 


(c) (cos 1° -f- i sin l°)9o 
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2. Find the square roots of each of the following numbers: 

(a) -l. (6) —4. (c) -16. (*) . S e) iL 

(/) 4(1 + i). (g) 1+Vsi. (A) ^3 — 1. (0 (eos 20 +isin l 20). 


(*) 4 (cos 40° — t sin 40°). 


... 3;r , • • 3ir 

(A-) cos — + i sin — 


(Z) 4 - 3i. ( m ) 3 

3. Find the three cube roots of each of the following numbers, and plot the 
corresponding three points in each case: 

(a) -1. (6) 8. (c) -27. W 64. (e) -«• </> 8 d " 

(,) cos 60° + i sin 60°. W 5 + 10 " 

4. Compute and plot: 

(а) The fourth roots of cos it + » sin it. ^ 

(б) The sixth roots of 64(cos 120° 4 -1 sm 120 ). 

(c) The seventh roots of 128(cos 70° + i sin 70 ). 

5. Express each polynomial as the product of first-degree factors. 

(o) /l 8 . (6) 1* +1. («)**-!• « I+L 

W ? - SJ. (W I 1 = 64. M X<-Vs + i- W - **" “ 1 * il ' 

7. By ™ing De Moivre's theorem end the binomial theorem, obtrnn a 

formula in terms of functions of a: for . . n ► 

(a) sin3x. (6) cosSx. (c)sin4x. w cos'. . n = 

8. Prove that if pi(cos 0 1 + t sin 0x) - Mcos 02 + » sin ft), then pi Pa. 

cos ft - cos ft, sin ft - ™ J* polynomials in s with real coefficients, so that 

9. Suppose that 4 and Bax - po yn number. Show that for any 

4 and n red .. A3 _ r» pouivalent to the three equations: A - B, 

Tl™ 1 "' A - B* “Hence ahow that, if »e raiae e«=h member of the equation 

HbZ the third power we introduce - where n U my 

10. Generalize the result of Exercise 9 to the case/i 
odd integer. Compare with the remark at the end of Sec. . 

49. Euler's Formula . . , .. „ 

Eq. (9). Sec. 44, we were to set* , d | 0 ^j on the 


result (purely ku—*-- , D „„ 

.uppoaition that x is real), we should have 

133*8 


6“ 


l + (K + ^ + ^ + 


• w * 


dr, since V 


/* 


l,t 

6* 

ii ■ 


1.1* 


4*1» 


so on. 


4! 


* » •] •f' t 




♦ • 


> 
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from which, hy comparison with Eqs. (1) and i'2), Sec. 44, we 
should write 


1 


e*' = cos #4-i sin 0. 


Thi> "equation/* here arrived at by purely heuristic reasoning, 
is called Euler's formula . It may be adopted as the definition 
of e". Its introduction evidently enables us to write the polar 
representation of a complex number in a peculiarly simple form, 
especially convenient for operations involving powers and roots. 
J hus. for ; = p 1 cos 0 4- t sin 6) , we may write z — pe H , whence it 
follows that z- = p-e m , \ z p e it w , and so on. 


EXERCISES 


1. W rite in the experiential form: 
(a) 3 |cos * + i sin * )• 

ic) 4(1 + i). 

(f) 5( —1 — v S i). if) 1 . 

2. Write in the forin a 4- bi: 

(a) rit) <(.»« 

(t) t Ur \ where jL Is an integer. 

(*' «• <i) -i. 


ib) 



ir , . 'iw 

cos — + i sin — 
3 3 


(d) >2(1 4V 3 0. 

ip) 1. (A) 4 - 1 . 

(c) Se rin . 

if) (r'‘ ;s )<. 

(j) e-*\ 


0) - L 


(d) 4e wi . 
iff) c wi . 


* * # 


* » I 


3. Find formula* for the sum of the first n terms of each of the series 
(a) cos 0 4 cos i$ ■+■ cos 30 -f- 
(A) sin 6 sin i$ -f sin 3 # + 

hy multiplying (b) hy « and then combining the two series into one geometric 
*ru* by means of Euler’s formula. For the geometric series we know the sum 
of the first n terms, and this result may finally be separated into its real and pure 
UMgmaiy components, to give the sums for (a) and (b), respectively 
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50. Spherical Triangles and Their Parts 

Among the applications of plane trigonometry, we considered 
many which involved triangles supposedly drawn upon the sui- 
face of the earth. The earth’s surface, however, is not a plane, 
and methods which assume it to be such are at worst entirely 
useless, at best only approximately correct. To be sure, if the 
triangle is small enough, the approximation is sufficiently close for 
ordinary purposes. But when the distances are great, it is neces¬ 
sary to take account of the fact that our triangles are formed not 
by lines on a plane, but by circles on a sphere.* There are, of 
course, other spheres upon which triangles are drawn or imagined, 
such as the celestial sphere of the astronomer, with the observer 
stationed at its center and the stars spread upon its surface. 


Definition 1 . A great circle of a sphere is the curve of intersection 
of the sphere with any plane which passes through the center of the 

sphere. 

Thus all great circles of the same sphere are congruent, their 
radii being radii of the sphere as well. On the spherical globe 
which pictures the earth’s surface, the meridians of longitude are 
great circles. On the other hand, the parallels of latitude, with 
the single exception of the equator, are not great circles (see Fig. 

55). 

Definition 2 . By a spherical triangle tee shall mean a triangle 
whose sides are arcs of great circles. 
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To the vertices of a spherical triangle ABC, draw radii OA, OB, 
OC from 0, the center of the sphere (Fig. 56). Then the arcs a, 
b, c which form the sides of the triangle are measured by the cen¬ 
tral angles BOC, CO A, AOB. It is customary, therefore, to give 
as the measure of a side of a spherical triangle the measure of the 
corresponding central angle. Consequently, sides of spherical 
triangles, as well as angles, will usually be given in degrees. When 
it is occasionally desired to find the actual length of such an arc, 
it can be found from the familiar s = r$, where r is the length of 

the radius of the sphere and d is the number of radians in the 
corresponding central angle. 


N 




-ACz —V-jQ 


FIG * 55 FIG. 56 

Remark. We shall restrict our attention to spherical triangles 
of which each side or angle has a measure less than 180°. 

Consider the plane perpendicular at 0 to the radius OA Fie 56 
!md the great circle QQ' in which this plane cuts the sphere (if A is 
thought of as the North Pole, this circle is the equator). Each 
point on the circle QQ’ is at a quadrant’s distance (90°) from A 
and A is said to be the pole of the great circle QQ'. 

8 ' By f gle A W mean ** angle between ihe ton- 

gents to the two arcs which meet at A. 

Suppose the two arcs which meet at A (extended if necessary} 
",^! e C". Then the angle A is equ“he 

circle QQ' wkl pole" 88 the « B ' C ' on 

two meridians is i 
equator. 


example 

, . . r --“e*'- •“ uciwceu 

ieasured by the arc which they include on the 
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51. Polar Triangles 



(. oiisider tin* triangh .1 B ( % 
at circles whose 


spin rtf .il Iri gk 


I nth's art 
I )f count 


of Fiji. 5 

4. B . C 


7. f 



1 1 1. 


the vertices 
three art at circh 


th 


t 


iri 

A 


of tin 




both (A ami AB'. is 


form not tint* out ei^bt tfuuufS* - 
on the sphere,* but we choose 
that one of the eight which mah< * 
d \ t \\ Hit\ (A" each loss than n 

qu at) rant.. 

Each point on B'C is 90 from 
.1 each point on if A i* 
from B ; each point on A H i* 
90 c from C. A'B'C is called tlie 

polar triangle of ABC . 

N<rte that A\ which 1«< s on 

_ ,_ m .m ■ * 

on* 98° from Ik» t4* l> wl l 


M^tOhat .r isIlH ixfcof III a fncl whi. !, * im«rf in 
,>olid geannuy. 'imllariy. /.' » • !><; I»fe oi I md C 

pole of AB. lhus we have the following 
* 


1 . i ,i • *i! • * * 3 s ,*• Ajr - rf . ... j,. I .i _ m 

T ' * M M JT'JP M * 

Theorem I. If A BA f th, fdm triangh of AB* hm Ah t 

.. — - tm _ ■ 

















ires AB and AC tx» cut 

- ■■ 

J, as we 






( ' ii, D and E. 



n $rrapri 


IW^,. . 






i % VI* * ** K ■■ 

PE on the circle of which A is the pole. 

Also. since />’’ i> the pole of arc 1 r mnA f tK< * licAe ° ' 

7 ■ ■ 


measured by the 











BE = 90 







or 



B’E = B D - DE , 
















/)£ measures 



C' = 90'. 



' = Z)/ 


DE = 180 



we have a' 4* d — ISO « 








triangle. Hen 

B nb ball and a few rubber 

statesMBiS" 
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iri« lit. — II - ls<» .ancle’ -r ( = ISO . Thus wo have the fol¬ 
lowing theorem: 

Theorem II. Any angle >or yah • of a spherical triangle is the 
suppleaunt of the eorresponJmg side i or angle) of the polar triangle. 

Wr mvd another fart, proved in hooks on solid geometry, which 

We state. 

Theorem HI. The sum of the sides of a spherical triangle is 
greater than O' and less than 300'. 

From Theorems II and III it is easy to prove the following 

theorem: 


Theorem IV. The sum of the angles of a s 

greater than 180° and less than 540'. 



triangle is 


EXERCISES 

1 . tin a sphere of radius 8 in., find the length in inches of an arc of 7 «° 

t ?r T* r 4 ;°°° filMl th< * >«*»> in ^ of an arc of 1«< 

a. Chi the terrestrial gM**. point «, u t a spherical triangle having two right 

ar.glr*. One having three right angles, ® 

t m"' m- 1«-"' ‘ ,plKriC * 1 U lt " iU P 01 " ‘H«*le are 

'■ 00 .* m ’ ,w ' (l>) 100°. 1«0°. 140° 

tc) 90'. «,«. (d) ^ 0O o > * 

“•‘T U * • ph ' r ^ t, “‘ n ' 1 " «"* aH« O tka polar Irlaoglc arc 

; rv *° * 100 • (b) 30°. so°, S0°. 

te) iS , 90.160°. ^ qqO' M( , 

» * ’ Pb "“ l *" 70 °’ ^ ll “* Ike third aagle 

«J'J’“ ' J * ’ PfcWk * 1 *» ,0 **- 10 °" Ho. greet m.y the IhW 

5 " •phericml tnangie is its own polar triangle 9 

9 . Prove Theorem IV. 


52. Nopim^s R»4m Kx iha Spherical Right Triangle 

Suppose the spherical right triangle. Fig 58 tohel ♦* . 

w-pgte. tL paru ° f ih " 

quantities, in this order, are called the from 
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circular parts of the right triangle. 

for the solution of the right triangle are comprised in the two rules 
which follow: 


A. The sine of a middle part is the product of the tangents oj 
the adjacent parts. 

B. The sine of a middle part is the product of the cosines of the 


opposite parts. a 



FIG. 58 


If any three parts are under consideration, they are either all 
comeculim. like a. b, and co -A. so that b is the middle part and a 
and co-A the adjacent parts; or one part is separated from the 
other two, as with a, co-c, co -A, so that a is the middle part an 
co-c and co -A the opposite parts. Thus it appears that the rules 
will give rise to 10 formulas, one for every possible combination 
of three of the five parts. In writing the formulas which arise 
from the rules, remember that co -A means 90 - A, so that 
sin (co-4) * cos A, and so on. The formulas follow: 


( 1 ) 

( 2 ) 

( 3 ) 

( 4 ) 

( 5 ) 


sin a 
sin h 
cos A 
cos c 
cos B 


tan h cot B. 
tan a cot A. 
tan b cot c. 
cot A cot B 
t a n a cot c. 


(6) sin a 

(7) sin b 

(8) cos A 

(9) cos c 
(10) cos B 


sin c sin A. 
sin c sin B. 
cos a sin B. 

pos a cos 0. 


cos a cos o. 
cos b sin A. 


Proof of the Role,. We prove the rules by verifying the 10 fer¬ 
ulas which are equivalent to the rules. Consider e sp 

righttriangle ABC. and the radii OA. OB. OC of the sphere^The 

student would do well 

Ole out" ^.waU of the ho, A pieceof wire £ght serve a. 
floor This relation follows, of coune, Irom the fact that C 
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From any point Q on OB draw the vertical line QR. Next 
consider a plane which contains this vertical line QR, and which 
is made to swing about QR as a door about its hinge, until it 
meets the line OA at right an¬ 
gles, making Z OPR = 90° and 
Z OPQ — 90°. Recall that QR is 
vertical, and hence perpendicu¬ 
lar to lines OC and PR on the 
floor. Thus Z ORQ = 90° and 0 
APRQ = 90°. We may now 
measure the sides and the angles 
of our spherical triangle ABC by 
certain other angles in the figure. 

Thus, sides a, b, c have the same measure as the central angles 
COB, CO A, AOB, respectively. Also, angle A, made by tangents 
a,t A, is equal to Z RPQ, whose sides are parallel to those tangents. 
Using these replacements for a, b, c, and A, we may now write, 
using the various right triangles in Fig. 59, 


B 



FIG. 59 A 


sin a 


RQ 

OQ 

RQPQ 

PQOQ 


cos A 


= sin c sin A, which is (6). 

= PR 

PQ 

_ PROP 
OP PQ 


sin b 


cos c 


= tan b cot c, which is (3). 

= PR 

OR 

_ PR RQ 
RQOR 

~ cot A tan a, which is (2) 

= 0P 

OQ 

_ OP OR 
OR OQ 

— cos a cos 6, which is (9). 
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If we should revise our construction, drawing PR perpendicular 
to the wall OBV and then swinging a plane about PR until it 
cut OQ at right angles, we should arrive at formulas like (2). (3), 
(6), but with a and b interchanged, and A and B interchanged. 

This would give us (1), (5), and (7). 

The remaining formulas, (4), (8), (10), we may verify by using 
the ones already proved. Thus, to verify (4), we reduce it, as 
follows, changing only the right member by substitutions, 


cos c 


cot A cot B 

si" 6 sin a b (1) and (3) 
tan a tan 6 J 

. , cos (i • cos b 
sm b —— sm a 


sin a 
cos a cos b. 


sin b 


to a formula already proved, namely (9). Thus (4) is true 
(recall the discussion of the third method of proving identities, 

Sec. 21). 

Similarly, by use of (9) and (7), we reduce (8) to (3). Finally, 
(10) follows from (8) by interchange of a and b, A and B. 

Remark. We have verified our 10 formulas for the case a < 90°, 
b < 90°. They are valid, however, for all values of the sides 
and angles for which the members of the equations have meaning. 


53. Laws of Quadrants 

Theorem I. In t 


side a belongs 


side 


This fact is an immediate consequence of (1) and (2), Sec . 52. 
Since sin 6 in (2) is positive, whether b is less or greater than 90 , 
2 a and cot -4 have the same sign, and « and A Wong to the 

same quadrant. (Remember that we are eonmdermg on* to- 

angles in which every side and every angle is leas than 180 , so 
that only the first two quadrants are under consideration.) 

Theorem H. If in the right spherical twmgle e < *0°. M* 
a and b belong to the earn quadrant, and coneersdy; tfe> 90 , a 
and b belong to different quadrants, and ameersety. 

From formula (9), Sec. 52 , if c < 90°, cos c is positive, cos o and 

eoaTwve the same sign, and a and 6 belong to the same quadrant. 
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if c > 90°, cos c is negative, cos a and cos b have opposite signs, 
and a and b belong to different quadrants. The converse is obvious. 

These two laws of quadrants are useful in choosing allowable 
solutions in ambiguous or doubtful cases, as are three other facts 
which we borrow without proof from solid geometry. 


Theorem ID. If tivo sides of a spherical triangle are equal, the 
angles opposite these sides are equal, and conversely. 

Theorem IV. If two sides of a spherical triangle are unequal, the 
angles opposite these sides are unequal in the same sense, and con¬ 
versely. 


Theorem V. The sum of any two sides of a spherical triangle is 
greater than the third side. 


EXERCISE 

Determine the quadrant of every unknown side and angle in each of the 
following right spherical triangles: 


A. B a b c 


(a) 

60° 

70° 




(b) . 

70° 

100° 




(c) 

80° 

w * * * 

* * * * 

80° 


(d) 

* # * * 

• * m • 

70° 

» * * * 

110° 

(<0 

* * * m 

100° 

» ■ * » 


110° 

CO ( 

* * * * 

» ■ » • 

60° 

• * * • 

80° 


54. Solution of the Spherical Right Triangle 

Example. Given A — 123°24'0", b = 48 o 12'0" C = 90°0'0" 
Find B, a, c. 

First, to find B, look at the diagram of the five circular parts, 

and note the positions of the known parts, co-^4 and b, and of the 

required part, co-B. Of these three parts, we must regard co-B 

as the middle, and co-^4 and b as opposite. Then Napier’s second 
rule gives 

sin (co-B) = cos (co-A) cos b 
cos B = sin A cos b. 
log sin A — 9.92161 — 10 
(+) log cos b = 9.82382 — 10 
log cos B = 9.74543 — 10 

B = 56°11'20". 
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Second, to find a, look at co-d, />, and a on the diagram. This 
time, b is the middle part, co-.l and « are adjacent, Then the 
first rule gives sin b = tan „ cot 


or, solving for the unknown element, 


tan a = 


sin h 

cot A 
sin b tan A 


This time, we have to do with a negative tan A, since A is an angle 
of the second quadrant. We realize that we have not defined 
logarithms of negative quantities. Yet we may compute products 
and quotients which involve negative elements,* provided we pro¬ 
ceed as though each were positive and afterward attach the proper 
sign to the result. The numerical value of tan A is the same as 
that of tan (180° — A). In our computation, then, we use 
log tan (180° — A), indicating above each function on the right 
the algebraic sign which belongs to it, so that the correct sign 
may ultimately be attached to the product. 



( 1 ) 


tan a 
log sin b 
log | tan .4 |t 

tdH CL 


sin b tan A. 
9.87243 - 10 
0.18087 


0.05330. 


Since the product on the right of (1) is negative, we know that 
tan a is negative. Consequently, a belongs to the second quad¬ 
rant and is the supplement of the first-quadrant angle whose 

tangent is 0.05330. Thus, 


a 


180° - 
131°29'S5". 


48°30'25" 


This result, moreover, agrees with Theorem I, Sec. 53, which teUs 
us to expect a second-quadrant side a to accompany a secon 

C, look at CO -A, b, and ec-c on thedia^n. 
This co-d is middle, co-c and b are adjacent. Thus, 


rule 


cos A 


tan 


* Compare Exercise 81, Sec. S 
f See the first footnote of Sec, 


symbol l tan A |. 



Sec 54] 


SPHERICAL TRIGONOMETRY 


129 


or, solving fur the unknown element. 


cot c = 


C( 


)S -‘1 


tan b ’ 


cot c 

log { cos A 
log cot b 
log j cot c 


— + 
cos A cot b. 

9.74074 - 10 
9.95139 - 10 
9.69213 - 10. 
180° - 63°47'40" 
116 c 12'20". 


Side c is a second-quadrant clement both because cot c is seen to 
be negative, and because of Theorem II, Sec. 53, a and 6 being in 
this case of different quadrants. 

Remarks . 1. It is not necessary to memorize, or even con¬ 

sciously to use, the 10 formulas of Sec. 52. By using the appro¬ 
priate Napier s rule, we in each case construct the necessary 
formula. 

2. It is never necessary in solving a right spherical triangle to 
make use of a part previously computed. Every required part 
can be found diredly from the two given parts by an appropriate 

formula derived from Napier’s rules. If you set down the scheme 
for the complete solution before 
doing any of the computation, 
you will avoid much unnecessary 
turning of pages in the tables. 

Notice that you will in general 
need three different functions of 
each of the two given parts. 

3. When the given parts (in 
addition to C ~ 90°) are an angle 
and the side opposite, there may 
be two solutions, one solution, or 
no solution, and we speak of thig 
as the ambiguous case of the 
right triangle. Thus, if a and A 
be given, as in Fig. 60, and if ABC 

u the triangle corresponding to one possible solution, the great 
cude* winch meet at A meet again at d ',180° from A, at theflme 
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angle. Accordingly, an (‘finally valid solution is presented by t lx- 
triangle A'BC , in which c' — 1S()° — c, 1/ = ISO — b y and iniglc 
A'BC is the supplement of angle ABC. 

4. An isosceles spherical triangle may he solved hy cutting it 
into two right triangles by means of a great circle which joins tin- 

vertex to the mid-point of the base. 

5. A spherical triangle having a .side equal to 90° is called a 

quadrantal triangle . Its polar triangle is tlu-n a right triangle. 
"When we have found the unknown parts of this right triangle, we 
get the corresponding parts of the given quadrantal triangle by 

using Theorem II, Sec. 51. 

6. Results may be checked by using a form of Napier’s rule 

which involves all the parts found in the solution. 

7. A problem which involves an oblique spherical triangle may 
often be solved conveniently by dividing the oblique triangle into 
two right triangles by drawing the appropriate great-circle arc. 


EXERCISES 


angle A and side a (the ambiguous case), show 


1. In case the given parts are 
that 

(a) if A < 90°, there is no solution if a > A . 

(I) if A > 90°, there is no solution if a < A . 

flint : Use formulas (6) and (8), Sec. 52, to get sin B sin c = tan a/tan A, and 

consider signs. . . , 

When does the ambiguous case yield only one solution. 

2. Solve the spherical right triangle in which C = 90 , and in which 

(a) A = 90°, B = 90°. Q>) A - 90°, b = 71°. (c) A = 90°, B-i 4 . 

((f) o = 90°, b = 40°. (e) c = 90°, b - 50°. 

3. Show that, if the given parts are a and c, there is no solution unless e » 

closer to 90° than is a. Bird: Use formula (9), Sec. 52. difference 

between A and B is less than 90°. Bird: In the polar triangle, c - 90 , and 

° £ Solve,' "or show to be ooDexhto*, the sphoricl *™^ in whkh 
M ,+ a sumiosed known to the nearest 10 sec., are C - 90 and 


(a) B — 38°, a — 150 . 

(c) A m 70°, c « 11*°- 
(e) a = 63°48', b - 88°8'. 
(«) a = 111°15\ b = 67°40'. 
(t) b * 118°8', e - 98°16'. 
A = 114*7', B = 80°10'. 




B = 148°, c = 81°. 

(d) A - 32°12', b = 71° 24'. 
(/) a = 50°50', b * 102*6'. 

(h) a = 48*14', e = 62*2'. 

(f) A = 81*11', B = 70*14'. 
(1) A = 100*5', B * 110*10'. 
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(n) B = 70°14'20", b = 50°12'40". 
(p) A = 99°9', a = 108°8'. 

(r) b = 110°10 , 10",c = 120°20'20". 

(1) b = 106°6'20", A = 38°12'30". 


0 m ) 4 = 70°14'20", a = 80°4'10". 

(o) ^ = 99°9', a = 94°8'. 

(?) a = 66°6'30", c = 59°59'50". 

(*) A = 140°45', 5 = 42°50'. 

(w) a = 45°, 6 = 45°. 

6. Solve the quadrantal triangle in which c = 90° and each of the given 
parts is supposed to be known to the nearest 10 sec. 

(a) A = 72°12', b = 144°13'. ( b ) B = 122°20', C = 70°35' 

(c) A = 70°42', C - 75°28'. (d) ^ = 80°8', a = 118°7'. 

7. Solve the isosceles spherical triangle for which each of the given parts is 
supposed to be known to the nearest 10 sec. 

(a) a = 67°, b = 67°, C = 52°. 

(b) a = 116 o 10', b = 116°10', C = 78°15'. 

(c) ^ = 68°12 / , B = 68°12', C = 48°18'. 

8. Solve the oblique spherical triangle in which A = 74°10 / 0" 6 = 142 o 10'n" 
through^ 0 Hint DiVide thC triaDgIe into two ri S ht Angles by an arc 

55. The Oblique Spherical Triangle 

The treatment of the oblique spherical triangle follows the model 
of the oblique plane triangle much more closely than our experi¬ 
ence with the right triangles would lead us to expect. Each of 
the important theorems from the plane case (the law of sines the 
law of cosines the formulas for the tangents of the half angles, 
an the law of tangents) has its counterpart in the spherical case 
The order m which the proofs succeed each other is the same, and 
e methods are so much alike and the steps so nearly parallel 
that we shall not repeat the proofs* but simply set dowl for pur¬ 
poses of reference the formulas necessary for the logarithmic solu 

th V l' e K ,her '?' triangle ’ and then “ dicate wher e and how 
they are to be used. 


I. Law of Sines: 

sin a __ sin b _ sip c 

sin A sin B ~ sin C* 

n. Tangents of Half Angles: 



See, however. Exercises 1 to 5. 
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r = 


\ 


/sin <s — a > sin •: s — 6 > sin : s - c - 


sin s 


and 


2s = a + b + c. 


HI. Napier’s Analogies:* 


tan | {A 


B) = 


sin s (v — b) . 

2 . 1 r 
—-- cot s C 

. 1 . .. 2 


sin = 1 c 

m 


b) 


tan ^ (A -f B) 


cos \ (a — b) . 
-- cot 1 C 

1 2 

cos ^ fa + 6) 

a 


Additional forms of II and HI may of course be obtained b> 
suitable permutations of the letters, just as in the corresponding 
formulas for the plane case. 

The cases which demand attention in connection with the solu 
tion of the oblique spherical triangle are those in which the given 

parts are 

1. Three sides. 

2. Two sides and the included angle. 

5. Two sides and the angle opposite one of them. 

4. Three angles. 

j Two angles and the included side. 

6. Two angles and the side opposite one of them. 

Cases 4, 5, and 6 are disposed of by first solving Aepolar^tri- 

angle, which will in each instance fall under one of the first three 

cases As for cases 1, % and 3, the analogy with the phme ta- 

sufficient to indicate in adjoining 


angle is so compete - , - 

ccLbus lie con«ponding for pto «»d for 

triangles. 

♦ M AmtejEr** is sb simost obsolete tst: 
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Case Given parts! 


Plane 


1 


2 . 


a, b, c 


a, b, C 


A r 

tan — = - 

x s — 


a 


and similar formulas for B and C 


a, 6, A 

Ambiguous 


I tan “ (.4 — B) 


L 


a — b m 1 , . . n . 
——7 tan - (A + B) 
a + o 2 


A + B + C = 180 


Spherical 


. 4 _ r 

tan * * / \ 

2 sm (s — a) 

and similar formulas for B and C 


1. 


tan | (A — B) 


_ sin >2 (« ~ b) 1 

sin Hi* + 6) 2 


2. - 


a 


tan i (A + B) 


sin A sin B sin C 


1. 


a 


sin A sin B sin C 


2. A A~ B - f* C = 180 


2 . 


sin a 


_ cos Hi* ~ 6) 1„ 

cos H(a + 6) 2 

sin b sin c ^ 


sin A sin B sin C 


1 


sin a 


sin b 


sin c 


sin ^4 sin B sin C 


2. tan ~ (A — Z?) 

X 


8 . 


sin sin B sin C 


3. 


sma 


sin H(a ~ &) , I r 

sin H(a + b) 001 2 ° 
sin b 


sine 


sin 4 sin B sin C 


* See Remark 3, below. 

Remarks. 1. The procedure in the ambiguous case is similar 
to that in the case of the plane triangle. Suppose the given 
parts to be a, b, and A. First, from the law of sines, 

sin a _ sin 6 
sin A sin B * 

we compute log sin B. Then, if log sin B > 0, there is no solu¬ 
tion; if log sin B = 0, there is one solution, in which B = 90°. If 
log sin a <0, there are two values of B which might conceivably 
correspond, to valid solutions, one the supplement of the other. 
To determine whether neither , or only one, or both of these values 
of B are admissible, as solutions, we have recourse to Theorem TV 
Sec. 5S. For each admissible value of B, we find the remaining 

parts by using the appropriate form of Napier’s analogies fol- 
lowed by the law of sines. ° ’ 

Case 6 is also an ambiguous case. 
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3. In Cases 2 and 3, the determination of the final unknown is 
through the law of sines. There is occasionally a difficulty here 
in determining the quadrant to which the unknown belongs. The 
doubt can sometimes be resolved by Theorem IV, Sec. 53, but 
this is not always true. Accordingly, it is perhaps better in the 
final steps of Cases 2 and 3 to use instead of the law of sines one 
of the Napiers analogies for sules. 


IV. Napier’s Analogies for Sides: 

sin \{A-B) t 

tan£ (a - b) = — :- tan = c. 

2 sin g (A + B) 


2 


1 


tan s (a + b) 


cos | (A - B) 
cos ^ (A -b B) 

Ik 



1 

s c - 
2 


These formulas are obtained by writing Napier s analogies in 
II for the polar triangle. In the last step of either Case 2 or 3 
he only unknown part is c, which can obviously be computed 
rom either form of IV. Naturally, other forms of IV may be 

written hy proper permutations of the letters. 

4. In connection with the application of Napier s analogies, 

lotice that if + « > 9°°- cos + b \‘ s neg ^*'. Ve ' 
ows from the second form of IH that tan H(A + B) is negative, 

uid that Yi(A + B) belongs to the second quadrant. 

Example 1. a - 37 W, i = SCSS'O", C = 34» 2 4'0". Find 
A B c. This being an instance of Case 2, we are to use nr 


tan \(B — A) 
tan | (B + A) 


find here we have 


“ a) 

)i(b + a) 

HC 


sin H(b CQt 1 Ct 

sin y£(b + a) 2 

cos H(b -a} CQt 1 c> 
cos "b a ) % 

S3°42'0", 

0O°54'O", 

12 ° 12 / 0 ". 
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If to 


log cos y^h — o) 

= 9.96174 - 

10 

log cos }' 2 (b + a) 

= 9.68694 - 
0.27480 

10 

log cot y%c 

= 0.66513 


log tan M + A) 

= 0.93993 


log sin yy b — a) 

= 9.60417 - 

10 

log sin Yi(b + a) 

= 9.94140 - 

10 


9.66277 - 

10 

log cot y 2 c 

= 0.66513 


log tan y 2 (B — A ) 

= 0.32790 


l A(B -j* ^4) 

= 83°26'55", 


H(B - A) 

= 64°49'35", 


B 

= 148 o 16'30" 

9 

A 

= 18°37'20". 



find c, wc now use 


we have 


sin a . si 
sin c — —— r sin G, 


sin A 


log sin a — 9.78147 — 10 
log sin A — 9.50425 — 10 

0.27722 


log sin C = 9.61606 - 10 
log sin c = 9.89328 — 10. 


From this value of log sin c we may conclude only that c — 
51°27'25" or 180° - 51°27'25" = 128°32'35". men, however, 
we recall Theorem IV, Sec. 53, we see that, since in the present 
case angle B is greater than angle C, we must also have side b 
greater than side c. This consideration eliminates the larger of 
the tentative values for c, and the solution is complete. 


Example 2. Solve the triangle in which a = 64°40 / b — 78°20 / 
B = 80°30 / . 


This is an in st anc e of Case 3, the ambiguous case. 


sin A 


sin B 
sin b 


sin a. 


log sin B = 9.99400 — 10 
log sin b = 9.99093 — 10 

0.00307 

log sin a = 9.95609 — 10 
log sin A = 9.95916 — 10 


First, using 
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By Theorem IV, Sec. 53, A < B. Hence A belongs to the first 
quadrant, and, from the tables, the one acceptable value for A is, 
to the nearest minute, A = 65°32\ 


Second, solving the first Napier analogy for cot yC 


1 


. j. r , sm y(b + a) . 1 /t> 

cot - C = -—7777 - - tan - (B 

sm y 2 {b - a) 2 


2 , 


1 ), 


where 


y{b 4 - a ) 

y 2 (b - a) 

y(B — A) 

log sin y(b + a) 
log sin y(b — a) 

log tan y 2 (B — A) 

log cot yc 

yc 

c 


71°30', 

6°50', 

7°28'50". 

9.97696 - 10 
9.07548 - 10 


0.90148 

9.11829 

0.01977 

43°42' 

87°24'. 


10 


Since C is the greatest angle, c must be the greatest side. This 
time, however, we cannot be sure in advance to which quadrant c 
belongs. Accordingly, let us use a form of formula IV, solved 


tan|c = 

sin y(B + A) 
sin y(B — A) 

y(B + A) = 

73°V10" 


YYB -A) = 

7°28'50" 


log sin y(B + A) = 

9.98064 - 

10 

log sin y{B — A) — 

9.11458 - 
0.86606 

10 

log tan y(b — a) * 

9.07858 - 

10 

log tan Ac — 

9.94464 — 

id 


41°21'80" 


c = 

S&W'. 



2 


a) 



Example 3. In order to check 
;Xample, and at the same 
we take as the given 
; » 82°43\ and find the 



the solution of the 
to present an instance of 

*» 64°40\ b - 



Case 1, 
78 ° 20 ', 
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a : 

= 64°40' 


s - a = 48°11'30 



b ■■ 

= 78°20' 


s - b = 34°31'30 

tf 


C ■ 

= 82°43' 


s - c = 30°8'30" 



2s - 

= 225° 43' 





s = 

= 112°51'30 

rr 




log sin (s — a) = 

= 9.87238 - 

10 

log tan (A/ 2) = 

9.80868 - 

10 

log sin (s — b) = 

= 9.75340 - 

10 

log tan (5/2) = 

9.92766 - 

10 

log sin (s — c) - 

= 9.70082 - 

10 

log tan (C/2) = 

9.98024 - 

10 

1 * 

9.32660 - 

10 

A/2 = 

32°46'10' / 


log sin s = 

T A 

= 9.96448 - 

10 

5/2 = 

40°15'0" 


log r 2 = 

8 9.36212 - 

10 

C/2 = 

43°41'50" 


log r — 

: 9.68106 - 

10 







A = 

65°32' 





5 = 

80°30' 





C = 

87°24' 



EXERCISES 

1. Prove the law of sines. Hint: Through one vertex draw an arc of a 
great circle perpendicular to the opposite side; then apply appropriate forms of 
Napier s rules to the resulting right triangles. See Pig. 61. 


C 



FIG. 61 


2. Prove the law of cosines for sides: 

cos a — cos b cos c + sin b sin c cos A . 

. ?“H l 1 ™ 8 °" U>e right triangles ol Fig. 61, .repress a in terms 

oi * and » - », then * in terms of h and y, and y in terms of b and A 

5. By substituting in Eq. 0), Sec ii, the value of cos d from the law of 

cosmes for sides, and by making substitutions precisely analogous to those 
rt" P T" 8 tte formulas for the pbme WangleTZv^fomaT 

las n for the tangents of the half angles. 8 P ve Iormu_ 

hv p" V L th of r ^ ° f Napier ’ S anaIo ^ es m b y transforming tan WA - B) 

y Q* ( )»Sec. 22, then using n and making the obvious reductions Compare 
Exercises 1 and 2, Sec. 86. compare 

6 . Prove Napier’s analogies for sides, IV. 
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6. Solve (or sliow to be nonexistent) the oblique spherical triangles for 
which the given parts are supposed to be known to the m art at 10 -v<r. 

(a) a = 40°, b = 50°, c = 50°. (b) a = 13.7°, l> = 1-20°, r = 70°. 

(c) A = 00°, B = 80°, C = 100°. (</) .1 = 140°, B = 70°. C = 8-2\ 

b = 95°, c = 45°, *4 - 72°. (/) *4 = 11.5°, C = 4.7°. b = G0 J . 

(j) a - 30°, b = 80°, .4 = 110°. 

(h) a = 43°20', A = 46°21', c = 71°31'. 

(0 ^ = 40°, 5 = 110°, 6 = 140°. 

(j) a = OSn^lO", b = 81°14'20", c = 70°6'20". 

(k) a = 78°13'50'', c = 83°20'20", A = 70°18'20". 
a = 65°15'10", b = 55°11'40", B = 44°4'40". 

(m) a = 35°, 4 = 60°, C = 25°. 

(«) b = 119°ll'20", c = 127°14'50", A = 100°41'10". 

(o) a = 43°45'40", b = 88°37'10", C = 117°G'10''. 

Q>) ^ = 92 0 12'la , ^ C = 32°32 , 20", b = lOS 0 ^:'^''. 

(a) a = 145°13'20", b = 138°0'50", c = 29 o 5G'20' , . 

(r) A = 71°51'10", B = 126 o 49'40 ,/ , C = 99°8'10". 

{s) a = 130°, b = 140°, c = 170°. 

(f) ^ = 40°, B = 110°, C = 30°. 

(u) .4 = 35°, B = 120°, c = 42°. 

(,,) a = 7l°40'40", b = 141°1'40", C = 118°8'10''. 

(a-) A = 28°12'20", B = 34°4'40", C = 138°11'10". 

(x) a = 96°4'40", b = c = 5G°6'10". 

7. Solve the triangle of Exercise 8, Sec. 54, by the methods of the present 
section. 

8. On a sphere of radius 1,000 cm., what is the length of 

(a) side a of Exercise G(e)P (b) side c of Exercise 6(ft)? 

(c) side c of Exercise 0(c)? 

9. On a sphere of radius 4,000 statute miles, what is the length of 

(a) side a of Exercise 6(d) ? (b) side b of Exercise 6(4*)? 

(c) side c of Exercise G(r) ? 

10. Suggest a direct approach, not involving the use of the polar triangle, or 

the case in which the given parts are two angles and a side opposite one • 

11. In an examination in plane and spherical trigonometry, a confused stu¬ 
dent, in attempting to solve a plane triangle, wrote down Napier s analogies for 
sides. Being embarrassed by the “tan” which he found m these rektio > 
erased the “tan,” and using the resulting formulas, obtained a correc so u 

Why? 

56. Geographical and Astronomical Questions 

A. Certain geographical problems call for the solution ofsphen- 

Consider two points A and B on the surface of he 

The latitude of A is measured by the arc 





meridian through A\ latitude is zero for a point on the eq uator 
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0° to 360°. In Fig. G2, the course AB would be found by sub¬ 
tracting from 360° the angle NAB obtained by solving the triangle. 

3. We found angle ANB as the difference of longitudes, be¬ 
cause A and B both have west longitudes. Notice that if one 
point is east , the other west, of Greenwich, the angle ANB is the 
sum of the longitudes, or (in case this sum exceeds 180°) 360° 

minus this sum. 

4. The latitude of a point in the Southern Hemisphere may be 
taken as negative. Its colatitudc, then, exceeds 90 . 

B. For convenience in the mathematical treatment of certain 
astronomical problems, it is customary to regard the stars as 
spread out upon the surface of the celestial sphere , a sphere of 
radius so great that by comparison the dimensions of the earth 
may be neglected; so great also that parallel lines are thought of as 
piercing the sphere at the same points. The observer is at the 

center of the celestial sphere. 

In order to describe the position of a star on the celestial sphere, 
we need a system of coordinates, like the latitude and the longitude 
on the terrestrial sphere. As a matter of fact, several sue 
systems are useful for various purposes; but we shall confine our 

attention to two of them. 

X In the first place, suppose the earth’s axis prolonged to cut 
the celestial sphere at A and B (Fig. 63) the north and south poles 
of the celestial sphere . The plane through observer 0 perpen- 



FIG. 63 


dicular to this axis AB cuts the sphere in the- "".f, 

may also be regarded as the projection upon the sp 
equator. Then the ceJeetial equstor and tke 
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circles parallel to it, together with the set of meridian great circles 
through the poles, constitute a coordinate system precisely like 
the circles of latitude and the meridians of longitude on the earth. 

2. In the second place, the great circle SN in which the plane of 
the observer’s horizon cuts the celestial sphere, together with the 
point Z (the zenith) directly above the observer, provides the 
framework for another coordinate system. 

Let us examine these two coordinate systems more closely. 

From the point of view of the observer, the simplest way of fixing 

the position of an object, 7, on the sky, is to give its altitude above 

the horizon (measured by arc MI of the great circle through I and 

Z) and its azimuth (the angle AZI. Imagine the observer first 

facing north, then turning clockwise to face I ; to do this he turns 

through the angle AZI, which is measured by arc NM on the 
horizon.) 

This altitude-azimuth system is of course different for observers 
at different points on the earth. It is useful for recording direct 
observations. The celestial equator and the poles, on the other 
hand, are clearly independent of the position of the observer. 
The arc DI, measured from the celestial equator along the merid¬ 
ian through I, is called the decimation of the star 7. This coordi¬ 
nate cannot be measured directly by the observer and is found in 
the Nautical Almanac. To complete the determination of the 
position of the star, we may give the angle ZAI between the 

meridian through Z and the meridian through I. This angle is 
the hour angle of the star 7. 

To the observer, the celestial sphere with its attached stars 
appears to rotate about its axis from east to west, about 360° per 
day. In other words, if the star 7 is now on the meridian through 
Z (called the meridian of the observer ), the hour angle ZAI will 
m the next 24 hr. increase from 0° to 360°. The hour angle, then 
tells us how many hours (at 15° per hour) the star is away from 
the meridian of the observer. It may be measured in one direc¬ 
tion from 0° to 360°, or we may keep it less than 180° by specifying 

the direction in which it is measured from the meridian of the 
observer. 

Consider, m Fig. 63, the spherical triangle AZI. It is known as 
the astronomical triangle , and it is involved in many interesting 
problems. The side IZ is the coaltitude of 7, (90° — Ml) ; AZ is 
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the colatitude of the observer (since it measures the angle between 
the earth’s axis and the radius drawn to the position of the ob¬ 
server); IA is the codeclination ; angle AZI is the azimuth; angle 
ZAI is the hour angle of I. A variety of astronomical questions 
may be answered by finding unknown parts of the astronomical 
triangle when a sufficiency of other parts is known. 

For example, suppose that one morning when the almanac gives 
the sun’s declination as 17° N., an observer at 20° N. finds the sun 
to be 35° above the horizon. What is the local time at the 
moment of the observation? 

Here we have an astronomical triangle with AZ = 70°, 
IA = 73°, and IZ = 55°. Three sides being known , we can find 
the hour angle ZAI. When we divide the number of degrees in 
the angle by 15, we obtain the number of hours before noon, local 
time, at which the observation was taken, since noon, local time, 
is by definition the instant when the sun is on the meridian of the 

observer. 


EXERCISES 


Latitudes and Longitudes fob Reference 


Acapulco, Mexico 

16°49' N., 

99°5C' W. 

Antwerp, Belgium 

5lT3' N„ 

4°24' E. 

Batavia, Java 

6°11' S., 

106°50' E. 

Boston, Massachusetts 

42°2l' N., 

71°4' W. 

Brisbane, Australia 

27°28' S., 

153°2' E. 

Brunswick, Maine 

43 °55' N., 

69°58' W. 

Fairbanks, Alaska 

64°51' N., 

147°44' W. 

Jacksonville, Florida 

S0°20' N., 

81°39' W. 

Ottawa, Ontario 

45°24' N., 

75°43' W. 

Padua, Italy 

45°24' N., 

11°52' E. 

Rio de Janeiro 3 Brazil 

22°54' S., 

43 13 W. 

San Francisco, California 

37°47' N., 

122°2G' W. 

Santiago, Chile 

33°34' S., 

70°41' W. 


1. Find in statute miles the shortest distance between each pair of cities, 
and the direction in which one must leave the first to fly a great-circle track to 


the second. 

(a) Brunswick to Jacksonville. 

(c) San Francisco to Santiago. 

(<?) Brunswick to Batavia. 

(g) Boston to Santiago. 

2. find the great-circle distance (in statute miles) between 

m,w4, shorter is it than the distance along 


(6) Acapulco to Antwerp. 

(d) Fairbanks to Brisbane. 

(/) Jacksonville to Rio de Janeiro- 
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(e) Fairbanks find a Mar ulto^e elec 
gle is S3 \\ ? 



KiQ is ^2i 14 N* and iffcowf” lunjf 


i > i ''' » ■ ' > 

10. Xti Forester s noviti Thr ( Qpiatft ffOQ i ( ownecf icu/, the 

‘the delightful calculat imi of the exact ‘ ’ * " 

I4°20' N.” Iftl 



* % * 


N 



in. 


re 



at* down to 

moment of Minriw** on May 81 in latitude 
_ >p aiman&c gave tlie sun s declination for that day aa -1 

jrhat was the result of the delightful cal bit ion? 

11. What is the duration of daylight at Jacksonville on May SI t 

12. What is the time of sunset at Fairlianks on May SI? 

13. Find the duration of daylight on the shortest day in 

(a) Acapulco. (6) Brunswick. „ 

Bint: On the shortest day of tin ar in the Northern Henusphe 

declination of the sun is *23 c -7 S. 

14. What is the length of the longest day in Brunswick? 

16. What is an explorer's latitude if at 

(a) noon local time, the sun’s altitude is *9*18', declination IS* N.? 

(?;) 2 P.M., the sun's altitude is declination 15*12 S.? 

16. Find the sun’s declination when its altitude at Antwerp at 10:15 A.M., 

local time, is 20°12\ . . .Mm 

17. "What is the declination of the sun on the day when continue.)*- oayh 

’logins at Etah, Greenland (Lat. 78 20 N.)? , 

18. Wliat is the azimuth of the sun at sunrise in Ottawa on the shortest y 

f the vear? , . . „ . t! „ 

19. What is the altitude of the sun at 6 a.m., local time, m Boston, o 

angest day of the year? 

20. At what time is the sun due west at Brunsw.. k on the !- 

21. What is the decimation of the sun when the duration of yWP 

Boston is 13 hr. 15 min.? . , * . . i ~ fi t [U 

22. How far from the North Pole is a point at winch the shortest da> of U* 

rear is just 2 hr. long? _ . . , .. _ _:n n ;»ht 

23. At a certain point in the Northern Hemisphere where the m & 

dgnal from Greenwich is heard at 7:20:08 p.m. local t,me. a noon ol»tn» 
af the sun shows its altitude to be GO 5 20' on a day when its declination » 

Where is this point ? 




* Take the sun’s altitude at sunrise or 
mlts, one uses the fact that daylight beg 
.KrnIt 50' Mow the horizon. 


I to be 0®. For more 





when the center of the sun 


'i dhk 






ANSWERS 


Section 3 


2. (a) Vt. 


Section 6 


1. (a) (4,-330°), (-4,210°). 


Section 10 


2. ( b ) sin 0 — 4/5, cos 0 = — cot 0 = — 

5. (c) Negative. 

10. (a) cos 0 = V7/4, tan 0 — S/V7, etc. 

Section 13 

4. {e) —sec 35°, —esc 55°. 6. (c) 3.1334. 

Section 14 

1 . («) (-K.-V1/2). 3 . (6) (sV5,S15°). 

Section 15 

2. 4ir, «r/9, .... 3. 5 in., 15 in., .... 

12. About 865,000 miles. 


Section 17 


2. (a) 2 tt/3, 2, 


1. (a) -60°, 240°, 300°,. . . 
8. (£) 30°, 150°, 390°, 610°, . 



1* («) nir + (—!)"( 



Section 18 

2. (c) —t/4. 

24/7. 


10 


»«• - (“l)"(ir/8). (») 




it. 





+ 1 






v. 1 


H. 



v ■ * 


2rnr 

3 


± 


1 ' 



* . " 





(a 


>• - 





£ - , t-A ~ 


0) « 36/85. 
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Section 24 


1. -3/VI, — 4 V 5/9, 1/9, 


3 V , ) 


3. sin 22) 2 ° = 


Vl — v'2 


Section 26 

1. 45°, 225°. 2. 60°, 300°. 3. 0°, 180°, 3(!0°. 4. 45°, 90°. 2-2.-,°. 270°. 

5. 0°, 20°, 45°, 90°, 100°. 133°, 140°, 180°. 220°, 22.3°, 2<i<)°. 270°. 81.3°. ;»4»\:M) S . 

6. 30°, 150°. 7. 23°34'42", 1S6°25'18", 214°.51'0", 3«3°«'0". 8. 0' J , 120°, 

’ 240°, 360°. 9. 135°, 313°. 10. 0°, 30°, 90°, 150°, 180°. 27<j\ 3c,(i\ 

11. 0°, 60°, 120°, 180°, 210°, 240°, 300°, 330°, 360°. 12. 0°, 90°. 180°. 27» 9 , 

* 360°. ’ 13. 0°, 180°, 360°. 14. 90°, 270°. 15. 0°, 45°, 13.3°, 180°. 

225°, 315°, 360°. 16. 30°. 90°, 1.50°, 270°. 17. 240°, 300\ 

18. 15°, 75°, 195°, 255°. 19. 53°7'48", 300°52'12". 20. No solutions. 

2l’ o°, 60°, 300°, 360°. 22. 57°40'0", 1.59°12'10". 23. 0°, 4.5°, 13.3°, 180", 

* 225°, 315°, 360°. 24. 45°, 135°, 225°, 315°. 25. 0°, 22},°, 112H°. 

180°’ 202 y 2 °, 292H°, 360°. 26. 43°3'12", 1C5°1'8". 27. 30". 110", 

130° 230° 270° 350°. 28. a = nX 180° + ( —1)"(41°48'38"). 

29.^7/°.' »mr + ,/4. 31. n, + (-l)-(x/G). !li»±rA 

(2 n + 1)tt. 33. nr/8 + ir/8, nw - tt/4. 34. mr ± ir/4. 35. me, 

2rwr ± ir/4. 36. 2mr/3, me + ir/i, 2nir - ir/2. 37. (2 n + 1) 2m r ± ir/3. 

39. n X 180° + 64°. 
41. No solutions. 
43. mr — t/4, mr/2 - tt/8. 


38. n X 180° + [(-1)” - 1](63°26'6"). 

40. n X 180°, n X 180° + (-1)"(19°28'16"). 
42. (2n + 1)90°, n X 180° + 26°33'54 


7T 


44. n7r/3 ± rr/12, (2n + 1) g 


46. kir/m, — , where k is an integer. 

m + n 


46. mr, mr ± tt/3. 48- ™/ 3 + ff / 6 > 

49. mr + (-l) n (x/6) - tt/ 4. mr/3 + tt/12, mr/2 - X/8. 

63. mr, mr + (~l) n (r/2)- 64. n X 180° + (-l) n 90° - 53°7'45". 

Section 29 

1 12 972 2. 0.85810. 3. 0.077453. 4. 0.0018463. 5. 3.4657. 

6 0 0062556. 7. 0.11229. 8. 0.0072582. 9. 360.38. 10. 0.00019464. 

11. £4,142,000. 13. 44.6 lb. 14. 10,010 cu. in. 16. 205,200,000,000 miles. 

16. $7,506. 17. $370.68. 18. 2.9%. 19. 1-8%. ***• ’’ ’ 

22. 0.46290. 23. 38,550 ft.-lb., 346,920 ft.-lb. 24. 68,680. » 

26. 560,000 cycles per sec. 27. 341 meters, 48 meters. 

(B) 10" 7 . 30. (a) 3.99. (6) 0.688. (c) 2.66. 


Section 30 


1, (a) a ~ 5.6209, b - 4.1719, B = 
4 sc 5S°. (c) A = 24°1\ B 

C * .5,643, A * 65°30'. 

J *= 4.3580, c * 14.090, B = 



j 




ft 



LB ** 



(6) « = 2.7154, b ■ 
S= QS^g', 6 = *28.36. (<*) a 

(e) 6 * 0.8651, c * 2.8S5, A 
18°. { 3 ) A = 47°, B — 48°, o — 

8,800. (i) B = 27°20', a 


: 2.0462, 
= 5 . 185 , 

= 72°14'. 

SJ911- 

90J05, 
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6 . 


0 = 101 . 88 . 

(A ) A = 30°43'29", B = 
a = 158.62, b = 134.46. 
38°58'0" and 41°32'30". 


O') O = 53.751, 6 = 91.796, B = 58°43'40". 
53°16'31", b = ‘23.725. (/) .4 = 43°43.7' i 

2.39.095 ft. 3 . 68°H'54". 4 . 910.5 yd. 





Section 31 

1. (a) B = 52°42', a = 3.7952, c = 6.2629. (6) A = 63°27'36", a = 41. 

r = 4(i ' 857 ‘ (<*) A = 31°10'15", B = 58°49'45"’ c = 20.122 

id) A = 62°51'41", B = 27°8'19", a = 88.308. ( e ) A = 17°43'48" 

a = 0.37953 b = 1.1871. (/) fi = 77°30\ a = 0.21068, b = 0.95032 

0) A ~ 47°39', b — 1,524.1, c = 2,262.4. (/,) B = 31°58'20" 

b = 9.0o08, c = 17.093. (j) A = 30°8'0", B = 59°52'0", b = 10. 

O') B — <3 31 50', a = 29.836, e = 105.24. (A - ) vl = 65°26'27", 

= 24 33'33", a = 48,830. (/) A = 55°16'33", 5 = 34°43'27", 

c = 0.93465. ( m ) .1 = 63°3'36", a = 3.2578, 6 = 1. 

(n) B = 70°11'25", a = 21.252, 6 = 59.000. (o) A = 30 o 31'l6" 

2 fr“ fi 59 ° 28 44 ^ = 1711 °' (P) 4 = M 035 '* 7 "’* = 0.029613,c = 0.084182.’ 
7 ' ™« n ' 3 ’ 78 e 93 ft - 4 - 23L4G ft - 6 - 2 79.2 ft. 6. 84.170 ft. 

J* m ' . 8* 80.470 in. 9 . 96.394 ft. 10. 1,135.8 ft. 

11. 9.0/o8 sq. m. 12. 349.87 ft. 13. 57.87. 271.34 ft. 14 14 
25.256, 17.526 miles. 15. i . 7606 m il es . 16 . 40 ^,^,,, 

17. 7,226.2 ft. 18. 3,650.5 ft. 19. 183.28 ft. 20. (c) 38°45' 

21. (a) v x - 13.365, v y = 6.8099. 22. (e) 25, 106°15'40". 23 (a) -0 785 
26. 120 58'50", 19.9 lb. 27. 126.77 m.p.h. N. 33°48' W. 28. 17 32 knots 

29. N. 36 o2 15" E., 5 m.p.h. 30. 16°30'17". 31.103 531b 32 If ft 

33. 15 lb., 20 lb. 36.7 500 ft 3fiin2/ *i H 32 * 16 ft - 

00 . t,ouu It. J 6 . 16% mils. 37 . 23.6 mils , 

Section 40 

L il * ‘ ■ U7 ™- ») „ - 5.8150, 

n , 5 7Gm - (c) B = 51 47 54", C = 91°46'52" ^ - on , 

B :lXlAT' , c- = , 8 ?iT 40 ’ ^ = f‘ 4958 ‘ {d) A = 36®39'3"j 

C = 31°17 // iO // (f\ M w 06 a0 * B — 15 4o 22 ", 

q .2/ 5 ? t ; . ^ N ° so,utlon - B = 15°48'39", C = 24°11'21" 

B = 93 57'14", 6 = 14.875. b' - £ ~ c 10 ’ 

b' = 9.9628. (j) B = \r a = 393 53 , _ 7 a } on °° ’ B = 44 55'34", 

B = 60°42'48" c = 2 352 4 ’ 39S 53 ’ ° ~ 42L89 ‘ W ^ = 45°37'12", 

a = 94 024 ^ , J® 2 = 58 19/30 "’ 5 = 08°59'48", 

(«) ^ = 40°26'6", B = 81°46'38" C = 5^2" = 0 3L ° 42 ' 

a = 7.6807 c = 7.1802. (o) ^ = 42°48'33", C = Sfi^l^f" «” S’ 

C = 52°59'26", 6 = 40,725. (") *-Jfi t = 84 54 ' 28,/ ' 

C = 48°55'10". » _ latio./li 7, 59 44 8 , B = 71 20'42", 

2. 145^9 ft 3 mi 10 W B - 126 1 53 , C = 23°13'57", a = 389 56 
4 S .59 ft. 3. 181.12 miles. 4. 73.318 ft fi -i „ 

7. N 32°47'30" E. 8 . 4 V 3 mile- o -« L? f' 3 f ® 15 m,les - 6 - 4 3°21'12". 

^ ^ 4 vs* '*■ 
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17. 246.97. 18. 22.5.86 ft. 19. 103.18. 20. 11,179. 21. 1.5,720 ft. 

22.3.8568,6.4518. 23.24.599. 24. 35 c 39'33" and 71°19'G". 26.15.5.30 ft. 

27. 21.777 ft. 29. 154.43 acres. 30. Included angle 10°33'50'' or 169 rj 20'10". 
31. 86,958 and 89.246 ft. 32. 121.15 ft. 36. 2,084.7 vd. 

V 

36. 7.0666 X 10 16 miles. 37. 0.61020 mile. 


Section 41 

2. 226 min. 3. 6,188. 6. 1,716 years. 


3. 412 y 2 ft. 


Section 44 


Section 46 

6 . ( b) a = —2, b — ±2. 7. (c) 8 + i. (e) 1 — i 

(k) Ko + 19i/10. 8. (a) (* - 1+Vsi)(x - 1 - 


(j) i + a 



Section 47 


2. (a) V 2 (cos | + i sin £j• (d) cos tt/3 - i sin x/S. (ff) cos x + i sin ir. 


3. (d) - 6 . 


Section 48 


1. (o) 3V3 + Si. (e) i. (g) —i. 


2 . {g) 'Sit f cos g + t sin |j, 


/— ( 7 x , ■ • 7x\ 

V 2 (cos — -r * sin — J’ 


\ 6 


(i) cos 10° + i sin 10°, cos 190° + i sin 190°. 


(D 



3 


VI 0 VI 0 


MV 

10 / 


,o - Wo*} VT {- 

3 . (g) cos 20° 4 - i sin 20°, cos 140° + i sin 140°, cos 260° + i sin 260°. 
(A) V5 (0.93267 + 0.36072*), Vfi (-0.77873 -f 0.62735*), 

V 5 (-0.15394 - OMmi). 

4. ( 6 ) 2 (cos 20 ° + i sin 20 8 ), 2 (cos 80° + i sin 80°), etc. 

8. (a) Or — l)(x + % -y/si/ 2)(* + H +V's*/2). 


Section 49 


1. (a) Se* iM . (d) 4e' </B 

»• w —S— 1 


(» « 




■ * . I I 

'■ A^0 ' 
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Section 54 


2. (c) a — c = 90°, b = 44°. (c) a = A = 90°, B = 50°. 

6. (a) A = 122°13'10", b = 21°20 , 20' / , c = 143°40'20". (b) b = 148°20'20", 

a = 100°34'40", A = 95°35'. (c) a = (>0°3l>'30", b = 139°45', 

= 135°49'30". (</) a = 30°49'50", c = 74°6'20", 5 = 80°12'30". 

0) A = 63°48'40", B = 88°19'30", c = 89°10'30". (/) c = 97°3«'30", 

A = 51°27'40", 5 = 99°26'10". (g) c = 97°55\ A = 109°47', B = G9°3\ 

(h) A = 57°37', 5 = 53°31'10", 6 = 45°15'. (j) ^ = 74°14\ 

a = 72°14'50", 5 = 116°59'10". (;) a = 80°37'40", b = C9°59'10", 

c = 86°48'20". ( k ) a = 114°S0', 5 = 79°13', c = 94°27\ 

(/) a = 100°45\ b = 110°29'50", c = 86°15'20". (») a = 25°33'20", 

c = 54°44'10", A = 31°53'30". o' = 154°26'40", c' = 125°15'50", 

A' = 148°6'80". (p) 6 = 29°27'40", c = 105°43'20", B = 30°43'40". 

V = 150°82'20", c' = 74°16'40" > B' = 149°16'20". (t) a = 37°6' 

c = 102°47', B = 99°52'50". («) c = 60°, A = B = 54°44'10"’ 

6. (a) a = 79°42 , 10", fi = 145 o 32'20", C = 75°24\ (b) a = 5G°9'40", 

A = 5 1 34'10", 6 = llG^'SO". (c) a = 77°9 / 40", b = 137°45'20" 

B = 139° 23'SO". 7. (a) A = B = 79°12'40", c = 47°35'50". 

(6) ^4 B = 109 44 , c = 68°59'20". (c) a = b = 26°52' c = 21°19' 

8. a = 103°9'10", B = 142°42', C = nnocn'mit 



Section 55 


6 ' b’J 1 , *?■ 72 ° 13 '- (») A - B1W, 

fi _ JSJiJf ’ C ~ 91 4,4 °"- («) « = 61”1'«0", 6 - 84°9'20", 

c 95 50 40 . (rf) a = 140°32 , 20", b = 68°17'40" c = 101°44' 

't “ = f C - 42-J4-S0". (/, „ , 88°25'30'',' 

t = 71”81' B ’= 7 4r M 20 ‘ (*) C = 90°, i = 6-mo", 

> 71 37. (i) a = 26°5', c = 137°45'40" 

f-™° 4 ®f"- O') ^4 = 102°4'50", B = 77°32'10", C = 68°16'40"’ 

$ b ~ „ 16 2 30 "> 5 = 15°24'40", C = 107°12'30". (1) A = 50°18' 

%: JK'- c ^ 99 ° 53, f:■, 0 ^ ^ c'=iW; 

c 14 44 10 . (m) 6 = 40 41 40", c = 16°15'20" B = 100°7' 

<”> « - «W»". B - 119°82'S0", C - 127°30'30". I„) A - 

jg = yr>A V l; 18 A° * <P) a = 106 38 50", c = 31°2'50", 

0 ‘ 0) A ~ 122 4', B = 96°21 , 40", C = 47°51'20" 

* - J0 "> c = 117°0'50". (*.\ „ _ o 7 o 10 ,‘ 

6 =s 67°28'10 // r' — £Q°/n'on// / ^ a — 87 48 , 

: _ *1™, \ C ~ 38 51 80 • W 4 - 100°10'40", J5 = 189*18' 

c - 121 44 . (w) a = 45 3', 5 = 57°2', c = 93°20' (x) A = 

B = 51 46'20", C = 46°57'20", a T nr ^ 18 53 30 ’ 

(c) 2,125 cm 9 (a) Q fin c 'i /i\ ° 1.065 cm. (b) 1,248 cm. 

J “• (o) 9,811.5 miles. (6) 1,119.9 miles, (c) 8,169.1 miles. 


(r) a = 59°2', i = 183°45'80", c = li7°n'«n'/ 


L (a) 1,135 miles, 
(c) 5,945 miles, 
5 o ll'S0". 


Section 56 


°9'20" 

0 A/4A// 





W 7,115 miles ; 
4,475 mQes, 140°48'40" 




5,918 mQes, 3r29'40". 






(#) 5*£45 miles, 
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solution of, 47 

Altitude, 141 

Ambiguous esse, plane triangle, 84 
spherical oUkjur triangle, 133 
spherical right triangle, 129 
Vmpfifcudfc * complex nund-er, 114 
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of elevation, 79 
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Vr i mu th, 141 
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v ete*t uU sphere, 140 
p*»les 4 if, 140 
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CircuW life, length of 
Cin % Ur parts t( spherx 

f treummbed circle, radius of, 96 
Caltitak 141 


, 63 

92, 130, 136 



snslHin, 142 
^dmrtMjsi, 13 
(oiatitude. 142 

logarithm, f*i 



Computation with logarithms, 67 
Computed results, accuracy of, 73 
Conditional equations, M 
Csu&sts systems, 12, 8* 140 
•Cosecant, 10 
Cosine; 10 

Cosines, law of, 87 . ' - 

f<»r spherical triangle, 137 
Cotangent, 10 
Coierminaf angles, 8 
< ourse, 139 

D 

Daylight, duration oil', 144 
I NvI ination. Ill 
De Moivre's theorem, 117 
Directed lines, 1 
Distance between two ptints, 4 
Double-angle formulas, 52 
Dur »u nf daylight, 144 
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f? as number, 100 
Equation of graph, 6 
Euler s formula, 118 

F 

Factoring formulas, 55 
i orce vector, 80 
Function, 10 
periodic, 34 

8 u net ions* of double angle, 52 
of half angle, 53 1 || a 1£ 
inverse, general values of, 40 
principal values of, 38 
of related angles, 23 
trigimometric, graphs of, S3 
inverse 37 42 
geaer b values of, 40- 42 
(See also Trigonometric functions) 
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Relation between rectangular and polar 
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Root, logarithm of, 66,101 
Roots of complex numbers. 115 




Secant, 10 
Sector, area of, 30 
Series, 104 
Significant digits, 73 

Signs of trigonometric functions, 12 
Sine, 10 

Sines, law of, 83 

for spherical triangle, 137 

Solution, of conditional equations, 

56 

-*■ mm * i. 

83 

71, 77 

of spherical oblique triangle, 181 
of Spherical right triangle, 127 
Spherical triangle, 120 
circular parts of, 124 
law of cosines for, 187 

of, 131 

geographical ap- 

ions of, 138 
position of angles 7 
time of, 144 

time mm " mm ‘ 














Tangent, 10 

of half-angles in terms of sides, 88 
Tangents, law of, 91 
Terrestrial triangle, 139 
Three-function formulas, 44 
Time, local, 142 
of sunrise, 144 
of sunset, 144 
Triangle, area of, 94 
astronomical, 141 
reference, 11 
terrestrial, 139 
Trigonometric functions, 19 
identities involving, 25, 44 
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TABLE I 


COMMON LOGARITHMS OF NUMBERS 


TABLE I 


100-150 


| 

By 


00 000 


432 
860 
01 284 


104 703 

105 02 119 

106 531 


107 

108 
109 



111 

112 

113 


938 
03 342 
743 


04 139 


532 
922 
05 308 


114 690 

115 06 070 

116 446 


117 

118 
119 


121 

122 

123 

124 

125 

126 

127 

128 
129 


131 

132 

133 

134 

135 

136 

137 

138 

139 


141 

142 

143 

144 

145 

146 

147 

148 

149 

TSS 



Prop. Pts. 


1 4.4! 4.3! 4.2 


2, 8.8; 8.6; 8.4 

3 13.2 12.9il2.fi 

4 17.fi 17.216.8 

5 22.0 21.5 21.0 

6 26.4 25.8 25.2 

7 30.8 30.1.29.4 

8 35.2,34.4 33.6 

9 39.6 38.7*37.8 


819 856 

07 188 225 

555 591 


918 


1 41 I 40 1 

1 ; 4.11 4 . 0 ! 
2j 8.2, 8.0 
3 . 12 . 3 , 12 . 0 ; 

4 16.4 16.0 

5 20.5 20.0 

6 24.6 24.0 
728.7:28.0i 

8 32.8-32.0 

9 36.9i36.0! 


39 

3.9 

7.8 

117 

15.6 

19.5 

23.4 

27.3 

31.2 

35.1 


394 


727 

12 057 
385 

710 

13 033 
354 


377 

726 

072 

415 

755 

093 


428 

”760 

090 

418 


621 656 
968 *003 
312 346 

653 687 
992 *025 
327 361 


694 


SS 

ll 3.8, 
2, 7.6; 

3 11.4 

4 15.2; 
6 19.0] 
622.8 
7i26.6 

8 30.4 

9 34.2 


37 

3.7 

7.4 

11.1 

14.8 

18.5 
22.2 

25.9 

29.6 
33.3 


36 

3.8 

7.2 
10.8 

14.4 
18.0 
21.6 

25.2 

28.8 

32.4 


386 


793' 

123 

450 

775 

098 

418 


0721 704 735 

988 *019 *051 
14 3011 J33 364 

644 675 


922 

15 229 
534 

836 

16 137 
435 

732 

17 026 
319 


953 

259 

564 

866 

167 

465 

781 

056 

348 


983 

290 

594 

897 

197 

495 


808 

130 

450 


767 

*082 

395 

706 


*014 

320 

625 

927 

227 


820 

114 

406 


6 


872 
i62| 194 
481 513 

799 830 
*114 *145 
426 457 

”737 768 


*045 

351 

665 - 

957 987 
256 286 
554 584 


287 

613 


905 937 
226 258 
645 677 

862 893 

*176 i *208 

489 520 



651 


582 


891 


SS 

1 3.6 

2 7.0 

3 10.5 : 

4 14.0 
6 17.5 
6 21.0 
7|24.5j 
828.0 ; 
9131.5. 


34 33 

3.4 3.3 
6.8 6.6 

10.2 9.9 
13.6 13.2 
17.0 18.5 

20.4 19.8 
.23.8 23.1 

127.2.26.4 
.30.0.29.7 


*137 

442 

746 

*047 

346 



B1 


32 I 31 30 

1 3.2 3.1' 3,0 

2 6.4 6.2 6.0 

3 9.6 9.3 9 0 

4 12.8 12.4 12.0 
k ifl 0.15.5.15.0 


22.421.7 21.0 

25.6 24.8j24.0 

23.8127.9 27.0 


















160-200 


TABLE I 


3 

4 

5 

6 

7 

8 

J 9 

j 696 

725 

754 

"j 782 

811 

j S4C 

ll 869 

I 9S4 

*013 

*041 

*070 

*099 

*127 

*156 

270 

2 98 

327 

355 

384 

412 

441 

i 554 

i 

5S3 

611 

639 

667 

696 

724 

837 

865 

893 

921 

949 

977 

*005 

1 117 

145 

173 

201 

229 

257 

285 

390 

424 

451 

479 

507 

535 

562 

673 

700 

728 

756 

783 

811 

838 

948 

97(5 

*003 

*030 

*058 

*085 

*112 

222 

249 

276 

303 

330 

358 

385 

493 

520 

648 

575 

602 

' 629 

656 

763 

790 

817 

844 

871 

898 

925 

*032 

*059 

*085 

*112 

;*139 

*165 

*192 

299 

325 

352 

3 78 

405 

431 

458 

564 

590 

617 

643 

669 

696 

722 

827 

854 

880 

906 

932 

958 

985 

089 

115 

141 

167 

194 

220 

246 

350 

1 376 

401 

427 

453 

479 

505 

608 

634 

660 

686 

712 

737 

763 

866 

891 

917 

943 

968 

994 

*019 

121 

147 

172 

198 

223 

249 

2741 

376 

401 

426 

452 

477 

502 

528 

629 

654 

679 

704 

729 

754 

779 

880 

905 

930 

955 

980 

*005 

*030 

130 

155 

ISO 

204 

229 

254 

279 

378 

403 

428 

452 

477 

602 

527 

625 

1 660 

674 

699 

724 

748 

773 

871 

895 

920 

944 

969 

993 

*018 

115 

139 

164 

188 

212 

237 

261 

358 

382 

406 

431 

| 455 

479 

503 

600 

624 

648 

672 

690 

720 

744 

840 

864 

888 I 

912 

935 

959 

983 

079 | 

102j 

126 

150 

174 

198 

221 

316 

340 

364 

387 

411 

435 

458 I 

553 

576 

600 

623 

647 

670 

694 

788 | 

811 

834 

858 

881 

905 

928 

*021 

*045 

*068 

*091 

*114 

*138 

* 161 

254 

277 

300 

323 

346 

370 

393 

485 | 

508 

531 

554 

577 

600 

623 

7151 

738 

761 

784 j 

807 

830 

852 

944 

967 

989 

*012 J 

*035 

*058 

*081 

171 

194 

217 

240 

262 1 

285 

307 

3981 

421 

443 

466 

488 

511 

533 

6231 

646 

668 

691 

713 

735 

758 

847 

870 i 

892 

914 

937 

959 

981 

070 

092 

115 

137 

159 

181 

203 

2921 

314 

336 

358 

380 

403 

425 

513 

535 

557 

579 

601 i 

623 

645 

732 | 

754 

776 

7981 

820 

842 

863 

9511 

973 

994 1 

*016 j 1 

*038 ’ 

*060 ’ 

*081 

168 

190 

211 ' 

233 

255 

276 

298 

3 | 

4 :! 

5 

6 j 

7 

8 

9 


160 117 609 

898 
18 184 
469 

154 I 752 

155 19 033 

156 312 

590 


160 


161 

162 

163 

164 

165 

166 

167 

168 
169 


170 


171 

172 

173 

174 

175 

176 

177 

178 

179 


180 


181 

182 

183 

184 

185 

186 

187 

188 
189 


190 


191 

192 

193 

194 

195 

196 

197 

198 

199 


soo 


638 


926 

213 

498 

7S0 

061 


667 


20 140 167 


412 

439 

683 

710 

952 

97K 

21 219 

245 

484 

511 

748 

I 775 

22 011 

037 

272 

I 298 

531 

557 

789 

814 

23 045 

070 

300 

1 325 

553 

I 578 

805 

830 

24 055 

080 

304 

329 

551 

576 

797 j 

822 

25 042 

066 

285 

310 

527 

551 

768 

792 

26 007 

031 

245 

269 

482 

505 

717 

741 

951 

975 

27 1841 

207 

416] 

439 

646 

669 

875 

898 

28 103 

126 

3301 

353 

656 

578 

780 

803 

29 0031 

026 

226 

248 

447 

469 

667 

688 

885 1 

907 

30 103| 

i25 


0S9 

368 


618 [ 645 
921 


_194 

406 

737 

*005 

f >79 

f ^ 

537 

801 


324 

583 

840 


096 


350 

603 

855 

105 

353 


84C 

091 

334 


575 


816 

055 

293 


764 

998 

231 

462 

692 


921 


149 

375 

601 

825 

048 

270 

491 

710 

929 


Prop. Pts 


146 


l 


29 

2.9 
5.8 
8.7 
11.6 
14.5 
17.4! 16 
20.3 19 
23.2J22 
26. l!25 


27 

2.7 
5.4 
8.1 
10.8 
13.5 
6 16.2 
7 18.9 


8 


21.6 


26 


5.2 
7.8 
10.4 
13.0 
15.6 
18.2 
20 8 


24.3 23.4 


1 


2.5 


2 | 5.0 
3 7.5 
4 ' 10.0 


5 

6 

7 

8 
9 


12.5 
15.0 

17.5 
20.0 

22.5 


6 


2.4 

4.8 

7.2 

9.6 

12.0 

14.4 

16.8 

19.2 

21.6 


2.3 
4.6 
6.9 
9.2 
11.5 
13.8 
16.1 
18.4 


6 


8 


2.2 


6.6 

8.8 

11.0 

13.2 

15.4 

17.6 

19.8 


2.1 

4.2 

6.3 

8.4 

10.5 

12.6 

14.7 

16.8 
18.9 


Prop. Pts, 


159 
















































































































































































































































TABLE I 


200-260 


I 


S 

S 


2 

2 

2 


210 

211 

212 

213 


30 103 125 


320 341 

535 657 

750 771 

963 

31 175 
387 

5971 618 
806 827 

32 015 035 


222 243 


428 449 

634 654 

838 858 



146 


363 

578 

792 


8 


384 

600 

814 


639 


056 


263 


675 

879 


660 

869 

077 


284 

490 

095 

899 


214 33 041 062 0S2 

215 244 264 284 

216 445 465 486 


217 

218 

219 

220 

221 

222 

223 


646 
846 
34 044 


242 


439 

635 

830 


666 

866 

064 


262 


686 

885 

084 


282 


479 

674 

869 


706 

905 

104 


301 


224 35 025 

225 218 

226 411 


227 

228 
229 


230 

231 

232 

233 


603 

793 

984 


36 173 


361 



736 


234 922 

235 37 107 

236 291 


237 

238 

239 



241 

242 

243 


476 

658 

840 


38 021 


202 

382 

561 


192 


380 

568 

754 

940 

125 

310 

493 

676 

858 



2441 739 

245 917 

246 39 094 


247 

248 

249 


260 


N. 


270 

445 

620 


794 


220 

399 

678 

757 

934 

111 

287 

463 

637 


211 


399 

586 

773 

959 

144 

328 

511 

694 

876 


057 


238 

417 

596 

776 

952 

129 

305 

480 

655 


829 


4 

6 

190 

211 

406 

42S 

621 

643 , 

835 

856 

! l 

*04S 

*069 

260 

281 

471 

492 

681 

702 

890 


098 


305 

325 

510 

531 

715 

736 1 

919 

940 

122 

143 

i 325 

345 

526 

546 

726 

746 

925 

945 

124 

143 

HI 

341 

51S 

537 

713 

733 

90S 

928 

102 

122 

295 

315 

s! 488 

507 

) 679 

698 

870 

889 

*059 

*078 

) 248" 

am 



233 


449 


878 


255 


471 

6S5 

S99 


276 


492 

707 

920 


298 


514 

728 

942 


723 

931 

139 



744 765 

952 973 

_100 181 

366 


785 

994 

201 


552 

756 

960 


163 


KgKgg] 


506 

766 

905 

163 


361 


557 

753 

947 

141 

334 

526 


572 


777 797 

9S0 *001 

1S3 203 

385 405 

5S6 606 


818 

*021 


425 

626 


786 

985 

1S3 


3S0 


577 

772 

967 

160 

353 

545 


806 

*005 

203 


400 


596 

792 


180 

372 

564 


*025 

223 


420 


616 

811 

*005 

199 

392 

583 


286 


418 

605 

791 

977 

162 

346 

530 

712 

894 


436 

624 

810 


455 

642 

829 


661 

847 


305 


493 

680 

866 



511 

698 

S84 


342 


530 

717 


996 *014 *033 *051 *070 *088 

181 199 218 236 254 273 

365 383 401 420 438 457 



256 

435 

614 

792 

970 

146 

322 

498 

672 


846 


548 

731 

912 


093 


274 

453 

632 


566 

749 

931 



292 

471 

650 


585 

767 

949 


130 


310 


603 

785 

967 



668 


328 

507 

686 


621 639 
803 822 
985 *003 


106 


346’ 

525 

703 



364 

543 

721 


810 828 846 863 
987 *005 *023 *041 
164 182 199 217 


881 899 
*058 *076 
235 252 


340 

615 

690 


358 

533 

707 


375 

560 

724 




393 

568 

742 


410 

585 

759 


933 


428 



. Pts. 


\ 22 j 21 

i: 2.2, 2.1 

2 , 4 . 4 ! 4.2 

3 0.©! 6.3 

4 8.81 8.4 

5 11 010.5 

6 13.2 12.6 

7 15.4 14.7 

8 17.6 16.8 

9 19.8! 18.9 


20 

1 2.0 

2 4.0 

3 6.0 
4 ' 8.0 
5 10.0 
6 12.0 

7 14.0 

8 16.0 
9 18.0 


I, 19 

1 1.9 

2 3.8 

3 5.7 

4 7.6 

5 9.5 

6 11.4 

7 13.3 

8 15.2 
9117.1 


18 

1 1.8 

2 3.6 

3 5.4 

4 7.2 

5 9.0 
0 10.8 

7 12.6 

8 14.4 

9 16.2 


I 17 

1 1.7 

2 3.4 

3 6.1 

4 6.3 
6 8.6 
6 10.2 

7 11.9 

8 13.6 
916.3 


160 










































250-300 


TABLE I 



161 














































































































































































































































TABLE I 


300-350 


N. 




47 712 


857 
48 0C1 
144 





871 

015 

159 


741 


885 

029 

173 


304 

305 

306 

307 

308 

309 


287 302 316 

430 444 458 

572 586, 601 


4 


770 


756 


900 
044 
187 

330 344 

473 487 

615 , 629 





784 


929 

073 

216 


799 


943 

087 

230 



813 


958 

101 

244 


359 373 387 

501 1 515 530 

643 657 671 


714 728 742 756 

855 869 883 897 

996 *010 *024 *038 

49 136 150 164 17S 




276 290 304 318 

415 429 443 457 

654 568 582 596 


770 785 

926 
*066 


192 206 


332 346 

471 485 

610 624 



401 

416 

544 

558 

686 

700 

827 

S41 

968 

982 

*108 

*122 

248 

wm 


693 

831 

969 

50 106 
243 
379 


707 

845 

982 

120 

256 

393 


721 734 748 ,762 776 
859 872 886 900 914 927 
996 *010 *024 *037 *051 *065 


oi jyj u « Tt w./w' — 

499 513 527 541 

638 651 665 679 

776 790 803 817 

914 927 i 941 955 

*051 *065 *079 *092 


133 

270 

406 


147 

284 

420 


161 

297 

433 



321 

651 

322 

786 

323 

920 

324 

51 055 

325 

188 

326 

i 322 

, 327 

455 

328 

587! 

329 

720 

330 

851 


664 

799 

934 


678 

813 

947 


691 

826 

961 


705 

840 

974 


174 188 202 ! 215. 229 

311 325 338 352 365 

447 461 474 4S8 501 

583 596 610 623 637 

718 “732 745 759 772 

853 866 880 893 907 

987 *001 *014 *028 *041 


nrQ f\oi nqK 108 121 135 148 162 175 

202 *>15 228 242, 255 268 282 295 308 

1§5, 348 362 375 388 402 415 428, 441 


331 

332 

333 

334 

335 

336 

337 

338 

339 


340 


341 

342 

343 

344 

345 

346 

347 

348 

349 


380 


983 
62 114 
244 

375 

504 

634 

763 
892 
53 020 


148 


275 

403 

529 

656 

782 

908 

64 033 
158 
283 


468 481 
601 614 

733 746 


878 


9961*009 
127 140 
257 270 


495 

627 

759 




388 

517 

647 

776 

905 

033 


401 

530 

660 

789 

917 

046 


*022 

153 

284 

414 

543 

673 

802 

930 

058 


508 

640 

772 


904 


*035 

166 

297 

427 

556 

686 

815 

943 


621 

654 

786 


534 

667 

799 



*048 

179 

310 

440 

569 

699 

827 

956 

084 


*061 

192 

323 

453 

582 

711 

840 

969 

097 


548 

680 

812 


943 


*075 

205 

336 


561 

693 

825 


957 


*088 

218 

349 


574 

706 

838 


970 


*101 

231 

362 


466 479 492 

595 608 621 
724 737 750 



288 

415 

542 

668 

794 

920 

045 

170 

295 


301 

428 

555 

681 


933 

068 

183 

307 


314 

441 

567 

694 

820 

945 

070 

195 

320 


326 

453 

680 

706 

832 

968 

083 

208 

332 


339 

466 

593 

719 

845 

970 




220 

345 


352 

479 

605 

732 

857 

983 

108 

233 

367 


853 

982 

110 


237 


364 

491 

618 


866 

994 

122 


250 


377 

504 

631 


879 

*007 

135 



390 

517 

643 


744 757 769 

870 882, 895 
995 *008 *020 


120 


133 

258 

382 


6 


145 

270 

394 


Prop. Pts. 
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TABLE I 


400-450 



400 

401 

402 

403 


60 206 


314 

423 

631 


239 


325 3361 347 

433 444 455 

541 552 563 


4 

6 ; 6 

240 

200' 271 


466 

574 


477 

584 


4041 638 649 660 670 681 692 

405 746 756 767 778 788 799 

406 853 863 874 885 , 895 906 


407 

408 

409 


410 


61 


959 

066 

172 


278 


384 

490 

595 


970 

077 

183 


289 


395 

500 

606 


700 711 
805 815 

909 920 


42 


421 

422 

423 

424 

425 

426 

427 

428 

429 


62 014 
118 
221 


325 


428 

531 

634 


024 

128 

232 



439 

542 

644 


737 747 

839 849 

941 951 



431 

432 

433 

434 

435 

436 

437 

438 

439 


m 


441 

442 

443 

444 

445 

446 

447 

448 

449 


63 043 
144 
246 


347 


448 

548 

649 

749 

849 

949 

64 048 
147 
246 


345 


444 


053 

155 

256 



458 

558 

659 

759 

859 

959 

058 

167 

256 



981 

087 

194 


300 


405 

511 

616 

721 

826 

930 

034 

138 

242 


346 


449 

552 

655 

757 

859 

961 

063 

165 

266 


367 


468 

568 

669 

769 

869 

969 

068 

167 

266 


365 


991 i *002 *013 
098 109 119 

204 215 225 


321 


4161 426 437 
521 532 542 

627 637 648 





8 I 

I 


293 


401 

509 

617 

724 
S31 
938 


Prop. Pts 


731 


941 

045 

149 

252 


356 


459 

562 

665 


742 

847 

951 

055 

159 

263 


366 


469 

572 

675 


752 

857 

962 

066 

170 

273 


377 


480 

583 

685 


130 

236 


342 


448 

553 

658 

763 

868 

972 

076 

ISO 

2S4 


387 


490 

593 

696 


304 


412 
520 
027 

735 
842 
9381 949 

*045 *055 
151 162 

2571 268 


3521 303 3' 

45S 409 

503 574 

609 679 090 



773 

S78 

9S2 

0S6 

190 

294 


397 


7S4 ; 794 



097 

201 

304 


40S 


418 


603 

706 


767 778 

870 880 

972 982 


788 798 808 

890 900 910 

992 *002 *012 


073 

175 

276 


377 


478 

579 

679 

779 

879 

979 

078 

177 

276 


083 

185 

286 


387 


488 

589 

689 

789 

889 

988 

088 

187 

286 


094 

195 

296 


397 


498 

599 

699 


104 

205 

306 


7 


508 

609 

709 



114 

215 

317 


417 


518 

619 

719 



8 


528 

629 

729 


134 

236 

337 


438 


538 

639 

739 


799 809 819 

899 909 919 

998 *008 *018 


829 839 
929 939 
*028 *038 



640 

738 

836 

933 

66 031 
128 
225 


321 


454 

552 

650 

748 

846 

943 

040 

137 

234 


331 


562 

660 

758 


953 

050 

147 

244 


473 

572 

670 , 

768 

865 

963 

060 

157 

254 


350 


483 

582 

680 


098 

197 

296 


395 


493 

591 

689 


108 

207 

306 


4 


503 

601 

699 


118 

217 

316 




513 

611 

709 


128 

227 

326 


424 


523 




719 


137 

237 

335 


434 


532 

631 

729 


777 787 
875 885 
972 , 982 


797 807 816 826 

895 904 914 924 

992 *002 i *011 *021 


070 

167 

263 


360 


079 

176 

273 


369 


089 099 
186 196 

283 292 


108 

205 

302 




118 


312 


5 5.5 

e'e 6 


4 3.6 
6 ' 



76.3 

87.2 

918.1 
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TABLE I 


500-560 




501 

502 

503 


69 897 

984 

70 070 
157 


906 914j 923 

992 *001 *010 
079 088 096 

165 1741 183 


504 243 

505 329 

506 415 


507 

508 

509 


501 

586 

672 



842 
927 
71 012 

096 

181 

265 

349 

433 

517 


252 

338 

424 

509 

595 

6 S 0 


766 


851 

935 

020 

105 

189 

273 

357 

441 

525 


520 

600 

609 

521 

684 

692 

522 

767 

775 

523 

850 

858 

524 

933 

941 

525 

72 016 

024 

526 

099 

107 

527 

181 

189 

528 

263 

272 

529 

346 

354 

530 


531 

509 

518 

532 

591 

599 

533 

673 

681 

534 

754 

762 

535 

835 

843 

536 

916 

925 

537 

997 

*006 

538 

73 078 

086 

539 

159 

167 


260! 

346 

432 

518 

603 

689 

774 

859 

944 

029 

113 

198 

366 

450 

533 


617 


700 

784 

867 


269 

355 

441 

526 

612 

697 


932 ! 940 949 

*018 1*027 *036 *044:*053 *0li2 
105 114• 122 131' 14H; 148 

191! 2U0 209 217i 226 231 

I , 1 

278 286 295 303j 312, 321 

304 372i 381 3891 398; 400 

mil (I .J75 I 484 i 492 


449 1 458 467 47 
5351 544 552 5( 



037 

12 ^ 

206 

290 

374 

45S 

542 


876 

961 

046 

130 

214 

299 

383 

466 

550 


544' 552 
029j 638 
714 72,. 

son 80s 

885 ”893 
969 978 
054 003 


561! 569 
041 >' 055 
731 740 


817 835 834 

Ijn 2 tun 1 019 
086 995 *003 

079 


578 

003 

749 

834 

919 



709 

792 

875 


717 

S00 

883 


139 

223 

307 

391 

475 

659 


642 


725 

809 

S92 


147 

231 

315 

399 

483 

507 


650 


734 

817 

900 


155 

240 

324 


164 

24s 

f>*11) 
00- 


408 410 

492 500 

575 5S4 



742 

S25 

90S 


584 

067 

750 

834 

917 


075 


759 

842 

925 


950 958 966' 975 983 991 999 *008 

032 041 049 057 066 0i4 08- 090 

115 123 132 140 148 156 165 173 


198 

280 

362 


444 


526 

607 

689 


2C6 

288 

370 


214 



534 

616 

697 


542 

624 

705 


990 

jU 

304 

387 


469 


550 

632 

713 


230 

313 

395 


477 


558 

640 

722 


239 

321 

403 



667 

648 

730 


247 

329 

411 


493 


575 

656 

738 


255 

337 

419 



583 

665 

746 


IZi I IOU 

207 215 | 223 1 231 




255 


541 

542 

543 

544 

545 

546 

547 

548 

549 


320 

400 

480 


799 

878 

957 


328 

336 

344 

408 

416 1 

424 

488 ! 

496 

504 

568 

576 

584 

i 648 

656 

664 

727 

735 

743 

807 

815 

823 

886 

894 

902 

: 965 

973 

981 

044 

EE 

060 




360 

440 

520 


mm 


3 


384 


544 


392 

472 

552 


830 

910 

989 


296 


376 

„„ 448 456 , . 

520 528 ; 536 544 | 

600 608 616 6241 632 

679 687 695 703 711 

759 767 775 ; 783 791 

i 846 854 862 870 

926 933 ! 9411 949 
* 0061 * 013|*020 


084 


838 

918 

997 


870 

949 


piKgl 
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660-600 


o 


550 74 036 044 


551 

552 

553 

554 

555 

556 

557 

558 


115 

194 

273 

351 

429 

507 

686 

663 


123 

202 

280 

359 

437 

515 


671 


052 


131 


4 


060 068 


139 147 


210 218 225 


288 

367 

445 

523 

601 

679 


559 

741 

I 749 

757 

764 

560 

819 

827 

! 834 

842 

1 561 

896 

I 904 

1 912 

920 

{ 562 

974 

981 

989 

997 

563 

75 051 

059 

! 066 

074 

564 

128 

J 136 

143 

151 

565 

205 

213 

220 

228 

566 

282 

289 

297 

305 

567 

358 

366 

374 

381 

568 

435 j 

442 

450 

458 

569 

511 

519 

526 

5341 

570 1 

587 

595 

603 

610 

571 

664 

671 

679 

686 

! 572 

740 

747 

755 

762 

573 

815 

823 

831 

838 

574 

891 

899 

906 

914 

575 

9671 

974 

982 

9891 

576 

76 0421 

050 

057 

065 

577 

118 I 

125 

133 

140 

578 | 

193 

200 

208 

215 I 

579 | 

268 

275 

283 

290 

580 I 

343 

350 

358 

365 

581 | 

418 

425 

433 

4401 

582 1 

4921 

500 

607 

515 


296 304 

374 382 

453 461 

5311 539 

609 617 

687 695 


076 


850 


927 

*005 

082 

159 

236 

312 

389 

465 

542 


155 

233 

312 

390 

468 

547 

624 

702 

780 


0S4 


162 

241 

320 

398 

476 

554 


170 

249 

327 

400 

484 

562 


9 


099 


858 


618 


935 

*012 

089 

166 

243 

320 

397 

473 

549 


6321 640 
710 718 
788 796 


865 873 


9431 950 


178 

257 

335 

414 

492 

570 

648 

726 

803 


10 


881 


186 

265 

343 

421 

500 

578 

656 

733 

811 


958 


*020 *028 *035 
0971 105 113 

1741 182 189 

251 259 266 

328 335| 343 

404 I 412 
481 4881 496 


889 


557 


572 


583 

584 

585 

586 

587 

588 


567 I 574 

6411 649 
716 723 
790 797 

8641 871 
9381 945 


589 77 0121 019 


590 

591 

592 

593 

594 

595 

596 

597 

598 

599 

600 


0851 093 


159 166 

2321 240 
3051 313 

3791 386 
4521 459 
5251 532 

5971 605 
6701 677 
743 750 


582 

656 

730 

805 

879 

953 

026 


694 

770 

846 

921 

997 

072 

148 

223 

298 


626 

702 
778 

8531 861 


633 641 048 


709 717 724 

7851 793 800 


966 

^043 

120 

197 

274 

351 

427 


580 


656 


373 


100 


589 

664 

738 

812 

886 

900 

034 


448 

522 

597 

671 

745 

819 

893 

967 

041 


929 

*005 

080 

155 

230 

305 


937 I 944 I 952 
*012 *020 


380 


0871 095 

163 170 

238 245 


388 


455 462 
530 537 
604 612 

678 686 

753 760 


815 822 


173 

247 

320 

393 

466 

539 

612 

685 

757 


830 


107 115 

1811 188 
2541 262 
327 335 

401 408 

474 481 
5461 554 

619 627 
6921 699 
7641 772 


827 

901 

975 

048 

122 


837 844 


195 

269 

342 

415 

488 

561 

634 

706 

779 


834 

908 

982 

056 


545 

619 


732 
808 
884 

959 

*027 I*035 


876 


103 

178 

253 

328 


403 


477 

552 

626 


110 

185 

260 

335 


410 


693 701 

768 775 
842 849 


485 

559 

634 


916 

989 


070 


137 144 


129 


2031 210 217 
2761 283 291 
349 357 364 


856 

930 

*004 

078 


151 


422 


437 


851 


495 603 510 

568 576 

641 648 

7141 721 
786 | 79 3 801 

8591 866 873 


298 

371 


617 

590 

663 

735 

808 


880 
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Prop. Pts 


l 


6 


8 


0.8 

1.6 

2.4 
3.2 
4.0 
4.8 
5.6 

6.4 


917.2 


8 

9 


0.7 

1.4 
2.1 
2.8 

3.5 

4.2 
4.9 

5.6 

6.3 


Prop. 
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TABLE I 


600-660 




601 

602 

603 

604 

605 

606 

607 

608 
609 


610 


77 815 


887 
960 
78 032 

104 

176 

247 

319 

390 

462 


533 


604 

675 

746 


822 


895 

967 

039 

111 

183 

254 

326 

398 

409 


540 


611 

682 

753 


817 824 

888 895 

958 965 


62 


621 

622 

623 

624 

625 

626 

627 

628 
629 


630 


631 

632 

633 

634 

635 

636 

637 

638 

639 


79 029 
099 
169 


239 


309 

379 

449 


036 

106 

176 


246 


316 

386 

456 


83 


902 

974 

046 

118 

190 

262 

333 

405 

476 


547 


618 

689 

760 

831 

902 

972 

043 

113 

183 


253 


323 

393 

463 


125 

197 

269 

340 

412 


554 


625 

696 

767 

838 

909 

979 

050 

120 

190 


2 


339 

400 

470 


727 j 
796 
865 


934 


80 003 
072 
140 

209 

277 

346 

414 

482 

550 


734 

803 

872 


941 


010 

079 

147 

216 

284 

353 

421 

489 

557 


741 

810 

879 


948 


017 

085 

154 

223 

291 

359 

428 

496 

564 


748 

817 

886 



4 

5 

844 

851 

916 

924 

98S 

990 : 

061 

008 

132 

140 

204 

211 

276 : 

283 

347 

355 

419 

426 

490 

497 

501 

509 

" 633 

640 

704 

711 

774 

781 

S45 

S52 

916 

923 

986 

993 

057 

064 

127 

1 134 

197 

204 

267 

274 

337 

344 

407 

414 

477 

484 

546 

553 

616 

623 

685 

692 

754 

761 

824 

831 

893 

900 

' 962 

B 


075 

147 

219 

290 

362 

433 

504 


576 


047 

71S 

789 


938 

*010 

082 


297 

369 

440 

512 

5 S3 


071 

141 

211 


2S1 


351 

421 

491 



641 

642 

643 

644 

645 

646 

647 

648 

649 


686 

693 

764 

760 

821 

828 

889 

895 

956 

963 

81 023 

030 

090 

097 

158 

164 

224 

231 



767 

835 

902 

969 

037 

104 

171 

238 


024 

092 

161 

229 

298 

366 

434 

502 

570 


638 


706 

774 

841 

909 

976 

043 

111 

178 


030 

099 

168 

236 

305 

373 

441 

509 

577 


037 

106 

175 

243 

312 

380 

448 

516 

584 


768 

837 

906 


975 


044 

113 

182 



051 

120 

188 


782 

851 

920 


989 


058 

127 

195 


789 

858 

927 


996 


065 

134 

202 


250 257 2641 271 

318 325 332 339 

387 393 400 407 




645 

teg 

713 

720 

781 

787 ! 

848 

855 

916 

922 

983 

990 

050 

057 

117 

124' 

184 

191 

261 

i 258 


455 

523 

591 


659 


726 

794 

862 


462 

530 

598 


468 

536 

604 


475 

543 

611 


msura 


733 

801 

868 


808 

875 


747 

814 

882 


929 936 i 943 949 
996 *003 *010 *017 
064 070 077 084 

131 137 144 151 

198 204 , 211' 2X8 

265 2711 2781 285 


42.8 
63.5 
64.2 
4.9 
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650-700 


o 


650 81 291 


652 

053 

654 

655 

656 

657 

658 

659 


358 

425 

491 

558 

624 

690 


660 

661 
662 

663 

664 

665 

666 

667 

668 

669 

670 

671 

672 

673 

674 

675 

676 

677 

678 

679 


954 


S2 020 
0S6 
151 


1 

1 2 

3 1 

298 

1 305 

1 3U 

365 

371 

378 

431 

43S 

445 I 

49S 

505 

511 

564 

571 

5781 

631 

637 

644 

697 

704 

710 

763 

770 

776 

S29 

836, 

842 

S95 

902 1 

908 

961 

908" 

9741 


318 


413 

478 

543 


027 

092 

158 

223 

2S9 

354 

419 

484 

549 


3S5 

451 

518 

584 

651 

717 

783 

849 

915 


325 


981 


033 

099 

164 


040 

105 

171 


391 

45S 

525 

591 

657 

723 

790 

856 


398 

465 

531 

598 

664 

730 


9S7 


607 614 


680 


672 

737 

802 

866 

930 


83 059 
123 
_187 

251 


679 
743 
808 

872 
937 
♦001 

065 

129 

193 


230 1 236 
302 
367 


360 

426 

491 

556 


432 

497 

562 


243 

308 

373 

439 

504 

569 


620 


633 


053 

119 

184 

249 

315 

380 

445 

510 

575 


994 *000 


7 

8 

338 

345 

405 

411 

471 

478 

538 

544 

604 

611 

671 

677 

737 

743 ! 

803 

809 

809 

875 

935 

941 


685 

750 

814 


756 

821 


879 885 


681 

682 

683 

684 

685 

686 

687 

688 
689 


315 

378 

442 


321 

385 

448 

512 


*008 

072 

136 

200 


264 


*014 

078 
142 
206 

270 


506 
569 

6321 639 


690 

691 

692 


694 

695 
690 

697 


696 

759 

822 

885 


518 

582 

645 


702 708 
765 771 


948 
84 011 
073 

136 


398 

461 


58S 

651 

715 
778 


448 

510 


1 828 

835 

841 

> 891 

897 

904 

I 954 

960 

967 

017 

023 

029 

080 

086 

092 

142 

148 

155 

| 205 

211 

217 

267 

273 

1 280 

1 330 

336 

342 

392 

398 

4041 

454 

460 

466 

| 516 

522 

~528 

1 

2 

8 1 


827 

892 
956 
*020 

0S5 

149 

213 

276 

340" 
404 
467 


531 

594 

658 

721 

784 

847 


060 

125 

191 


321 

3S7 

452 

517 

582 


066 

132 

197 

263 

328 


45S 

523 

5SS 


*007 


418 

485 

551 

617 

684 

750 

816 

882 


646 653 


898 

903 

*027 

091 

155 

219 


910 


973 

036 

098 

161 

223 

286 

348 

410 


347 

410 

474 

537 

601 

664 

707 

790 

853 


905 

969 

*033 

097 

161 

225 


718 
782 
847 

911 

975 

*040 

104 

168 


073 

13S 

204 

269 

334 

400 

465 

530 

595 


659 


*014 

079 

145 

210 

276 

341 

406 

471 

536 

601 


724 
789 
853 

918 

982 

*046 


730 

795 

860 

924 

988 

*052 


110 117 


2891 296 

359 
423 
487 


353 

417 

480 

544 

607 


174 

238 


181 

245 


916 

979 

042 

105 


734 

797 

860 


923 

985. 
048 
111 


550 

613 

677 

740 

803 

866 


302 

366 

429 

493 


929 


167 173 
230 “ 
292 

354 
417 
479 


236 
298 

3611 
423 
485 


541 


547 


992 

055 

117 

180 

242 


367 

429 

491 

553 


746 

809 

872 


935 

998 

061 

123 

186 

248 

311 

373 

435 

497 


372 

436 

499 

563 

626 

689 

753 

816 

879 


130 

192 

255 

317 

379 

442 

504 


TABLE I 

Prop. Pts. 


Prop. Pts 
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TABLE I 


700-750 




701 

702 

703 

704 

705 

706 

707 

708 

709 

710 


711 

712 

713 

714 

715 

716 

717 

718 

719 


720 


721 

722 

723 


84 510 

572 

634 

696 

757 

819 

8S0 

042 

85 003 
065 


126 


187 

248 

309 

370 

431 

491 

552 

612 

673 


516 ! 

578 

640 

702 

763 

825 

SS7 

948 

009 




794 

854 

914 


132 


193 

254 

315 

376 

437 

497 

558 

618 

679 


739 


800 

860 

920 


rr 

i 


138 


199 

200 
321 

3S2 

443 

503 



967 

028 

089 


211 

272 


095 

456 

217 

27S 

339 


394 400 

455 401 

516 522 


163 




745 


806 

866 

926 


576 

637 

697 


757 


682 

643 

703 



724 974 

725 86 034 

726 094 


727 

728 

729 




731 

732 

733 

734 

735 

736 

737 

738 

739 




741 

742 

743 

744 

745 

746 

747 

748 

749 


153 

213 

273 


332 


392 

451 

510 

570 

629 

688 

747 

806 

864 


923 


982 
87 040 
099 

157 

216 

274 


332 

390 

448 


980 986 
040 046 

100 106 

159 165 
219 225 
279 285 



398 404 

457 463 
516 522 

576 581 
635 641 
694 700 

753 . 759 
812 1 817 
870 876 


812 

872 

932 

992 

052 

112 

171 

231 

291 


350 


410 

469 

528 



824 

SS4 

944 


345 

400 

407 

528 

588 

649 

709 


709 


S30 

890 

950 


800 ! 

807 ; 

8131 

.802 ! 

80S j 

874 

924 

930 : 

939 

985 

991 | 

997 

04 (> 

052 i 

058 

107 

114, 

1201 

169 

175'' 

181 

230 

230 

f M‘> 1 

t: w l 

291 

297 

303 

352 

358 

304 

412 

41S 

425 

473 

479 

485 

534 

540 

546 

594 

GOO 

606 

655 

661 

667 

715 

721 

727 


i 


836 

896 

956 



848 


998 *004 *010 *016 
058 064 070 076 

118 124 130 13o 



356 


415 

475 

534 


183 

243 

303 


362 


421 

481 

540 


189 

249 

308 


368 


195 

255 

314 


587 693 
646 652 
705 711 

764 770 
823 829 
882 888 




mm 

380 

433 

439 

493 

499 

552 

558 1 

611 

617 

670 

676 

729 


788 

794 

847 

853 

906 

\ _. 

911 

!_- 


968 

*028 

088 

147 


207 

267 

326 


386 


445 

504 

564 


741 




9881 994 
046 052 
105 111 

163 169 
221 227 
280 286 

338 844 
396 402 
454 460 


996 

058 

116 

175 

233 


349 

408 

466 


23 


*0051*0111*0171*0231*0291*035 
064 070 075 081! 087 093 
122 128 134 140 ■ 146 151 


181 

239 

297 

356 

413 

471 


186 192 

245 251 
303 309 


361 

419 

477 


535 


367 

425 

483 


541 


198 

256 

315 

373 

431 

489 


204 210 
262 268 
320 326 


379 

437 

495 

552 


384 

442 

500 


Prop. Pts 




3.5 


014.5 
























750-800 


TABLE I 


0 


53 


754 

/;>o 

750 


I o 


910 

58 I 907 

759 S 8 024 

760 081 


01 


764 

765 

766 

767 

768 

769 

770 

771 

772 

773 

774 

775 

776 


778 

779 

780 


781 

782 

783 

784 

785 

786 

787 

788 

789 


790 

791 

792 

793 

794 

795 

796 

797 

798 

799 

800 


138 

195 

252 

309 

366 


480 

536 

593 


649 


705 

762 

818 

874 

930 

986 


777 89 042 


098 

154 


209 


265 

321 

376 

432 

487 

542 

597 

653 

708 


763 


S7 506 

564 

622 

679 


1 1 

2 

3 

1 512 

? 518 

523 

570 

i - — 

o i n 

: 581 

! 628 

1 633 

\ 

639 

6S5 

691 

| 

697 

743 

| 749 

1 754 

800 

S06 

i 812 

858 

864 

S69 

915 

921 

927 

973 

j 978 
036 

984 

030 

041 

087 

093" 

09S 

144 

150 

156 

201 

207 

213 

258 

264 

270 

315 

321 

326 

372 

0 4 i 

383 

429 

434 

440 

485 

491 

497 

542 

547 

553 

59S 

604 

0101 

655 

660 

666 

711 

717 

722 

767 

773 

779 

824 

829 

835 

880 

885 

891 

936 

941 

947 

992 

997; 

*003 

048 

053 

059 

104 

109 

115 

159 

105 

170 

215 

221 

226 

271 

276 

282 

326 

332 

337 

382 | 

387 

393 

437 

443 

448 I 

492 

498 

504 

548 

553 

559 

603 

609 

614 

658 

6G4 

669 

713 

719 

7241 

768 

774 

779 


8181 823 
873 

9271 933 

9821 988 
0371 042 
091 [ 097 

1461 151 
2001 206 
255 260 


3091 314 


829 

883 

938 

993 

048 

102 

157 

211 

266 


320 


529 


535 5411! 547 


5S7 
645 
703 

760 
SIS 
S75 

933 
990 
04 i 


651 


599 

G56 

714 


604 

662 

720 


218 

275 

332 

389 

446 


93S 
99 G 


610 


110 


167 
24 




S29I 835 
SS7I 892 

944 950 

*001 *007 


u 


61 


784 

840 

897 

953 

*009 

064 

120 

176 


395 

451 

50S 

504 

021 

677 

734 

790 


116 121 

173 I 178 
230 235 

287 292 

343 

4001 406 
457 463 

5131 519 
576 


841 

898 

955 

*013 

070 


558 


1 


*> 


184 

241 


616 
674 
731 

789 
846 
904 

961 

*018 

076 


133 


232 


287 

343 

398 

454 

609 

564 

620 

675 

730 


958 

*014 

070 

126 

182 


6S9 


785 


293 

348 

404 

459 

515 

570 

625 

680 

735 


739 745 

795 801 

852 857 

90S 913 

9641 969 
*0201*025 

076 081 
131 137 

187 193 


412 

468 


581 

638 


243 


834 840 

889 894 
944 | 949 

*004 
. 059 
1081 113 

162 

217 | 222 
271 


790 


845 

900 


298 304 
354 360 

409 415 

465 470 
5201 526 
5751 581 

631 636 

6861 691 
741 

796 


694 

750' 

807 

863 

919 

975 

*031 

087 

143 

198 


190 

247 

304 

360 

417 

474 


254 


310 

365 

421 


700 

756 
812 
868 

925 
981 
*037 

092 
148 
204 


260 


851 856 

9051 911 


686 

642 

697 

752 


955 9601 966 


325 


*009 

064 

119 


227 

282 


336 


069 

124 

179 

233 


129 

184 

238 

293 


862 
916 
971 

*026 

080 

135 

189 

244 


315 

371 

426 

481 

537 

592 

647 

702 

757 


812 


352 


867 
922 
977 

*031 

086 

140 

195 

249 

304 


358 


Prop. Pts. 


6 


8 

9 


0.6 

1.2 

1.8 

2.4 

3.0 

3.8 
4.2 

4.8 


6 


0.5 

1.0 

1.5 
2.0 

2.6 
3.0 
3.5 
4.0 
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TABLE I 


800-850 


EH 

o 1 

1 

"2 

3 

4 i 

5 1 

1 

1 

6 

7 1 

. 1 

8 

X 

9 

1 800 

90 309 

314 

ESSO 

mi 

CO 

1 

1 

330 j 

342 

347 j' 

352 | 

358 

801 

363 

369 

374 

380 

3S5 

390 

390 

401 ! 

407’ 

412 

1 802 1 

417 

423 

428 

434 

439 

445] 

450 

455 

461; 

466 

803 

472 

477 

4S2 

488 

493 

499 

504 

509 

515 

620 

804 

526 ! 

531 

536 

542 

547 

553 

558 

563 

509 

574 

805 

580 

585 

590 

596 

601 

007 

012 

617 

623 

628 

806 

634 

639 

644 

650 

655 

660 

666 

671 

677 

682 

807 

6S7 

693 

698 

703 

709 

714 

720 

725 

730 

736 

808 

741 

747 

752 

757 

763 ; 

76S 

773 

779 

784 

7S9 

809 

795 

800 

806 

811 

S16 

EHx! 

K^l 

832 

S3S 

843 

810 

849 

854 

'859 

S65 

870 

S7o 

S81 

886 

891 


811 

902 

907 

913 

918 

924 

929 

934 

940 

945 

950 

812 i 

956 

961 

966 

972 

977 

982 

988 

993 

998 

*004 | 

813 


014 

020 

025 

030 

036 

041 

046 

052 

057 

814 

062 

068 

073 

078 

084 

0S9 

094 

100 

105 

110 

815 

116 

121 

126 

132 

137 i 

142 

148 

153 

158 

164 

816 

169 

174 ! 

ISO 

185 

190 

196 

201 

20G 

2121 

217 

817 

222 

22S 

233 

238 

243 

249 

254 

259 

265 

270 1 

I 818 

275 

2S1 

286 

291 

297 

302 

307 

312 

318 

323 [ 

819 

328 

334 

339 

344 

350 

355 

360 

365 

371 

3761 

820 

381 

' 3S7 

392 

397 

■rasi 

mm 

413 

418 

424 

429 

821 

434 

440 

445 

450 

455 

461 

466 

471 

477 

482 1 

822 

487 

492 

498 

503 

508 

514 1 

519 

524 

529 

5351 

823 

540 

545 

551 

556 

561 

566 

572 

577 

582 

587 

824 

593 

j 598 

603 

609 

614 

619 

624 

630 

635 

6401 

825 

645 i 

651 

656 

661 

666 

672 

677 

682 

687 

693 j 

826 

698 

703 

7091 

714 

719 

724 

730 

735 

740 

745 j 

827 

751 

756 

761 

766 

772 

777 

782 

787 

793 

7981 

1 828 

803 

808 

814 

819 

824 

829 

834 

840 

845 

8501 

829 

855 

861 

866 

871 

876 

882 

! 887 

892 

897 

903 

830 

908 

wm 

918 

924 


man 


944 

950 

955 I 

1 831 

960 

965 

971 

976 

I 981 

986 

991 

997 

*002 

*0071 

1 832 

92 012 

018 

023 

028 

033 

038 

044 

049 

054 

059 I 

833 

065 

070 

075 

080 

085 

091 

096 

101 

106 

111 

1 834 

117 

122 

127 

132 

137 

143 

148 

153 

158 

163 

1 835 

169 

174 

i 179 

184 

189 

195 

200 

205 

210 

215 1 

836 

221 

226 

231 

236 

241 

247 

252 

257 

262 

267 I 

1 837 

273 

278 

283 

288 

293 

298 

304 

309 

314 

319 

1 838 

324 

330 

335 

340 

345 

350 

355 

| 361 

366 

3711 

I 839 

376 

381 

387 

392 

397 

402 

407 

412 

418 

423 1 

I 840 

428 


mm 

443 

Its 

mm 

K£E1 

464 

wm 

Hu 

1 841 

480 

485 

490 

495 

500 

505 

611 

516 

521 

526 

1 842 

531 

536 

542 

547 

552 

557 

j 562 

567 

572 

578 

rt iTv 

843 

583 

588 

593 

598 

603 

609 

614 

619 

624 

629 

I 844 
1 845 

634 

686 

639 

691 

645 

696 

650 

701 

655 
! 706 

660 

711 

665 

716 

670 

722 

675 

727 

681 
! 732 

846 

737 

742 

747 

752 

758 

763 

768 

773 

778 

783 

1 847 

788 

793 

799 

804 

809 

814 

819 

824 

829 

834 

1 rt rt r 

1 848 

840 

845 

850 

855 

860 

865 

870 

875 

881 

JP^. 

886 
/h A 

1849 

891 

896 

901 

906 

911 

! 916 

921 

927 

932 

937 

1 

942 

947 

; 952 

1 957 


967 

973 

978 

983 

988 



IB 

2 

j' 

l *, 

5 

6 

1 

8 

9 i 


Prop. Pts 


Prop. Pts 
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850-900 


850 I 92 942 


851 

852 

853 

854 

855 

856 

857 

858 

859 


993 
93 044 
095 

146 

197 

247 

298 

349 

399 


947 


998 

049 

100 

151 

202 

252 

303 

354 

404 


952 


*003 

054 

105 

156 

207 

258 


962 


*008 

059 

110 


*013 

064 

115 


860 


861 

862 

863 

864 

865 

866 

867 

868 
869 


4501 455 

505 
556 
606 

656 
707 
757 

807 
857 
907 


409 


460 


JJ70 

871 

872 

873 

874 

875 

876 

877 

878 

879 


500 
551 
601 

651 
702 
752 

802 
852 
902 

952| 957 
007 


94 002 
052 
101 

151 

201 

250 

300 

349 

399 


510 

561 

611 

661 

712 

762 

812 

802 

912 


161 166 
212 217 
263 268 

313 I 318 
364 I 369 
414 420 

465 | 470 

"520 

571 


967 


*018 

069 

120 


962 


515 

566 

616 

666 

717 

767 

817 

867 

917 


323 

374 

425 


475 


*024 

075 

125 

176 

227 

278 

328 

379 


*029 

080 

131 

181 

232 

283 

334 
3S4 
435 


485 


671 

722 

772 

822 

872 

922 


526 

576 

626 

676 

727 

777 

827 

877 

927 


106 

156 

206 

255 

305 

354 

404 


448 


498 

547 

596 

645 

694 

743 

792 

841 

890 


453 

503 

552 

601 

650 

699 

748 

797 

846 

895 


012 

062 

111 

161 

211 

260 

310 
359 
409 


967 

017 

067 

116 


972) 977 

027 
077 
126 


531 

581 

631 

682 

732 

782 

832 

882 

932 


536 

586 

636 

687 

737 

787 

837 

887 


*034 

085 

136 

186 

237 

288 

339 

389 

440 


988 


022 

072 

121 


166 171 176 

2161 221 226 
265 270 275 


982 | 987 

037 
086 
136 


458 


315 

364 

414 

463 


320 

369 

419 


325 

374 

424 


939 1 944 

9881 993 
95 0361 041 
0851 090 


507 
557 
606 


655 

704 


802 

851 

900 

949 

998 

046 

095 


512 

562 

611 

660 

709 

758 


517 

567 

616 

665 

714 

763 


032 

082 

131 

181 

231 

280 

330 

379 

429 


490 

541 

591 

641 

692 

742 

792 

842 

892 

942 


*039 

090 

141 

192 

242 

293 

344 

394 

445 


495 


546 

596 

646 

697 

747 

797 

847 

897 


992 


186 

236 

285 

335 

384 


4781 483 


807 I 812 
8561 861 
9051 910 


9541 959 


134 139 143 

182 187 192 

2311 236 240 

2791 284 289 
3281 332 337 
376 | 381 _386 

429 434 


*002 1*007 
0511 056 
1001 105 

148 I 153 
1971 202 
2451 250 

2941 299 
3421 347 
395 


571 

621 

670 

719 

768 

817 


963 


4391 444 


*012 

061 

109 

158 

207 

255 

303 

352 

400 


527 

576 

626 

675 

724 

773 

822 
871 
919 


042 

091 

141 

191 

240 

290 

340 

389 

438 


488 


581 

630 

680 

729 

778 


537 

586 

635 

685 

734 

783 


997 

047 

096 

146 

196 

245 

295 

345 

394 


493 

542 

591 

640 

689 

738 

787 


876| 880 885 
924 


973 


*017 j*022 *027 


114 


071 

119 


1631 168 
211 

260 | 265 
313 


978 | 983 

*032 
080 
129 


075 

124 

173 

221 

270 

318 


367 361 366 
4051 410 I 415 

"463 


448 4531 458 


177 

226 


323 

371 

419 


468 


TABLE I 

Prop. Pts. 


4J2.4 
5|3.0 
6 3.6 
7i4.2 


93 


Prop, 
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TABLE I 


900-950 



Prop. Pts. 


9 


901 

902 

903 

904 

905 

906 

907 

90S 

909 


95 424 


472 

521 

569 

617 

665 

713 

761 

809 

856 


42 9 

477 

525 

574 


670 

718 


530 

■- r+f O 

Of o 

626 

074 

722 


4S7 

535 

5S3 


492 

540 


545 

593 


45;; 

5111 
550 
598 



631 030 041 040 


706 770 

813 818 

861 866 


679 

727 

776 

S23 

871 


P-T .•>»-> 

t O-J 


780 

82S 

S75 


6S9 094 

*■*., ^ l 1 ) 

(<y i f '1 — 


590 

554 

002 

650 

60S 


511| 
559 ; 
607 1 

665 

TOM 


-lr.s 

51<> 
5o 4 
01 - 

060 


746 , 751, "50 


785 1 7S9 
832 1 837 




4 9091 914 

952 957 , 961j 900 

999 *004 *009 *014 
96 047 052 057 001 


920 


921 

922 

923 

924 

925 

926 

927 

928 

929 


93 


931 

932 

933 

934 

935 

936 

937 

938 

939 


095 

142 

190 

237 

284 

332 


420 

473 

520 

567 

614 

661 

708 

755 

802 


895 

942 

988 

97 035 
081 
128 

174 
220 
, 267 


099 104 109 

147 152 156 

194 199 204 



794 7991 804 

™, 1 S42 S47I 852 

8851 S90 895 S99 1 

938 I 942 I 947 

9S0 P>85 1)90 ; 995 
*028 *033 *038 ;*042 
076 OSO 085 090 


123 

171 

218 


1281 133 137 

175 180 185 

223 227 232 


242 

289 

336 


431 1 

478 

525 

572 

619 

666 

713 

759 

806 


900 

946 

993 

039 

086 

132 

179 

225 

271 


246 

294 

341 

388 


435 

483 

530 

577 

624 

670 

717 

764 

811 


251 

298 

346 


393 


256 

303 

350 


201 
30 S 
355 


265 270 


313 
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10! 30.3! 30.2, 
20 60.7 60.3> 
30 91.Ol 90.5 
40 121.3 120.7 
501151.71150.8 

176 1 175 

2.9l 2 

5.9 5. 

8.8 8 . 

11.7 11. 

14.7, 14. 
17.6' 

71 20.5 
81 23.5 
9' 26.4 
10! 29.3 
20 58.7 
30: 88.0! 

40 117.3 
50 146.7‘ 


179 I 

3.0 
6 . 0 , 
9.0 
11.9i 
1 1.9; 


23 .y| 
26.8 
29.81 
59.7 
89.5 
119.3 
149.21 


178 I 177 

3.0' 3. 

6.0! 6. 

8.9 8. 

11 .9 

14.8 

17.8 

20.8 
23 .7 
26.7 
29.7, 

59.3 
89.0 885 

118.7118.0 
148.3 


71 23.6 
26.6 
29.5 
59.0 


147.5 


I 174 

gj 2. 


173 | 

2.9 
5.8! 
8 . 6 : 
11.5, 
14.4 
17.3 
20 . 2 ' 
23.1 
26.0 
28.8 
57.71 
86.5i 
0 115.3 
01144.21 


17.2 
20.1 
22.9 
26.8 
28.7 

57.3 
86.0 

114.7 

143.3 


171 1 

2.8 
5-7 
8.6 
11.41 
14.2 
17.1 
20.0 
22.8 
25.6 

28.5 
57.0 

85.5 


170 

2.8 
5.7 
8.5 
11.3 

14.2 
17.0 
19.8 

22.7 
2 5.5 

28.3 

56.7 
85.0 


W k — 

114.0 113.3 
142.5 141.7 


22 . 
25.' 
28. 
56- 
84. 
112 . 
1140. 


166 1 

2.8 
5.5 
8.3 
11.1 
13.8 
16.6 
19.4 
22.1 
9 24.9! 
10 27./ 
20 55.3 
30 83.0 


165 I 164 


2.8 

5.5 

8.2 

11.0 

13.8 

16.5 
19.2 
22.0 
*24.81 
27 5 
55.0 

82.5 


2.7 
5.5 
8.2 

10.9 

13.7 
16.4 
19.1 
21 .© 
24.6 
27.3 
54 .7 
82 .0 


168 1 

2 . 8 : 
5.6; 
8.4 
11 .2 
14 .0 
16.8 
19.6 
22.4 
25.2 
28.0 
56.01 
84.0 
.,112.0] 
8 140.0 

163 

2.7 
5.4 
8.2 
10.9 
13.6 
16-3 


167 

2,8 
5.6 
8.4 
11.1 
13 9 

16.7 

19.5 
22.3 
25.0 

27.8 
55.7 

83.5 
111 .3 
139.2 

162 

2.7 
5.4 
8.1 
10.8 

13.5 
16.2 


19.0; 18.9 
21.7! 216 
24.4 24.3 
27.2| 27.0 
54 .3( o4 0 
81.51 81.0 


H138: 31 137. 5 ! 136:71135:8 1 Ssl. 0 


// 


"1 161 ! 

1 2.7 

5.4! 
8 . 0 | 
10.7 
13.4 
16.1 


160 

2.7 

5.3 

8.0 

10.7 

13.3 

160 


159 

2.6 

5.3 

8.0 

106 

13.2 


10.5 

13.2 


18.8 18.7 
21.5 21.3 
24.2 24.0 

26.8 26 7 


15.9; 15-8 

18.6! 18.4 


21.2 

23.8 23.7 
26.5 26-3 


183 

21 lj 20 9 


23.6 
26 2 


V K , | £. O . U -' ■’ “ - .1 1 

53.3 53.^ 52.7- 52.3 
80.0 79.0! 79 0 ,78.5 


»n.u n 104 7 

aa1io7 31106.7 106.0 105 *2,1 -in ft 
40 107 «xl*X2 *i i*j? 51131 .7130.o 

50li34.2l33.3 13-.oio 


ft 


7.8 
10.4 
13.0 
6l 15.0 


8.93 
8.93 

8.93 740| 
8_93 

8.94 030 


8 : 'HH 

8.93 903 

8.94 049 


7 18.2 
8 ; 20.8 
23.4 
26.0 
20i 52.0 
78.0 


155 

2.6 

5.2 

7.8 

10.3 

12.9 

15.5 

18-1 

20.7 


iv .0 

12.8 q! 

15.41 lo-3' 


18-0 

20-5 


XII I ' » v * v 

23;2 ?!i 


15 2 

17 . l \ I 7 7 
^0.4 20 | 
23 . 0 : 22.8 
■>5 5 25.3 
81 '.0 80.7 

30] 78.0] 74.51 ?jl02.0 l01 3 

40 104.0 103 .3 JO" • ' 6 i26.7 

50 130.0*129.2 12S.J w 


25.8 
51.7 
77.5 


25 7 
51.3 
77.0 


Prop* Pts 


L Sin 


5 

L Tan 1 c d j L Ctn L Cos 


> 'J4 OoU 
S 94 174 


S G4 317 
S 94 401 

s 04 i ,i C’ 

S 94 t “i t) 

k 94 S*7 

K *.K> UJ',l 
s 93 179 
8 9o 319 

S 95 45U 

* 95 5^9 
S 95 7J8 
>5 V>7 

8 95 005 
8 9 ti 143 
*> 90 L\SU 

8 90 417 

I S 18 90 553 
8 95 5S9 

8 95 8^5 

s 9*r 


1 05 805 9.99 


325 ; 


1.05 550 
1.05 515 
1 05 370 

1.05 227 
1 05 083 
1.04 940 

1.04 70S 
1.04 655 
2_.J)4 5 i 4 

1.04375 

1.04 2 X 3 
1.04 092 
1.03 953 

_1.03 SI3 

139 j 1 03 575 
1.03 536 

1.03 
1.03 


9.99 
9.99 
9.99 

9.99 

9.99 

9.99 

9.99 
9.99 
9.99 


TABLE II 

--— 

Prop. Pts. 




: 136 
' 135 

(K) r 135 

23 | 8 97 229 I 4 

-4 18 97 303 j !:J. 4 

25 IS 97 490 ! 

26 | > 97 529 

8 97 702 
28 | 8 97 
8 9S_ 

8 98 157 

■S 98 2H8 

32 IS 98 419 

33 IS 98 549 

3418 98 679 
35 | 8 98 80S j 
8 98 937 

37|S 99 066 
38 


I 


9.99 

9799" 
9.99 
9.99 

9.99 
9.99 
9.99 

9.99 
9.99 
9.99 


S23 


S20 


sir 


151 | 149 

2.5 
5.0 
7.4 
9.9 

12.4 

14.9 
17.4' 

19.9 

22.4 
24.8: 
49.7 1 
74 5, 
99.3 

8i 124.2: 

144 | 

2.4 
4.8 


„I 1.02 


719 99 


1.02 850 
1.02 715 
1.02 579 

1 02 444 


4 9.7 

5; 12.1 

6 14.5 

7 16.9 
S 1 19.3 
9! 21.8 

10 24 *J 
20 4S.3 
30 72.5 
40' 96.7i 
50 120. H- 

if 


9.6 
12.0 
14.4 
16.S] 
19.2! 
■ 21 , 6 ! 
24 .0 
48.0' 
72.0 
96.0 
120.0 


092 | 

320 ' 


4 Oil 


120 


» 99 194 | 

8 99 322! 1_s 

1018 99 450 j m 

11 ls‘ 99'577 \ m 

12 8 99 704 i 

'3 IS 99 8.30 1 1-6 

-4 18 99 950 
5 19 00 082 
®I9 00 207 

“19 0o 332 
819 00 450 
9 1 9 00 581 

9 00 704; 

1 19 00 828 124 

2 9 00 951 | \ 23 
M8.01 074 j 123 
119 01 198 ! *22 

| » 01 818 j JH 

M 9 01 440 ! 1-2 

’I 9 01 501 
49 01 682 i 
J 9.01 803 i 1 ‘ 1 
J 9 01 

L Cot 1 


1 123 


8.98 SS4 

5.99 U15 

8.99 145 

8.99 275 
8 99 405 
8_99 534 

S 99 552| 

8 99 791| 

8 99 919! 
9.00 040, 

9 00 174! 
.9.00 301 
9.00 427 

9.00 553 
9.00 679 
9 00_805 

9.00 930 


1.01 510 

1.01 37S 

1 

1 
1 

f 1 00 855 

! 1.00 725 
■ 1-00 595 
i JL00_4GG 

j . 7 Q ! i_00 338 

128 ■ 1 00 209 
127'1•00 0S1 
r>8 ;0.99 954 

r>7}0.99 826 
126 I 0.99 699 
,, fl |0.99 573 

126 1° 00 447 

126 0 99 321 
10l . 0.99 195 


9 99 
9,99 

9.99 

9.99 
9.99 
9.99 

9.99 
9.99 
9.99 

9.9 9 

9.99 
9.99 
9.99 

9.99 
9.99 
9.99 

9.99 

9.99 
9.99 


SOS 

S07 
80 G 
SU4 

S03 

S02 

SOI 


| 140 

139 j 

1 *y ^ 

2.3 

4.7 

4.6 

j 7.0 

1 9.3 

7.0 

9.3 

n,7i 

11.6 

14.0 

13,9) 


18.7 
21.0 

23.3 

46.7 
70.0 

93.3 
116 


18.5 
20,8 

23.2 

46.3 

69.5 
92,7 

7J1I5.S 


12.3 
14.8, 
17.3, 
IU.7| 

O O .1! 

24! 7: 
49,31 
74.0 

98.7 

123.3 

143 

2.4 
4.8 
7.2 

9.5 
11 9 | 

14.3 

16.7 
19.1 
21 .4 
23.8; 

47.7 
71 .5 

95.3 
119.2) 

138 

2.3 
4.6! 
8.9 
9.2 
11.5 

13.8 
16.1 

18.4 
20.7 
23.0 
46.0 

69.0 

92.0 
115.0' 


147 

I 146 

2.4 

2.4 

4.9 

4.9 

7 4 
9.8 

7 3 

9.7 

12 2 

12.2 

14 7 

14.6 

17.2 

| 17.0 

19.6 

! 19.5 

22.0 

21 . W 

24.5 

24.3 

49.0 

48.7 

73.5 

73 0 , 

98.0 

97.3 1 

122.5U21.7 

142 

141 

2.4 

2.4 

4 - 7 

4.7 

7.1 

7.0 

9.5 

9.4 

11.8 

11.8 J 

14.2 

24.1 

16.0f 

16.4 | 

18.9 

18.8 1 

21.3 

21 .2 1 

23.7 

23.5 1 


1MW 

9.99 
9.99 
9.99 

9.99 

9.99 

9.99 

9.99 

9.99 

9.99 


787 


781 


j 120 


9.01 055 
9.01 179 
9 01 303 

9 01 427 
9 01 550 
9.01 0“3! 

9.01 796 
9.01 918, 
9.02 040 1 

9 02 16 2 

L Ctn 


25 10 9 9 070 19 99 775 


9j 20 
IOl 22 
20 1 45 
30) 67 
40! 00 
5o:il2 

tt 


6.5 
8 - 7 
JO.8 
13 0 
15 2 

17.3 
19. 5 
21 .7 

43.3 
65.0 
86.7 


134 

133 t 

2.2 

2.2 

4.5 

4.4 

6.7 

o.e' 

8 . 9 

8.9 

11.2 

ii . 3 

13.4 

13.3 

15.6 

15.5 

17.9 

17.7 

20.1 

20.0 1 

22.3 

*■ 4* < ^ 

44.7 

44.3 

67.0 

66.5 

89.3' 68.7 
11.7ino.8i. 

129 

128 r 


50'108.3J107 


2.2 
4.3 
64 
8-6 
10-8 
12.9 
15 0 
17-2 

19.4 
2] .5 
43.0 

64.5 
86,0 


8 5 
10-7 
12.8 
14.9 

17.1 

19.2 

21.3 
42.7 
64.0 

86.3 


2.3 
4.6 
6.8 
9.1 
11 .4 

13.7 
16 .0 
18.3 
20.6 
22 8 

45.7 
68.5 
91 .3 

114.2 

132 

o 

• 

4. 

6, 

8 . 

11. 
13. 
15. 

17 j 
19.! 
22.1 
44. ( 

66 Oj 
88.0 
10 .“ 

127 
2.1 
4.2 
6.4 
85 
10 6 
12 7 

14.8 

16.9 
10.0 

21 .2 
42.3 
63.5 
84.7 


47.3, 47.0 
71 -Oi 70.5 
94.71 94.0 
118.3,117 5 

136 

2.3 

4.5 
! 6.8 
9.1 

11.3 

13.6 
15.9 
18.1 

20.4 

22.7 
45 3 
68.0 

90.7 
113.3 


131 

2.2 
4 4 
6.6 
8.7 
10.9 
13.1 

15.3 

17.5 
19-6 
21.8 

43.7 

65.5 

87.3 
01109,2 

126 
2 1 

4.2 

6.3 

8.4 
10 5 
12 6 

14.7 

16.8 
18.9 
21.0 
42.0 
63 0 
84.0 


124,0.98 945 
124,0.98 S21 
j, 4 :0.98 697 

l”>3! 0.98 573 
I 03 .O.CS 450 
123 :0.98 327 

I22|° 98 204 
122! 0.98 082 
122 I 9-9, 960 
0.97 838 

L Tan 


#/ 


9 99 
9.99 
9.99 

9.99 

9.99 

9.99 

9.99 

9.99 

9.99 


772 

771 

769 

768 


.7*105.8,105.0 


9 .99 76 1 

L Sin 


4.2 

6.2 

8.3 

10.4 

12.5 

14.6 

16.7 

18.8 
20.8 
41.7 
62.5 
83.3 


122 

2.0 

4.1 

6.1 
8.1 

10.2 

12.2 

14.2 

10.3 

18.3 

20.3 
40.7 


"* ‘Xi T* -V *u . / 

2H Si- fi 61 0 

62 .7j 82.ol 81.3 


60’ 104.2 > 103.3* 102 iSI 101 


121 

2.0 

4.0 

6.0 

8.1 

10.1 

12.1 

14.1 

16.1 
18.2 
20.2 
40.3 
60.6 
80.7 

8 




Pts 


183 








































































































































































































0 


1 


6 


8 


10 


9.08 589 

9.08 692 
9.08 795 
9.08 897 

9.08 999 
9.09 101 
9.09 202 

9.09 304 
9.09 405 
9.09 506 


L Tan 


c d 


9.09 606 


103 

103 

102 

102 

102 

101 

102 

101 


9 


914 


L Ctn 


Cos 


9.09 019 
9.09 123 
9.09 227 

9.09 330 
9.09 434 
9.09 537 

9.09 640 


11 9.09 707 

12 9.09 807 

13 9.09 907 

1419.10 006 

15 9.10 106 

16 9.10 205 

1719.10 304 

1819.10 402 

1919.10 501 

20 9.10 


lm 9.09 742 

iS * 9 09 845 

101 


9 


947 


inn I 9.10 049 
loo 910 150 


99 


9.10 252 


inn 910 353 
'9.10 454 
9.10 555 

9.10 656 


99 

99 

98 


9.10 697 
9.10 795 
9.10 893 

9.10 990 

9.11 087 
9.11 184 

9.11 281 
9.11 377 
9.11 474 

301 9.11 570 

9.11 666 
9.11 761 
9.11 857 

9.11 952 

9.12 047 
9.12 142 

9.12 236 
9.12 331 
9.12 425 

9.12 519 

9.12 612 
9.12 706 
9.12 799 

9.12 892 

9.12 985 

9.13 078 

9.13 171 
48 9.13 263 
491 9.13 355 

50 

51 

52 

53 

54 

55 

56 

57 

58 

59 


oq 9.10 756 
gg|9.10 856 


9.10 956 

9.11 056 
9.11 155 
9.11 254 

9.11 353 
9.11 452 
9.11 551 

9.11 649 
9.11 747 
9.11 8 45 

9.11 94jl 

9.12 040 
9.12 138 
9.12 235 

9.12 332 
9.12 428 
9.12 525 

9.12 621 
9.12 717 
9.12 813 

9.12 909 

9.13 004" 
9.13 099 
9.13 194 

9.13 289 
9.13 384 
9.13 478 

92|9.13 573 
92 9.13 667 
9.13 761 

9.13 854 

9.13 948 

9.14 041 
9.14 134 

9.14 227 
9.14 320 
9.14 412 

9.14 504 


104 
104 

103 

104 
103 

103 
102 
103 

102 

102 
101 
102 

101 
101 
101 

101 
100 
100 


0.91 


0.90 


9.99 675 60 

9.99 674|59 

58 


0.90 877 9.99 672 
0.90 7731 9.99 670157 

0.90 670 9.99 669 56 
0.90 66619.99 667155 


0 

0.90 
0 


463|9.99 666154 
9.99 664153 


258 9 


663 52 


0.90 15519.99 661 51 


0-90 053 19799~65ft 150 

0.89 95119.99 6581^49 
0.89 85019.99 6561 48 
0.89 748j 9.99 655 I 47 

0 89 64719.99 653 46 
0.89 5461 9.99 6511 45 


0.89 

0.89 

0.89 


9.99 650 J 44 

9.99 6481 43 
9.99 647 42 


0.89 144 9.99 645 41 


0.89 044 I 9.99 643 


0.88 

0.88 

0.88 

0.88 

0.88 

0.88 

0.88 

0.88 

0.88 


944 

845 

746 

647 


351 

253 

155 


9.99 642!39 
9.99 640 
9.99 638 

9.99 637 
9.99 635 
9.99 633 

9.99 632133 
9.99 630 I 32 
9.99 629131 


38 

37 

36 

35 

34 


0.88 0571 9.99 627130 


0.87 

0.87 

0.87 

0.87 

0.87 

0.87 

0.87 

0.87 

0.87 


960 

862 

765 

668 

572 

475 

379 

283 

187 


0.87 09119.99 610 


Cos 


9.14 597 
9.14 688 

9.14 780 


94 

94 

93 

94 
93 
93 

93 

93 

92 

92 

93 
91 


0.86 

0.86 

0.86 

0.86 

0.86 

0.86 


996 

901 

806 

711 

616 

522 


9.99 

9.99 

9.99 

9.99 

9.99 

9.99 


_ 20 

608119 
18 
605!17 


0.86 42719 


601 

600 


15 

14 


86 


598 13 


9.99 596112 


0.86 23919.99 595111 


0.86 146 9.99 


0.86 


9.99 6911 9 


92 


0.85 959 9.99 589| 8 
0.85 86619.99 688) 7 

0.85 773 I 9.99 5861 6 


c 


0.85 

0.85 68819.99 582j 4 

0.85 49619.99 5811 3 
0.85 40319.99 6791 2 
0.85 312|9.99 5771 1 


TABLE II 


Prop. Pts 


ti 


1 


105 f 104 


1.8 
2 . 3.5 
3 5.2 


4 


0.85 220 |9.99 5751 0 

Tan 


6 


8 

9 

10 

20 

30 

40 

50 


tf 


7.0 

8.8 

10.5 
12.2 
14.0 
15.8 

17.5 
35.0 

52.5 
70.0 

87.5 


1.7 
3.5 
5.2 
6.9 

8.7 
10.4 


103 | 1G2 


1.7 

3.4 

5.2 


1.7 

3.4 

6.1 


6.9 6.8 
8 . 6 f 8.5 
10.3,10.2 


12.1 12.0 


101 

1.7 


13.9 

15.6 

17.3 

34.7 
52.0 

69.3 

86.7 


100 

1.7 


13.7 

15.4 


11.9 

13.6 

15.3 


17.2 17.0 

34.3 34.0 


51.5 
68.7 
85. S 


51.0 

68.0 

85.0 


1.6 


1.6 


2183.3|82.5| 


// 


12.9 

14.6 

16.2| 16.0 
32.3 
48.5 

64.7 


32.0 

48.0 

64.0 


S0| 80.8j 80.0 


// 


1 


5 


8 

9.99 §841 51 10 

20 
30, 
40 
50 


1.6 

3.1 
4.6 

6.2 
7.8 
9.3 

10.8 

12.4 
14.0 
15.6 
31.0 

46.5 


62.0 

77.5 


1.5 

3.1 

4.6 

6.1 

7.7 
9.2 

10.7 

12.3 

13.8 

15.3 
30.7 
46.0 


61.3 

76.7 


1.6 
3.0 

4.6 

6.1 

7.6 
9.1 

10.6 

12.1 

13.6 

15.2 

30.3 
46.5 


75.8 


1.5 
3.0 

4.5 

6.0 

7.5 
9.0 

10.5 
12.0 

13.5 
15.0 
30.0 
45.0 
60.0 
75.0 


Prop. 


185 
























































































































































































































































































TABLE II 


L Sin 




11 

12 

13 

14 

15 

16 

17 

18 
19 


21 

22 

23 

24 

25 

26 

27 

28 
29 


30 


31 

32 

33 

34 

35 

36 

37 
38' 
39 


40 


41 

42 

43 

44 

45 

46 

47 

48 


9. 

14 

356 j 

9. 

14 

445 

9. 

14 

535 ! 

9. 

14 

624 1 

9. 

14 

714 

9. 

14 

803 

9. 

14 

891 

9. 

14 

9 SO 

9. 

15 

069 

9. 

15 

157 

9. 

15 

245 

9. 

.15 

■333 

9. 

.15 

421 

9 

.15 

508 

9 

.15 

596 

9 

.15 

683 

9 

.15 

770 

9 

.15 

857 

9 

.15 

944 

9 

.16 

030 

9 

.16 

116 


9.16 

9.16 

9.16 

9.16 

9.16 

9.16 


203 

289 

374 

460 

545 

631 


9.16 716 
9.16 801 


9. 

16 

886 

9. 

16 

970 

9. 

17 

055 

9. 

17 

139 

9. 

17 

223 

9. 

17 

307 

9. 

17 

391 

9. 

17 

474 

9. 

17 

558 

9. 

17 

641 

9. 

17 

724 

9. 

,17 

807 

9. 

.17 

890 

9 

.17 

973 

9 

.18 

055 

19 

.IS 

137 

9 

.18 

220 

9 

.18 

302 

,9 

.18 

383 

9 

.18 

465 

9 

.18 

547 


S9 

90 

89 

90 
89 
83 


89 

8 S i 
88 
88 


87 

88 
87 
87 

87 

87 

86 

86 

87 

86 

85 


85 

86 

85 

85 

85 

84 

S5 

84 


9. 

14 

780 

9. 

14 

872 

9. 

14 

963 

9. 

15 

054 

9. 

15 

145 

9. 

15 

236 

9. 

15 

327 

9. 

15 

417 

9. 

15 

508 

9. 

15 

598 

9. 

15 

6S8 

9. 

15 

777 

9. 

.15 

867 1 

9 

.15 

956 

9 

.16 

046 

9 

.16 

135 

9 

.16 

224 

9 

.16 

312 

9 

.16 

401 

9 

.16 

489 

9 

.16 

577 


92 

91 

91 

91 

91 


0.85 220 


L Cos 


o oo 51 



Prop. Pts. 



9. 

16 

665 

9. 

16 

753 

9. 

16 

841 

9. 

16 

928 

9. 

17 

016 

9. 

.17 

103 

9 

.17 

190 

9 

.17 

2771 

9 

.17 

363 

9 

.17 

450 




51 

52 

53 

54 

55 

56 

67 

58 

59 

60 


9 . 

18 

709 

9 . 

18 

790 

9 . 

18 

871 

9 . 

18 

9 fi 2 

9 . 

.19 

033 

9 . 

.19 

113 

9 

.19 

193 

9 

9 

.19 

273 

.19 

353 


83 

84 
83 
83 


83 ! 

83 

82 

82 

83 

82 


82 

82 

81 

81 

81 

81 

81 

81 

80 

80 

80 

80 

80 


9.17 

9.17 

9.17 

9.17 

9.17 

9.17 

9.18 
9.18 
9.18 


9.18 


9.18 

9.18 
9.18 

9-18 

9.18 

9.18 

9.18 

9.18 

9.19 


622 

708 

794 

880 

965 

051 

136 

221 


306 


391 

475 

560 

644 

728 

812 

896 

979 

063 


01 

90 

90 

89 

90 

89 

90 
89 
89 

88 

89 

88 

88 


88 

88 

87 

88 
87 

87 

87 

86 

87 

86 

86 


0.S5 12S 

9 .J 9 

0.So 037 

9.99 

0.S4 946 

9 . 99 

0.84 855 

9 . 99 

0.S4 764 

9.99 

0.84 673 

9 . 99 

0.84 583' 

9 . 99 

.0.84 492 

9.99 

0.84 402 

9.99 


*} i mJ 

574 

572 

570 

56 S 
566 
0 0 o 


60 

50 


56 


501 

559 



0.S4 312 


0.54 223 
0.S4 133 


86 

86 

85 

86 
85 
85 

85 

86 

84 

85 

84 

84 

84 


9.19 


9.19 

9.19 

9.19 

9.19 

9.19 

9.19 

9.19 

9.19 

9.19 


9.19 


146 


229 

319 

395 

478 

561 

643 

725 

807 

889 


971 


83 

84 

83 

S3 

83 

83 

83 

83 


82 

82 

82 

82 


0.84 0 

0.83 9 
0.83 8 
0.83 7 

0.83 6 
0.83 5 
0.83 5 


0.83 4 


0.83 3 
0.83 2 
0.83 1 

0.83 ( 
0.82 t 
0.82 f 

0.82 { 
0.82 1 
0.82 ( 


0.82 i 


0.82 - 
0.82 : 
0.82 : 

0.82 : 
0.82 
0.82 

0.81 

0.81 

0.81 


0.81 


0.81 

0.81 

0.81 

0.81 

0.81 

0.81 

0.81 

0.81 

0.80 


0.80 


0.80 

0.80 

0.80 


044 

954 

865 

776 

6S8 

599 

511 


423 


335 

247 

159 


9.99 

S57 

9.99 

556 

9.90 

554 

9.99 

552 

9.99 

550 

9.99 

548 

9.99 

540 

9.99 

545 

9.99 

543 

9.99 

541 

9.99 

539 


984 

897 

810 

723 

637 


550 


464 

378 

292 


206 

120 

035 

949 

864 

779 


694 


609 

525 

440 

356 

272 

188 

104 

021 

937 


854 


771 
688 
i 605 


9.99 535 
9.99 533 

9.99 532 
9.99 530 
9.99 528 

9.99 526 
9.99 524 
9.99 522 


9.99 520 


9.99 618 
9.99 517 
9.99 515 

9.99 513 
9.99 511 
9-99 50S 

9.99 507 
9.99 50i 
9.99 505 


9.99 501 


9.99 49< 
9.99 49^ 
9.99 491 


52 

51 


50 


49 

48 

47 

46 

45 

44 

43 1 

42 

41 

40 


39 

38 

37 

36 

35 

34 

33 

32 

31 


30 


29 

28 

27 


9.99 

9.99 

9.99 

9.99 

9.99 

9.99 


513 

511 

509 

507 

505 

503 


499 

497 

495 

494 

492 

490 

488 

486 

484 


25 


23 

22 

21 


20 



0.80 522 


0.80 

0.80 

0.80 

0.80 

0.80 


439 

357 

275 

193 

111 




9.99 480 
9.99 478 
9.99 476 

9.99 474 
g .99 472 

9.99 470 

9.99 468 

9.99 466 
9.99 464 


.99 462 


18 

17 

16 

15 

14 

13 
12 
111 


10 


9 

8 



3 4 . G, 4.G: 4.5 

4 6.i; 6.1] 6.0 
5 ! 7.7 1 : 7.6 7.5 
0 0 . 2 ; 0.1 0.0 
7 Kl.7il0.f>jl0.5 
8.3 2 ..V 12. 1 12.0 

fi'lS.K i:i.6-13.5 

10 ! 15.2 15.2 15.0 
20|30.7 30.3 30.0 
3046.0; 45.5!45.0 
40 61.3'60.7 60.0 
50 76.7 75.8 75.0 


4 6.1 


f >1 9.2: 

7:10.7, 

8.32.3' 

9 13. K 
10 ! 15 . 3 


": 89 I 88 | 87 

I 1.5: 1.5| 1.4 
2 ; 3.Q| 2.9; 2.9 

3 4.4 4.4j 4.4 

4 5.9 5.9 5.8 

5 7.4 7.3 7.2 

6 8.9 8.8 8.7 
7' 10.4'10.3 30.2 

8 11.9jll.7jll .6 

9 13.4 13.2,13.0 
10 14.8 14.7 14.5 
2029.7 29.3 29.0 
30 44.5 44.0 43.5 
40 59.3^58.7 58.0 
50 74.2.73.3 72.5 


84 

1.4 
2.8 
4.2 
5.6 
0 
4 
8 
2 
6 
0 
0 
0 
0 
0 


' 86 ! 85 

1 1.4 1.4 


r 

7 


2.7 
4.0 

.fil 5.4 

6.8 
8.1 
9.4 
10.8 
12.2 

13.5 
27.0 

40.5 
54.0 

67.5 



L Tan 1 L Sin 


Prop. Pts. 
































L Sin 


0 9.19 433 


10 


1 9.19 513 

2 9.19 592 

3 9.19 672 

4 9.19 751 

5 9.19 830 
619.19 909 

9.19 988 

9.20 067 
9.20 145 

9.20 223 


L Tan 


9.19 971 


9.20 302 
9.20 380 
9.20 453 

1419.20 535 

1519.20 613 

1619.20 691 

9.20 768 
9.20 845 
9.20 


9.20 999 


9.20 053 
9.20 134 
9.20 216 

9.20 297 
9.20 378 
9.20 459 

9.20 640 
9.20 621 
9.20 701 

9.20 7S2 

9.20 862 

9.20 942 

9.21 022 

9.21 102 
9.21 182 
9.21 261 

9.21 341 


9 


c d | L Ctn I L Cos 


TABLE II 


0.80 02919.99 462 

0.79 947 
0.79 866 
0.79 784 

0.79 703 
0.79 622 
0.79 541 

0.79 460 
0.79 379 
0.79 299 


9.99 460 
9.99 458 
9.99 456 

9.99 454 
9.99 452 
9.99 450 

9.99 448 
9.99 446 
_ 9.99 444 

0.79 218|9.99 442 


60 


50 


9.21 

9.21 


420 

499 


9.21 836 
9.21 912 

9.21 987 

9.22 062 
9.22 137 
9.22 211 

9.22 286 
9.22 361 
9.22 435 


9.22 509 


9.22 583 
9.22 657 
9.22 731 

9.22 805 
9.22 878 

9.22 952 

9.23 025 
9.23 098 
9.23 171 

9.23 244 

9.23 317 
9.23 390 
9.23 462 

9.23 535 
9.23 607 
9.23 679 

9.23 752 
9.23 823 I 
9.23 895 

9.2 3 96 7 

Cos 


9.21 578 

9.21 657 
9.21 736 
9.21 814 

9.21 893 

9.21 971 

9.22 049 

9.22 127 
9.22 205 
9.22 283 

9.22 361 

9.22 438 
9.22 616 
9.22 693 

9.22 670 
9.22 747 
9.22 824 

9.22 901 

9.22 977 

9.23 054 

9.23 130 


0.79 138 
0.79 058 
0.78 978 

0.78 898 
0.78 818 
0.78 739 

0.78 659 
0.78 580 
0.78 501 


9.99 440 
9.99 438 
9.99 436 

9.99 434 
9.99 432 
9.99 429 

9.99 427 
9.99 425 
9.99 423 


0.78 422 9.99 421 40 


0.78 343 
0.78 264 
0.78 186 

0.78 107 
0.78 029 
0.77 951 

0.77 873 
0.77 795 
0.77 717 

0.77 63919.99 


419 

417 


99 
99 
99 

99 413 
99 411 
99 409 

99 407 
99 404 
99 


9.23 206 
9.23 283 
9.23 359 

9.23 435 
9.23 510 
9.23 586 

9.23 661 
9.23 737 
9.23 812 

9.23 8 87 

9.23 962 

9.24 037 
9.24 112 

9.24 186 
9.24 261 
9.24 335 

9.24 410 
9.24 484 
9.24 558 


0.77 562 
0.77 484 
0.77 407 

0.77 330 
0.77 253 
0.77 176 

0.77 099 
0.77 023 
0.76 946 


9.99 398 
9.99 396 
9.99 394 

9.99 392 
9.99 390 
9.99 388 

9.99 385 
9.99 383 
9.99 381 

0.76 870|9.99 379 

9.99 377 
9.99 375 
9.99 

9.99 

9.99 368 
9.99 366 

9.99 
9.99 

9.99 359 


30 

29 


0.76 
0.76 
0.76 

0.76 565 
0.76 490 
0.76 414 

0.76 339 
0.76 263 
0.76 188 


0.76 11319.99 357 


0.76 038 
0.75 963 
0.75 888 

0.75 814 
0.75 
0.76 

0.75 590 
0.75 516 
0.75 442 

0 75 36819,99 33S 


9.99 
9.99 353 
9.99 351 

9.99 348 
9.99 346 
9.99 344 

9.99 342 
9.99 340 
9.99 337 


Tan 


Prop. Pts. 


ft 

80 

79 

I 78 | 

1 

1.3 

1.3 

' 1.3 

2 

2.7 

2.6 

2.6 

3 

4.0 

4.0 

3.9 

4 

5.3 

5.3 

5.2 

5 

6.7 

6.6 

6.5 

6 

8.0 

7.9 

7.8 

7 

9.3 

9.2 

9.1 

* 

10.7 

10.5 

10.4 . 

g 

12.0 

11.8 

11.7 : 

0 

13.3 

13.2 

13.0; 

0 

26.7 

26.3 

26.0 ; 

0 

40.0 

39.5 

39.0 A 

?! 

53,3 

52.7 

52.0 t 

66 . 71 * 

65 , 8 ! 

es.ole 




62.6161.7 


0 


40 


Prop 


187 





















































































































































































































TABLE II 


L Sin 


_0 

1 

2 

3 

4 

5 

6 

7 

8 
9 

10 


11 

12 

13 

14 

15 

16 

17 

18 
19 


20 


21 

22 

23 

24 

25 

26 

27 

28 
29 


9.23 V 


9/2 4 ( 
9.24 : 
9.24 : 

9.24 : 
9/24 : 
9.24 ; 

9.24 

9.24 

9.24 


9.24 


9.24 

9.24 

9.24 

9.24 

9.25 
9.25 

9.25 

9.25 

9.25 


9.25 


9.25 

9.25 

9-25 

9.25 

9.25 

9.25 

9.25 

9.25 

9.25 



y07 


039 

110 
1S1 

253 
324 
395 

406 

536 

607 


677 


748 

S18 

8S8 

958 

02S 

098 

168 

237 

307 

376 


445 
i 514 
. 583 

i 652 
i 721 
i 790 

i 858 

> 927 

> 995 


L Tan 


9.24 631 


71 

72 

71 

71 

71 

70 

71 

70 

71 
70 
70 

70 

70 

70 

70 

69 

70 

69 

69 

69 

69 

69 
69 
, 69 

68 

69 



10 


c d i L Ctn 

i 


0.75 368 

0.75 294 
0.75 221 
0.75 147 

V4 0.75 074 
7 n 0.75 000 
* 0.74 927 

73 0.74 854 

7-> 0.74 781 

' 0.74 70S 

73 1 



72 

72 


0. 

74 

635 

0. 

74 

563 

0. 

74 

490 

0. 

74 

41S 

0. 

74 

345 

0. 

74 

273 

0. 

.74 

201 

0 

.74 

129 

0 

.74 

057 

0 

.73 

985 

0 

.73 

914 


9.26 158 
9.26 229 
9.26 301 

9.26 372 
9.26 443 
9.26 514 


m 


31 

32 

33 

34 

35 

36 

37 

38 

39 


9. 

26 

063 

9. 

26 

131 

9. 

26 

199 

9. 

26 

267 

9. 

26 

335 

9, 

.26 

403 

9 

.26 

470 

9 

.26 

538 1 

9 

.26 

6051 

1g 

.26 

672 



9.26 

9.26 

9.26 


9.26 


9.26 

9.26 

9.27 

9.27 

9.27 

9.27 


585 

655 

726 


797 


867 

937 

008 

078 

148 

218 



47 

48 

49 


6 


51 

52 

53 

54 

55 

56 

57 
68 
59 



9.26 

9.26 

9.26 

9.27 
9.27 
9.27 

9.27 

9.27 

9.27 


9.27 


9.27 

9.27 

9.27 

9.27 

9.27 

9.27 

9.27 

9.27 

9.27 


9-28 


806 

873 

940 

007 

073 

140 

206 

273 

339 


405 


471 

537 

602 

668 

734 

799 

864 

930 

995 


060 


67 

67 

67 

67 

67 

67 



67 



9.27 288 
9.27 357 
9.27 427 


9.27 496 


9.27 566 
9.27 635 
9.27 704 

9.27 773 
9.27 842 
9.27 911 

9.27 980 

9.28 049 


71 

l 2 . 0.73 842 
0.73 771 
0.73 699 

1 ] 0.73 628 
7 \ 0.73 557 

0.73 486 

ll 0.73 415 
iV 0.73 345 
l0.73 274 


0.73 203 

0.73 133 
71 |0.73 063 
0.72 992 

to 0.72 922 
to 0.72 852 
0.72 782 

eg 0.72 712 
to 0.72 643 
™ 0.72 573 


9 99 335 

9.99 333 
9.99 3311 
9.99 32S 

9 99 320 ! 
9.99 324 
9.99 322 

9.99 319 
9.99 317 
9.99 315 


9.99 313 


9.99 310 
9.99 308 
9.99 300 

9.99 304 
9.99 301 
9.99 299 

9.99 297 
9.99 294 
9.99 292 


9.99 290 


9.99 288 
9.99 285 
9.99 2S3 


GO 

59 


50 


54 

53 

52 

51 

50 

49 

4S 







70 


66 

66 

05 


9. 

28 

117 

9. 

'28 

186 

9. 

"28 

'254 

9. 

28 

323 

9. 

.28 

391 

9 

.28 

459 

9 

.28 

527 

9 

.28 

595 

9 

.28 

662 


70 

69 

69 

69 

69 

69 

69 

69 

68 

69 

68 


0. 

72 

504 ! 

0, 

72 

434 

0. 

72 

365! 

0. 

72 

296 

0. 

72 

227 

0. 

.72 

158 

0 

,72 

089 

0 

.72 

020 

0 

.71 

951 

0 

.71 

8S3 

0 

i71 

814 


9.99 

9.99 

9-99 

9.99 

9.99 

9.99 


9.99 


9.99 

9.99 

999 

9.99 

9.99 

9.99 

9.99 

9.99 

999 


9.99 


281 

278 

276 

274 

271 

269 


267 


264 

262 

260 

257 

255 

252 

250 

248 

245 


243 





44 

43 

42 

41 


40 


39 

38 

37 

30 
35 
34 

33 

32 

31 


30 


29 





9.99 241 
9.99 238 
9.99 236 

9.99 233 
9.99 231 



0.71 746 
0.71 677 
0.71 609 

„„ 10.71 641 
88 0.71 473 
68 0.71 405 

0.71 338 
68 10.71 270 
0.71 202 


0.71 135 


9, 

99 

229 

9. 

99 

226 

9. 

99 

224 

9. 

99 

221 

9. 

99 

219 

9. 

99 

217 

9. 

.99 

214 

9 

.99 

212 

9 

.99 

209 

9 

.99 

207 

9 

.99 

204 

9 

.99 

202 

9 

.99 

200 

,* 

.99 

197 



27 

26 

25 

24 

23 

22 

21 


20 


19 

18 

17 

16 

15 

14 

13 

12 

11 






Prop. Pts. 


74 | 73 

1.2- I. 


■> 

u . i.f #-* 


• 72 

I 


7 ; 3. 


4 : 4.0: 4. 
5 6.2 <3. 
6i 7.4 7. 

"! S 6 8. 
S'i 9.0 9. 
9jn.i,n 

10 12.3.12 

20:24. T 24 
30 37. O' 36 
40 49.3 48 
5061.7i60 


2.4 2.4 
5.6 3.6 
4.9 4 8 
6.1 6.0 

7.3 7.2 
8 . 5 , 8.4 
9 . 7 | 9.6 
1 . 0 , 10.8 
2 2' 12 0 

4.3 24.0 

6.5 36.0 
: 8 . 7 j 48.0 
10.8 60.0 


71 I 70 1 69 


1 1 . 2 ] 1.2 1.2 

2 2.4 1 2.3 2.3 

3 3.6, 3.5 3.4 

4 4.7 4.7| 4.6 

5 5.9 5.8 5.8 

6 7.1 7.0 6.9 

7 8.3 8.2 8.0 

8 9.5 9.3 9.2 

9il0.6 10.5sl0.4 
10 11.811.7 11.5 
20 23.7 23.3 23.0 
35.5 35.0 34.5 
l 47.3 46.7 46.0 
I 59.2 58.3 57.5 


68 | 67 1 66 

1 1.1 1.1 1.1 

2 2.3 2.2 2.2 

3 3.4 3.4' 3.3 

4 4.5 4.5 4.4 

5 5.7 5.6 5.5 

6 6.8 6.7 6.6 

7 7.9 7.8 7.7 

8 9,1 8.9* 8.8 

9 10.2 10.0 9.9 
0 11.3 11-2 11.0 

[0 22.7 22.3 22.0 
0 34.0 33.5 33.0 
fcO 45.3 44.7 44.0 

.Q KA 7 fiR fil&fi.O 


L Ctn 


L Tan 



Prop. Pts 






















TABLE n 


11 


Sin 


Tan 


019.28 060 

9.28 126 
9.28 190 
9.28 254 

9.28 319 
9.28 3S4 
9.28 448 

9.28 512 
9.28 577 
9.28 641 


10 9.28 705 


9.2S 769 

9.28 833 
9.2S 890 

9.2S 960 

9.29 024 
9.29 087 

9.29 150 
9.29 214 
9.29 277 


9.28 865 

9.28 933 

9.29 000 
9.29 007 

9.29 134 
9.29 201 
9.29 268 

9.29 335 
9.29 402 
9.29 468 

9.29 535 


C d 


Cos 


0.71 


9.99 195 


Prop. Pts 


29 340 


9.29 601 
9.29 60S 
9.29 734 

9.29 800 
9.29 866 
9.29 932 

9.29 998 

9.30 004 
9.30 130 


9.29 403 
9.29 466 
9.29 529 

9.29 591 
9.29 654 
9.29 716 

9.29 779 
9.29 841 
9.29 903 


9.30 195 


3019.29 966 

9.30 028 
9.30 090 
9.30 151 

9.30 213 
9.30 275 
9.30 336 

9.30 398 
9.30 459 
9.30 521 


9.30 261 
9.30 320 
9.30 391 

9.30 457 
9.30 522 
9.30 587 

9.30 652 
9.30 717 
9.30 782 

9.30 840 

9.30 911 

9.30 975 

9.31 040 


0.71 067 
0.71 000 
0.70 933 

0.70 866 
0.70 799 
0.70 732 

0.70 665 
0.70 598 
0.70 532 


9.99 

9.99 

9.99 

9.99 

9.99 

9.99 

9.99 

9.99 

9.99 


192 

190 

187 


60 


177 

175 


0.70 46519.99 170 


0.70 399 
0.70 332 
0.70 266 

0.70 200 
0.70 134 
0.70 06S 

0.70 002 
0.69 936 
0.69 870 


9.99 

9.99 

9.99 

9. 

9. 
9.99 

9.99 

9.99 

9.99 


50 


9.30 582 


9.30 643 
9.30 704 
9.30 765 

9.30 826 
9.30 887 

9.30 947 

9.31 008 
9.31 068 
9.31 129 


9.31 

9.31 

9.31 

9.31 

9.31 


104 


297 

361 


9.31 425 


0.69 80519 

0.69 739 
0.69 674 
0.69 609 

0.69 543 
0.69 478 
0.69 413 

0.69 348 
0.69 283 
0.69 218 


145 


40 


9.99 
9.99 
9.99 

9.99 
9.99 
9.99 130 

9.99 127 
9.99 124 
9.99 122 


0.69 15419.99 119 


9.31 189 


9.31 250 
9.31 310 
9.31 370 

9.31 430 
9.31 490 
9.31 549 

9.31 609 
9.31 669 
9.31 728 

9.31 788 

L Cos 


9.31 489 

9.31 552 
9.31 616 
9.31 679 

9.31 743 
9.31 806 
9.31 870 

9.31 933 

9.31 996 

9.32 059 

9732 122 

9.32 185 
9.32 248 
9.32 311 

9.32 373 
9.32 436 
9.32 498 

9.32 561 
9.32 623 
9.32 685 


0.69 
0.69 025 
0.68 960 

0.68 896 
0.68 832 
0.68 767 

0.68 703 
0.68 639 
0.68 575 


9.99 117 
9.99 114 
9.99 112 

9.99 109 
9.99 106 
9.99 104 

9.99 101 
9.99 099 
9.99 096 


30 


0.68 511|9 

0.68 448 
0.68 384 
0.68 321 

0.68 257 
0.68 194 
0.68 130 

0.68 067 
0.68 004 
0.67 941 


093 


067 878 


9.99 091 
9.99 088 
9.99 086 

9.99 083 
9.99 080 
9.99 078 

9.99 075 
9.99 072 
9.99 070 


9 


747 


Ctn 


0.67 815 
0.67 752 
0.67 689 

0.67 627 
0.67 564 
0.67 502 

0.67 439 
0.67 377 
0.67 


0.67 253 

Tan 


I 9 

.99 

067 

9 

.99 

064 

9 

.99 

062 

9 

.99 

059 

9 

.99 

056 

9 

.99 

054 

9, 

.99 

051 

9. 

99 

048 

9. 

99 

046 

9. 

99 

043 

9. 

99 

040" 

L Sin 


10 



65 

64 

63 

1 

1.1 

1 . 1 

1.0 

2 

2.2 

2 , 1 

2 . 1 

3 

3.2 

3.2 

Q 

4 

4.3 

4.3 

4.2 

5 

5.4 

5.3 

5.2 

6 

6.5 

6.4 

6.3 

7 

7.6 

7.5 

7.4 

8 

8.7 

8.5 

8.4 

9 

9.8 

9.6 

9.4 

10 

10.8 

10.7 

10.5 

20 

21.7 

21,3 

21.0 

30 

32.5 

32.0 

31.5 

40 

43.3 

42.7 

42.0 

50 

54.2 

53,3 

52.5 


// 


40 


62 

61 

60 

1.0 

1.0 

1.0 

2.1 

2.0 

2.0 

3.1 

3.0 

3.0 

4.1 

4,1 

4.0 

5.2 

6.1 

5.0 

6.2 

6,1 

6.0 

7.2 

7.1 

7.0 

8.3 

8.1 

8,0 

9,3 

9.2 

9.0 

10.3 

10.2 

10.0 

20.7 

20.3 

20.0 

31.0 

30,5 

30.0 

41.3 

40.7 

40.0 

51 , 7 , 

50.8 

50.0 


// 

59 

3 

2 

1 

1.0 

0,0 

0.0 

2 

2.0 

0.1 

0.1 

3 

3.0 

0.2 

0.1 

4 

3.9 

0.2 

0,1 

5 

4.9 

0.2 

0.2 

6 

5,9 

■ 0.3 

0.2 

7 

6.9 

0.4 

0.2 

8 

7.9 

0.4 

0.3 

9 

8.8 

0.4 

0.3 

10 

9.8 

0.5 

0,3 

20 

19.7 

1.0 

0.7 

30 

29.5 

1.5 

1.0 

40 

39.3 

2.0 

1.3 

50 

49.2 2,51 

1.7 


189 






















































































































































































































TABLE II 


12 




L Sin | 

9 

.31 

7SS 

9 

.31 

847 1 

9 

.31 

907 

9 

.31 

966 

9 

.32 

025 

9 

.32 

084 

9 

.32 

143 

9 

.32 

202 

9 

.32 

261 

9 

.32 

319 1 

9 

,32 

378 



L Tan led L Ctn 




9. 

r_t 

437 

9. 

32 

495 

9. 

32 

553 

9. 

32 

612 

9 

.32 

670 

9 

.32 

728 

9 

.32 

786 

l 9 

.32 

844 

9 

.32 

902 

9 

.32 

960 


22 9.33 075 

23 9.33 133 

24 9.33 190 

25 ; 9.33 248 

26 9.33 305: 

27 9.33 362 

28 9.33 420 

29 9.33 477 


3019.33 534 


31 9.33 591 

32 9.33 647 

33 9.33 704 

34 9.33 761 

35 9.33 818 

36 9.33 874 

37 9.33 931 

38 9.33 987 

39 9.34 043 


4019.34100 


41 9.34 156 

42 9.34 212 

43 934 268 

44 1 9.34 324 

45 9.34 380 

46 9.34 436 

47 9.34 491 

48 934 547 

49 9.34 602 


50 9.34 658 

ST 9.34 713 

52 9.34 769 

53 9.34 824 

54 9.34 879 

55 9.34 934 

66 9.34 989 

67 9.35 044 

68 9.36 099 
9.36 154 


9 


riTto 


59 

59 

59 

59 

58 

59 

59 

58 

58 

59 
58 
58 

58 

58 

58 

58 

58 

57 

58 


(I . 

9.32 872 
9.32 933 

9.32 995 

9.33 057 
9.33 1X9 

9.33 ISO 
9.33 242 
9.33 303 


9. 

33 

3135 

9. 

33 

426 | 

9. 

33 

487 

9. 

33 

548 

9. 

33 

609 

9 

.33 

670 

9 

.33 

731 

9 

.33 

792 

9 

.33 

853 

9 

.33 

913 

9 

.33 

974 


58 

57 

57 

58 
57 

57 

57 

56 

57 

57 

57 

66 

57 

56 

56 

57 

56 

56 


ft? 


56 


9.34 034 
9.34 095 
9.34 155 

9.34 215 
9.34 276 
9.34 336 

9.34 396 
9.34 456 
9.34 516 


61 

61 

61 

61 


61 

61 

61 

60 

61 

60 

61 

60 

60 

61 


0.67 

0.67 
0.66 
0.06 

0.66 
0.60 
0.66 


0.60 


06 j 

065 
913 

SS] 

820 

758 

697 


JR 


1)27 

024 

022 

019 


0.66 574 
0.06 513 
0.66 452 

0.60 391 
0.66 33(1 
0.66 2Wi 

0.66 208 
0.66 147 
0.66 OS7 


391 


0.66 02 ( 


269 


L Cos 


9.99 1)40 | 

',* .99 03 S | 
9.90 005I 
9.99 032 

9.90 030 
9.90 1)27 
0.00 024 

9.00 022 
0.09 010 
9.00 016 

jVToo - ol3 

9799-<nT 

9.99 00S 
9.99 005 

9.09 002 
9.09 000 
9.98 997 

9.9S 994 
9.98 991 
9.OS 989 


9.98 986 




Prop. Pts. 


t 6 

I , 

1 v> 


Oil 


005 

002 

000 

910 

994 

991 

9S9 



9. 

34 

576! 

9. 

34 

635 

9. 

34 

695 

9. 

34 

755 

9, 

34 

814 

9 

.34 

874 1 

9 

.34 

933 

9 

00 

4* 

992 

9 

.35 

051 

9 

.35 

111 

9 

.35 

170 


ftS 


56 

55 

56 
55 

66 

66 


9.35 229 
9.35 288 
9.35 347 

9.35 405 
9.35 464 
9.35 523 

9.35 581 
9.35 640 
9.35 698 


9. 

35 

757 

9 

35 

815 

9. 

35 

873 

9. 

35 

931 

9. 

.35 

989 

|9 

36 

047 

9 

.36 

105 

9 

.36 

163 

9 

.36 

221 

9 

.36 

279 


60 

60 

60 

69 

60 

60 

59 

60 
59 




59 

60 

59 

59 

59 

59 

58 

59 
59 

58 




68 

69 

58 


0.65 966 

9.98 983 

0.65 905 

9.98 980 

0.65 845 

9.98 97S 

0.65 785 

9.98 975 

0.65 724 

9.98 972 

0.65 664 

9.98 969 

0.65 604 

9.98 967 

0.65 544 

9.98 964 

0.65 484 

9.98 961 

0.65 424 

9.98 958 


9.36 336 


L Ctn 


0.65 365 
0.65 305 
0.65 245 

0.65 186 
0.65 126 
0.65 067 

0.65 008 
0.64 949 
0.64 889 


0764 830 


0.64 771 
0.64 712 
0.64 653 

0.64 595 
0.64 536 
0.64 477 

0.64 419 
0.64 360 
0.64 302 


0.64 243 


0.64 185 
0.64 127 
0.64 069 

0.64 011 
0.63 953 
0.63 895 

0.63 837 
0.63 779 
0.63 721 


0.63 664 


9.98 953 
9.98 950 


9.98 

9.98 

9.98 

9.98 

9.98 

9.98 


9.98 


9.98 

9.98 

9.98 

9.98 

9.98 

9.98 

9.98 

9.98 

9.98 


9.98 


9.98 

9.98 

9.98 

9.98 

9.98 

9.98 

9.98 

9.98 


947 

944 

941 

938 

936 

933 


930 


927 

924 

921 

919 

916 

913 

910 

907 

904 


901 


898 

896 

893 

890 


CO 

5 2 

r- ■ 
,» 






42 

41 

40 


39 

38 

37 

36 

35 

34 

33 



31 


30 


29 

28 

27 

26 

25 

24 

23! 

22 

21 


2 


19 

18 

17 

! 16 
15 
14 

13 

12 

11 


10 



884 

881 

878 



c d 


L Tan 


LSiu 




63 ! 62 61 

1 1.0 1-0 1.0 
2 2 . 12.1 2.0 
8 . 3.2 3 . 1 ' 3.0 
4'4 2 4 , l ' 4.1 
f , 5.2 5.2 5.1 
6 6.3 6.2 6.1 
7 i 7.4 7 . 2 } 7.1 
8 ! 8 . 4 i 3 , 3 } 8.1 


O ' 9.4 


9.2 


10 10 . 5 . 10.3 10.2 
20 21.0 20.7 20 3 
3031 . 5 . 31 . 030.5 
40 42.0 41.3 40,7 
50 ; 52 . 5 [ 51 . 7150.8 



" 60 | 59 98 

1 i.o i.o i.o 

2 2. o ' 2.0 j 1.9 

3 3.0 3.0 2.9 

4 4.0 3 . 9 | 3.9 

5 5.0 4 . 9 ] 4,8 

6 6.0 5.9 5.8 

7 7.0 6.9 6.8 

8 8.0 7.91 7.7 

9 9.0 8.8 i 8.7 
10 10.0 
20 20.0 
30 , 30.0 
40 40.0 

60 | 50 . 0 | 49 . 2 ] 48.3 



"I 87 f 56 


1.9 

2.8 

3.8 



65 

0.9 

1.8 

2.8 

3.7 


4.8 4.7 4.6 


6 5.7 

7 6.6 

8 7.6 
8.6 


5.5 

6.4 

7.3 

8.2 

9.2 

18.3 

27.5 



Prop. Pts. 


rnmmmCk 
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TABLE II 


0 9 


209 


L Tan 


9.35 263 
9.35 318 
9.35 373 

9.35 427 
9.35 4S1 
9.35 536 

9.35 590 
9.35 644 
9.35 698 

9.35 752 

9.35 806 
9.35 860 
9.35 914 

9.35 96S 

9.36 022 
9.36 075 

9.36 129 
9.36 1S2 
9.36 236 


9.36 330 

9.36 394 
9.36 452 


9 


509 


c d L Ctn L Cos 


58 

58 

57 


0.63 664 9.98 S72 


0.63 


9.98 809 


9.36 566 
9.36 624 
9.36 681 

9.36 738 
9.36 795 
9.36 852 


0.63 548 9.98 807 


3 


20 9.36 28 


9.36 342 
9.36 395 
9.36 449 

9.36 502 
9.36 555 
9.36 608 

9.36 660 
9.36 713 
9.36 766 


30 9.36 819’ 


9.36 871 
9.36 924 

9.36 976 

9.37 028 
9.37 081 
9.37 133 

9.37 185 
9.37 237 
9.37 289 

9.37 341 

9.37 393 
9.37 445 
9-37 497 

9.37 549 

4519.37 600 

4619.37 652 

9.37 703 
9.37 755 
9.3 7 806 

9.37 858 

9.37 909 

9.37 960 

9.38 011 

9.38 062 I 
9.38 113' 61 
9.38 164 

9.38 215 
9.38 266 
9.38 317 

9T38 368 

L Cos 


55 

56 

57 


9.36 909 

9.36 966 

9.37 023 
9.37 080 

9.37 137 
9.37 193 
9.37 250| 

9.37 306 
9.37 363 
9.37 419 

9.37 476 

9.37 532 
9.37 588 
9.37 644 

9.37 700 
9.37 756 
9.37 812 

9.37 868 
9.37 924 

9.37 980 

9.38 035 

9.38 091 
9.38 147 
9.38 202 

9.38 257 
9.38 313 
9.38 368 

9.38 423 
9.38 479 
9.38 5 34 

9.38 589 

9.38 644 
9.38 699 
9.38 754 

9.38 808 
9.38 863 
9.38 918 

9.38 972 

9.39 027 
9.39 082 

9.39 136 

9.39 190 
9.39 245 
9.39 299 

9.39 353 
9.39 407 
9.39 461 

9.39 515 
9.39 569 
9.39 623 

9.39 67 7 

L Ctn 


0.03 

0.63 434 
0.03 370 
0.63 319 

0.63 262 
0.63 205 
0.63 14S 


9 

9.98 801 
9.98 >858 
9.9S 855 

9.98 852 
9.98 849 
9.98 846 


0.63 09119.98 843 

9.98 840 
9.98 837 
9.98 834 

9.98 831 
9.98 828 
9.98 825 

9.98 822 
9.98 819 
9.98 816 


0.63 034 
0.62 977 
0.62 920 

0.62 863 
0.62 807 
0.62 750 

0.62 694 
0.62 637 
0.62 581 

0.62 524 


0.62 4OS 
0.62 412 
0.62 356 

0,62 300 
0.62 244 
0.02 188 

0.62 132 
0.62 070 
0.62 020 

0.61 965" 

0.61 909 
0.61 853 
0.61 798 

0.61 743 
0.61 687 
0.61 632 

0.61 577 
0.61 521 
0.61 466 


3 


0.61 411 


9.98 813 

9.98 810 
9.98 807 
9.98 804 

9.98 SOI 
9.98 798 
9.98 795 

9.98 792 
9.98 789 
9.9S 7S6 

9.98 783 

9.98 780 
9.98 777 
9.98 774 

9.98 771 
9.98 768 
9.98 765 

9.98 762 
9.98 759 
9.98 756 

753 


37 


0.61 356 
0.61 301 
0.61 246 

0.61 192 
0.61 137 
0.61 082 

0.61 028 
0.60 973 
0.60 918 


0.60 864 


0.60 810 
0.60 755 
0.60 701 

0.60 647 
0.60 593 
0.60 539 

0.60 485 
0.60 431 
0.60 377 

0.60 323 

L Tan 


9.98 750 
9.98 746, 
9.98 743| 

9.98 740 
9.98 737 
9.98 734 

9.98 731 
9.98 728 
9.98 725 


9.98 722 


9.98 719 
9.98 715 
9.98 712 

9.98 709 
9.98 7061 
9.98 703 

9.98 700 
9.98 697 
9.98 694 


9.98 690 


L Sin 


Prop. Pts 




3 .: 

4 7 4 . 6 
5 . 6 , 5.5 
6.51 6 4 
7 . 5 - 7.3 


19.0 18.7 18.3 

30 : 28 . 5128 . 0 ! 27 . 5 
40 38 . 0 ^ 37 . 3 : 36.7 

50 j 47 . 5 i 46 . 7 j 45.8 


9T 


2.6 


18.0 17.7 


30 f 27.0 


26 . 5 , 26.0 


40 ( 36 . 0 , 35.3 34.7 
50 j 45 . 0 i 44 . 2 | 43.3 


n 


0.20 
0.2 0 


0 . 3 i 0.2 
0.4 0.3 
6 . 0 | 0 , 5 | 0.4 
0.4 


0 . 4 , 0,3 
0 . 50.3 


25.5 2.0 
34 . 0 ) 2 . 7 


60,42.513.3j2.5 1.7 


2 , 01.3 


Prop. Pts. 


t 







































































































































































































































TABLE II 


14 


L Sin 


0J9.3S 3OS 


9.38 41S 
9.38 409 
9.3S 519 

9.38 570 
9.3S 620 
9.38 670 

9.38 721 
9.38 771 
9.38 821 


9.38 S71 


9.38 921 

9.38 971 

9.39 021 

9.39 071 
9.39 121 
9.39 170 

9.39 220 
9.39 270 
9.39 319 


9.39 369 


9.39 418 
9.39 467 
9.39 517 

9.39 566 
9.39 615 
9.39 664 



1 

2 

3 

4 

5 

6 

7 

8 
9 


10 


11 

12 

13 

14 

15 

16 

17 

18 
19 


20 

21 

22 

23 

24 

25 

26 

27 

28 
29 


3 


31 

32 

33 

34 

35 

36 

37 

38 

39 


40 


41 

42 

43 

44 

45 

46 

47 

48 

49 


m 


9.39 

9.39 

9.39 


9.39 


9.39 

9.39 

9.40 

9.40 

9.40 

9.40 

9.40 

9.40 

9.40 


.40 


9.40 

9.40 

9.40 


m 


51 

52 

53 

54 

55 

56 

57 

58 

59 


9.40 

9.40 

9.40 

9.40 

9.40 

9.40 


9.40 


9.40 

9.40 

9.40 

9.41 
9.41 
9.41 

9.41 

9.41 

9.41 


.41 


713 
762 
8111 


860 


909 

958 

006 

055 

103 

152 

200 

249 

297 


346 


394 

442 

490 

538 

586 

634 

682 

730 

778 


825 


873 

921 

968 


50 

51 

50 

51 
50 

50 

51 
50 
50 

50 

50 

50 

50 

50 

50 

49 

50 
50 

49 

50 

49 

49 

50 

49 

49 

49 

49 

49 

49 


49 

49 

48 

49 

48 

49 

48 

49 
48 


L Tan 


9.39 0 i 5 


C d ! L Ctn 


9.39 

S3 S 

9.39 

S92 

9. 39 

945 

9.39 

999 

9.40 

052 

9,40 

10(3 

9.40 

159 


9. 

40 

212 

9. 

40 

260 

9. 

40 

319 

9. 

40 

372 ! 

9, 

.40 

425 

9 

,40 

478 

9 

.40 

531 

9 

.40 

584 

9 

.40 

636 

9 

.40 

689 

9 

_ 

. 40_ 

742 


063 

111 

158 

205 

252 


300 


48 

48 

48 

48 

48 

48 

48 

48 

48 

47 

48 
48 

47 

48 

47 

48 

47 

47 

47 

48 


0. 

00 

102 

0 . 

00 

ins 

0. 

00 

055 

0. 

00 

001 

0 

59 

94S 

0 

59 

SO 4 

0 

.59 

x41 


L Cos \ d 


9. OS fi9U 

9.9S 0X7, 

9. its 0s4 : v 
9.9S CM; 

9.US o,x' ., 

it.its 075 1 4 
9.US 071 

■ i 

9. US 60S 
9. US 00;;> 

9 .US 002 j 



Prop. Pts. 


60 

59 

58 

o t 

50 


>j o 

54 



9.40 795 
9.40 S47 
9.40 900 

9.40 952 

9.41 005 
9.41 057 

9.41 109: 
9.41 161 
9.41 214 


9.41 266 


9.41 318 
9.41 370 
9.41 422 

9.41 474 
9.41 526 
9.41 578 

9.41 629 
9.41 681 
9.41 733 


9.41 784 


9.41 836 
9.41 887 
9.41 939 

9.41 990 

9.42 041 
9.42 093 

9.42 144 
9.42 195 
9.42 246 


9.42 297 


9.42 348 
9.42 399 
9.42 450 

9.42 501 
9.42 552 
9.42 603 

9.42 653 
9.42 704 
9.42 755 


54 

53 

53 

53 

53 

53 

53 

52 

53 

63 

53 

52 

53 

52 

53 


0.59 7Ss 

y. its 

0.59 734 

9.9S 

0.59 os 1 

9.98 

0.59 62S 

9.98 

1 0.59 575 

9.98 

0.59 522 

9. US 

0.59 469 

9.98 

0.59 416 

0.98 

0.59 364 

9.98 

0.59 311 

9.9S 

0.59 25S 

9.9S 


50 

49 



52 

53 

52 

52 

52 

52 

52 

52 




51 

52 
52 

51 

52 

51 

52 

51 

51 

62 

51 

51 

51 

51 

51 

51 

51 

51 

51 

51 


61 


50 


L Ctn 


EDI 


0.59 205 
0.59 153 
0.59 100 

0.59 04S 
0.58 995 
0.58 943 

0.58 S91 
0.5S 839 
0.58 786 


0.5S 734 


0.58 682 
0.58 630 
0.58 578 

0.58 526 
0.58 474 
0.58 422; 

0.58 371 
0.58 319 
0.58 267 


0.58 216 


0.58 164 
0.58 113 
0.58 061 

0.58 010 
0.57 959 
0.57 907 

0.57 856 
0.57 805 
0.57 754 


0.57 703 


0.57 652 
0.57 601 
0.57 650 

0.57 499 
0.67 448 
0.67 397 

0.67 347 
0.57 296 
0.57 245 


0.57 195 


L Tan 


9.98 623 
9.98 020 
9.98 617 

9.98 614 
9.98 610 
9.98 607 

9.98 604 
9.98 601 
9.98 597 


9.98 594 


9.98 591 
9.98 588 
9.98 584 

9.98 581 
9.98 578 
9.98 574 

9.98 571 3 
9.98 568 1 
9.98 505 


9.98 561 


9.98 558 
9.98 555 
9.98 551 

9.98 548 
9.98 545 
9.98 541 

9.98 538 
9.98 535 
9.98 531 


9.98 528 


9.98 525 
9.98 521 
9.98 518 

9.98 515 
9.98 511 
9.98 508 

9.98 505 
9.98 501 
9.98 498 


9.98 494 


L Sin 


47 

46 

45 

44 

43 

42 

41 


40 


39 

38 

37 

36 

35 

34 


QO 

u *.f 

31 

30 


28 

27 

26 

25, 

24 

231 
22 
21 


20 


19 

15 
17 

16 
15 
14 

13 

12 

11 


10 


9 

8 


54 [ 53 | 52 

1; (Ml 0.9 0.0 
2' 1 .V 1.8; 1.7 
0 2.7 2.0 : 2.6 


r j r 


*/ r * z 

’ .j . O *J , O 


5' 4.5ii 4,4 4.3 

6- 5.4: 5 . 3 ! 5.2 

7, 6.3 6.2; 6.1 

8, 7.2 7.1 1 6,9 

9, S.l 8.0 1 7.8 
lOj 9,0. 8.8’ 8.7 
20 18.0 17.7 17.3 
30 27.0,26.5 20.0 
40)36.O'35.3 34.7 
5Qi4o.0.44.2:43.3 


"I 51 

1 0, 
2 ! 1 . 
3j 2. 
4 ! 3 . 

5 4 . 

6 5 . 

7 6. 

8 6 . 
9 7 . 

10 8 , 
20 17 . 
30 j 25 . 
40 34 . 
50 42 . 


' 50 

81 O.81 

7 1 . 7 ] 
6 2 . 5 ! 

4 3.3 
2 4.2 
1 5.0 
0 5.8 

8 6.7 
6 7.5 

5 8.3 
0 16.7 


49 

0 8 
1.6 

2.4 

3.3 

4.1 
4.9 
5.7 

6.5 

7.4 

8.2 

16.3 


5 f 25 . 0 | 24.5 
0 33 . 3132.7 

5 , 41 . 7 i 40.8 



Prop. Pte 






















































TABLE II 


15 


L Sin 


0 9.41 300 


9.41 

9.41 

9.41 

9.41 

9.41 

9.41 

9.41 

9.41 

9.41 


347 

394 

441 

488 

535 

582 

62S 

675 

722 


10 9.41 768 


11 


9.41 815“ 
9.41 861 
9.41 90S 

9.41 954 

9.42 001 
9.42 047 

9.42 093 
9.42 140 
9.42 186 


d 


L Tan 


42 805 


42 856 
42 906 

42 957 

43 007 
43 057 

108 

158 
20S 
258 


c d 


47 


20 9.42 232 

21 9.42 278 

22 9.42 324 
23|9.42 370 

9.42 416 
9.42 461 
9.42 507 

9.42 553 
9.42 599 
9.42 644 


„ | 9.43 308 

43 358 
43 408 
43 458 

508 
558 
607 

657 
707 
756 


30 9.42 690 

3119.42 735 

32 9.42 781 

33 9.42 826 

3419.42 872 
35 9.42 917 
36|9.42 962 

9.43 008 
9.43 053 
9.43 098 

9.43 143 


9.43 806 

"855 
905 
954 

004 
053 
102 

151 
201 
250 


L Ctn 

L Cos 

0 

.57 

195 

9 

.98 

494 

0 

.57 

144 

9 

.98 

491 

0 

.57 

094 

9 

.98 

488 

0 

wr 

. Oi 

043 

9 

.98 

484 

0 

.56 

993 

9 

.98 

481 

0 

.56 

943 

9 

.98 

477 

0 

.56 

892 

9 

.98 

474 

0 

.56 

842 

9 

.98 

471 

0 

.56 

792 

9 

.98 

467 

0 

.56 

7421 

9 

.98 

464 

b. 

56 

692 

9‘ 

.98 

460 

0. 

56 

642 

9. 

,9S 

457 

0. 

56 

592 

9. 

98 

453 

0. 

56 

542 

9. 

98 

450 

0. 

56 

492 

9. 

98 

447 

0. 

56 

442 

9, 

98 

443 

0. 

56 

393 

9. 

9S 

440 

0. 

56 

343 

9. 

98 

436 

0. 

56 

293 

9. 

98 

433 

0. 

56 

244 

9. 

98 

429 

0. 

56 

1941 

9. 

98" 

426 


60 


50 


9.44 299 


9.44 

9.44 

9.44 

9.44 


348 

397 

446 

495 


0.56 145 
0.56 095 
0.56 046 

0.55 996 
0.55 947 
0.65 898 

0.55 849 
0.55 799 
0.55 750 


9.98 422 
9.98 419 
9.98 415 

9.98 412 
9.98 409 
9.98 405 

9.98 402 
9.98 398 
9.98 395 


9.43 

9.43 

9.43 

9.43 

9.43 

9.43 

9.43 

9.43 

9.43 


188 

233 

278 

323 

367 

412 

457 

502 

546 


9.44 544 
9.44 592 

9.44 641 
9.44 690 
9.44 738 


44 


5019.43 591 


9.43 

9.43 

9.43 

9.43 

9.43 

9.43 

9.43 

9.43 

9.43 


635 

680 

724 

769 

813 

857 

901 

946 

990 


9 -44 034 

L Cos 


9.44 836 
9.44 884 
9.44 933 

9.44 981 

9.45 029 
9.45 078 

9.45 126 
9.45 174 
9.45 


0.55 701|9.98 391 

9.98 388 
9.98 384 
9.98 381 

9.98 377 
9.98 373 
9.98 370 

9.98 366 
9.98 363 
9.98 359 


0.55 652 
0.55 603 
0.55 554 

0.55 505 
0.55 456 
0.55 408 

0.55 359 
0.55 310 
0.55 262 


9.45 


9.45 

9.45 

9.45 

9.45 

9.45 

9.45 

9.45 

9.45 

9.45 


319 

367 

415 

463 

511 

559 

606 

654 

702 


0.55 2131 9.98 356 

9.98 352 
9.98 349 
9.98 345 

9.98 342 
9.98 338 
9.98 334 

9.98 331 
9.98 327 
9.98 324 


0.55 164 
0.55 116 
0.55 067 

0.55 019 
0.54 971 
0.54 922 

0.64 
0.54 
0.54 778 


9.45 750 


0-54 729|9.98 320 

9.98 317 
9.98 313 
9.98 309 

9.98 306 
9.98 302 
9.98 299 

9.98 295 
9.98 291 
9.98 288 


0.54 681 
0.54 633 
0.54 585 

0.54 537 
0.54 489 
0.54 441 

0.54 394 
0.54 346 
0.54 298 


0.54 25019.98 284 


L Tan I L Sin 


Prop. Pts. 


51 

1 60 

1 « 

0.8 

1 0.8 

b 

0.8 

1.7 

1.7 

1 1.6 

2.6 

2.5 

! 2.4 

3.4 

3.3 

3.3 

4.2 

4.2 

4.1 

5 . 1 ! 

5.0 

4.9 

6 . 0 j 

5.8 

5.7 

6.8 

6.7 

6.5 

7 . 6 , 

t 

7 . 5 , 

7.4 

8.5 

8.3 

8.2 


20 jl 7.0 16 . 7 . 16.3 
30 25.5 25.0 24.5 
40j34.0,33.3 32.7 
50142 . 5 ' 41 . 7140.8 


rf 


30,24 
40 32 . 

50 ' 40 . 


47 [ 46 

O.81 0.8 
1.6 

2.4 

3.1 
3.9 

4.7 

5.5 
6.3 
7.0 

7.8 

15 . 7 , 15.3 
0 | 23.5 23.0 
0 i 31.3 30.7 
0l39.2l38.3 


/# 


1.5,0.1*0.1 


2.2 


0.2 


2.9,0.3 


0.3 0.2 


6,6 0.6 
7.3|0.7|0.5 
14.7 
22.0 
29.3 2.7 
36.7|3.3l2.5 


Prop. Pts* 


193 
























































































































































































































0.52 

3321 

0.52 

285 

O.o- 

2 4 r j 1 

0.52 

ir+4 

0 52 

148 























































17 


L Sin d I L Tan 


9.46 594 


9.46 

9.46 

9.46 

9.46 

9.46 

9.46 

9.46 

9.46 

9.46 


635 

676 

717 

758 

800 

841 

882 

923 

964 


9.47 005 


9.48 534 

9.48 
9.48 
9.48 

9.48 
9.48 
9.48 

9.48 
9.48 
9.48 


579 

624 

669 

714 

759 

804 


L Ctn 


0.51 466 


9.47 

9.47 

9.47 

9.47 

9.47 

9.47 

9.47 

9.47 

9.47 


045 

0S6 

127 

168 

209 

249 

290 

330 

371 


9.48 984 


9.47 411 


9.47 

9.47 

9.47 

9.47 

9.47 

9.47 

9.47 

9.47 

9.47 


452 

492 

533 

573 

613 

654 

694 

734 

774 


9.49 

9.49 

9.49 

9.49 

9.49 

9.49 

9.49 

9.49 

9.49 


029 

073 

118 

163 

207 


0.51 421 
0.51 376 
0.51 331 

0.51 286 
0.51 241 
0.51 

0.61 
0.51 
0.51 061 


L Cos 


9.98 060 


9.98 056 
9.98 052 
9.98 048 

9.98 044 
9.98 040 
9.98 036 

9.98 032 


d 


60 




9 


029 


4 


9.98 025 


341 

385 


9.49 430 


0.61 0161 9.98 021 

0.50 971 
0.50 927 
0.50 882 

0.50 837 
0.50 793 
0.50 748 

0.50 704 
0.50 659 
0.50 615 


9.98 017 
9.98 013 
9.98 009 

9.98 005 
9.98 001 
9.97 

9.97 
9.97 989 
9.97 986 


4 


0.60 57019.97 982 


9.47 814 


9.47 

9.47 

9.47 

9.47 

9.48 
9.48 

9.48 

9.48 

9.48 


854 

894 

934 

974 

014 

054 

094 

133 

173 


9.48 213 


9.48 

9.48 

9.48 

9.48 

9.48 

9.48 

9.48 

9.48 

9.48 


252 

292 

332 

371 

411 

450 

490 

529 


9.49 

9.49 

9.50 

9.50 

9.50 

9.50 

9.50 

9.50 

9.60 


916 

960 

004 

048 

092 

136 

180 

223 

267 


0.50 526 
0.50 481 
0.50 437 

0.50 393 
0.50 348 
0.50 304 

0.50 260 
0.50 216 
0.50 172 


9.97 978 
9.97 974 
9.97 970 

9.97 966 
9.97 962 
9.97 958 

9.97 
9.97 
9.97 946 


4 


4 


0^50 128| 9,97 942 

9.97" 938’ 
9.97 934 
9.97 930 

9.97 926 
9.97 922 


9.50 311 

9.50 355 
9.50 398 
9.50 442 

9.50 485 
9.50 529 
9.60 572 

9.50 616 
9.60 659 
9.60 703 


0.50 084 
0.50 040 
0.49 996 

0.49 952 
0.49 908 
0.49 864 

0.49 820 
0.49 777 
0.49 733 


9 


918 


9.97 914 
9.97 916 
9 


_906 

049 689|9.97 902 

9.97 898 


9.50 746 


9.50 

9.50 

9.50 

9.50 

9.50 

9.51 
9.51 

9.51 

9.51 


789 

833 


962 

005 

048 

092 


0.49 645 
0.49 602 
0.49 558 

0.49 515 
0.49 471 
0.49 428 

0.49 384 
0.49 341 
0.49 297 


9.97 
9.97 

9.97 886 
9.97 882 
9.97 878 

9.97 874 
9.97 870 
9.97 866 


4 


4 


4 


56 
55 
54 

53 
52 
51 

50 

49 
48 
47 

46 
45 
44 

43 
42 

41 

40 

39 
38 
37 

36 
35 
34 

33 
32 

31 

30 

29" 

28 
27 

26 
25 
24 

23 
22 

21 


0.49 25419-97 861 


9.51 178 


L Ctn 


43 


0.49 211 

0.49 167 
0.49 124 

0.49 081 
0.49 038 
0.48 995 

0.48 952 
0.48 908 
0.48 865 


9.97 857 
9.97 853 
9.97 849 

9.97 845 
9.97 841 
9.97 837 

9.97 833 
9.97 829 
9.97 825 


5 


19 

18 

17 

16 

15 

14 

13 

12 

11 


9 


0 48 82219.97 821 


L Tan I L Sin 


4 


4 


0 


TABLE n 

Prop. Pts 


" " ' 44 

0.7 
1.6 
2.2 

2.9 
3.7 
4.4 
5.1 

5.9 
6.6 
73 

15.0,14.7il4.3 
22.5 22.0'21.5 
30.0 29.3|28.7 
50137.5]36,7135.8 


ft 

42 

1 41 I 

1 

0,7 

0.7 

2 

l 14 

1.4 

3 

2.1 

! 2.0 

4 

2.8 

2.7 

5 

3.5 

3.4 

6 

4 ° 

* “I 

4.1 

7 

4,9! 

4.8' 

8 

5.6 

5.5 

9 

6.3, 

6.2 

?! 

7.0 

6.8 


30:21.0,20.5,20.0 
40{28.0127.3 26.7 
50|35.0i34.2|33.3 


it 


0.60.1 0.1 


0.2 

2.0 0.2 
2.6 0.3|0.3 
3.2 0.410.3 
3.9 0.5|0.4 
0 


0.1 0.1 
0 . 20.2 


4.6,0.6 
5.2 0.7 
5.8 0.8[0 
6.5 0.8 0 


9 

10 

20| 13.0 
19.5 
26.0 

50[ 32.5|4,2 


0.50.4 


6 


0.4 


7 0.5 


1.3 
2.Oil.5 


Prop. Pts 


195 

























































































































































































































































TABLE II 


18° 


9.48 998 


9.49 
9.49 
9.49 

9.49 

9.49 

9.49 

9.49 

9.49 

9.49 


037 

076 

115 

153 

192 

231 

269 

308 

347 


d I L Tan c d L Ctn 


9.49 3S5 


9.49 

9.49 

9.49 

9.49 

9.49 

9.49 

9.49 

9.49 

9.49 


424 

462 

500 

539 

577 

615 

654 

692 

730 


9.49 768 


9.49 806 
9.49 844 
9.49 8S2 

9.49 920 
9.49 958 

9.49 996 

9.50 034 
9.50 072 
9.50 110 

9.50 148 

9.50 185 
9.50 223 
9.50 261 

9.50 298 
9.50 336 
9.50 374 

9.50 411 
9.50 449 
9.50 486 


9.50 523 

9.50 561 
9.50 598 
9.50 635 

9.50 673 
9.50 710 
9.50 747 

9.50 784 
9.60 821 
9.50 858 

9.50 896 


9.50 933 

9.50 970 

9.51 007 

9.51 043 
9.51 080 
9.51 117 

9.61 154 
9.51 191 
9.61 827 

9.51 364 


y .51 

9.51 

9.51 

9.51 

9.51 

9.51 

9.51 

9.51 

9.51 

9.51 


47S 

520 

563 


9.51 606 


9.51 

9.51 

9.51 

9.51 


648 

691 

734 

776 


0.48 

if 48 
0.4S 
0.48 

0.4S 

0.48 

0.48 

0.48 
0.48 
0.48 


L Cos 


9. 

51 

819 

9. 

51 

861 

9. 

51 

903 , 

9. 

51 

946 

9. 

51 

9SS 

9. 

52 

031 

9. 

52 

073 

9. 

52 

115 

9. 

52 

157 

9. 

52 

200 

9. 

52 

242 

9. 

52 

284 j 

9. 

52 

326 

9. 

52 

3G8 

9. 

52 

410 

9, 

52 

452 

9. 

52 

494 

9. 

52 

536 

9. 

52 

578 

9. 

52 

620 

9. 

52 

661 

9. 

v> 

703 

9 

.52 

745 

9 

.52 

787 

9 

.52 

829 

9 

'52 

870 

19 

.62 

912 

9 

.52 

953 

9 

.62 

995 

9 

.63 

037 

9 

.63 

078 

9 

.63 

120 

9 

.63 

161 

9 

.53 

202 i 

9 

.53 

244 

9 

.53 

285 

9 

.53 

327 

9 

.53 

368 

1 9 

.53 

409 

19 

.53 

450 

9 

.63 

492 

1° 

.53 

633 

19 

i.53 

574 

9 

, 53 

615 

|fi 

>.63 

656 

E 

1.53 

697 

| L Cta 


0.4S 

0.48 

0.48 

0.4S 

0.4S 

0.48 

0.48 

0.4S 

0.48 

0.48 


0.47 


0.47 

0.47 

0.47 

0.47 

0.47 

0.47 

0.47 

0.47 

0.47 


L Cos 

y.'.i? 821 

9.97 
9.97 

9.97 SOS 

9.97 S04 
9.97 800 
9.97 796 

9.97 792 
9*97 788 
43719.97 784 

9.97 7 79 

9.97 iio 
9.97 771 
9.97 767 

9.97 763 
9.97 759 
9.97 

9.97 

9.97 746 
9.97 742 

9.97 738 

9.97 734 
9.97 729 
9.97 725 

9.97 721 
9.97 717 
9.97 713 

9.97 708 
9.97 704 
9.97 700 


Prop. Pts. 


012 


40 


927 

885 

843 

800 

758 

716 

674 

632 

590 


0.47 


0.47 
0.47 
0.47 

0.47 

0.47 

0.47 

0.47 

0.47 

0.47 

6.47 


548 

506 

464 

422 


0.47 

0.47 

0.47 

0.46 

0.46 

0.46 

0.46 

0.46 

0.46 


0.46 

0.46 
0.46 
0.46 

0.46 

0.46 

0.46 

0.46 

0.46 

0.46 


088 
047 
005 

963 

922 

880 

839 

798 

756 

7 ip 

673 

632 

591 

550 

508 

467 

426 


9.97 696 

9.97 691 
9.97 CS7 
9.97 683 

9.97 679 
9.97 674 
9.97 670 

9.97 666 
9.97 662 
9.97 657 

9.97 653 

9.97 649 
9.97 645 
9.97 640 

9.97 636 
9.97 632 
9.97 628 

9.97 623 
9.97 619 
9.97 615 

9.97 6i0 

9.97 606 
9.97 602 
9.97 697 

9.97 593 
9.97 589 
9.97 684 

9.97 580 
9.97 576 
9.97 571 


30 


0.46 303 


L Tan 


9.97 667 


L Sin 


t 


43 

42 I 

41 

0.7 

0.7 

0.7 

1.4 

1,4 

1.4 

2 .2' 

2.1 

2.0 

2.9 

2.8 

2.7 

3.6 

3.5 

3.4 

4.3 

4.2 

4.1 

5.0 

4.9 

4.8 

5.7 

5.6 

5.5 

6.4 

6.3 

6.2 

7.2 

7.0 

6,8 


10 

20 X 4,3 14 . 0 ! 13.7 
30 21.5 21 . 0 : 20.5 
40 28 . 7 | 28 . 0 i 27.3 
50 i 35 , 8135 . 0134.2 


ff 

39 

38 ; 

87 

1 

0.6 

0.6 

0.6 

2 

1.3 

1.3 

1.2 

3 

2.0 

1.9 

1.8 

4 

2.6 

2.5 

2.5 

5 

3.2 

3.2 

3.1 

6 

3.9 

3,8 

3.7 

7 

4.6 

4.4 

4.3 

8 

5,2 

5.1 

4.9 

9 

5.8 

5,7 

5.6 

10 

6.5 

6.3 

6.2 

20 

13,0 

12.7 

12.3 

30 

19.5 

19.0 

18.5 

40 

26.0 

25.3 

24.7 

50 

32.5 

31.7 

30.8 


rt 



1 . 20 . 20.1 


3*0 0.5 


0,8 0.7 


1.7 


18.02.^2.0 


24.0 


1.3 


3.3 


30.014.2] 


Prop- Pts 































19 ° 


9.51 264 


9.51 

9.51 

9.51 

9.51 

9.61 

9.51 

9.51 

9.51 

9.51 


301 

338 

374 

411 

447 

484 

620 

557 

593 


c d I L Ctn 


0.46 


10 9.51 629 


9.61 

9.51 

9.61 

9.51 

9.61 

9.51 

9.51 

9.51 

9.51 


666 

702 

738 

774 

811 

847 

883 

919 

955 


0.46 

0.46 

0.46 

0.46 
0.46 
0.46 

0.46 
0.45 
0.45 

0.45 


60 


.97 623 

519 
615 


9.51 991 


9.52 
9.52 
9.52 

9.52 
9.52 
9.52 

9.52 

9.52 

9.52 

9.62 

9.52 
9.52 
9.52 

9.52 
9.52 
9.62 

9.52 
9.52 
9.52 


027 

063 

099 


9.54 

9.54 

9.54 

9.54 

9.54 

9.54 

9.54 

9.54 

9.54 

9.54 


652 

693 

633 

673 

714 

754 

794 

835 


0.45 

0.45 813 19 
0.45 77219.97 

0.45 731I9.97 
0.45 691 9.97 501 
0.45 65019.97 

0.45 610|9.97 
0.45 569 9.97 488 
0.45 529 19.97 


50 


5 

4 


0.45 488 19.97 479 


9.54 915 


385 

421 

456 

492 

527 

563 

598 

634 

669 


9.52 705 


9.54 

9.54 

9.55 

9.55 

9.55 

9.55 

9.55 

9.55 

9.65 


955 

995 

035 

076 

115 

155 

195, 
235 
275 


0.45 

0.45 

0.45 

0.45 

0.45 

0.45 

0.45 

0.45 

0.45 


448 

407 

367 

327 

286 

246 

206 

165 

125 


9.97 475 
9.97 470 
9.97 

9.97 
9.97 457 
9.97 


47 

46 

45 

44 

43 

42 

41 


9 

9.97 


448 


4 


_ 9.97 439 

0.45 08519.97 435 


9.52 

9.52 

9.52 

9.52 

9.52 

9.52 

9.52 

9.52 

9.53 

9.53 


740 

775 

811 

846 

881 

916 

951 

986 

021 


9.55 315 


0.45 

0.45 

0.44 

0.44 

0.44 

0.44 

0.44 

0.44 

0.44 


045 
005 
965(9 

925 19 
885 
845 | 9 

805 9 
765 9 
725 9 


9.97 


9.53 

9.53 

9.53 

9.53 

9.53 

9.53 

9.53 

9.53 

9.53 

9.53 


092 

126 

161 

196 

231 

266 

301 

336 

370 

405 


9.55 

9.55 

9.55 

9.55 

9.55 

9.55 

9.55 

9.55 

9.55 


355 

395 

434 

474 

514 

554 

593 

633 

673 


9.97 
.97 421 

.97 417 
.97 412 
.97 408 

.97 403 
.97 399 
.97 394 


4 


4 


40 

39 

38 

37 

36 

35 

34 

33 

32 

31 

30 

29 


55 712 


0.44 685 ( 9.97 3 90 

0.44 645 9.97 385 
0.44 605 9.97 381 
0.44 566 9.97 376 

0.44 5261 9.97 372 
0.44 486 9.97 367 
0.44 446 9.97 363 

0.44 407 9.97 358 
0.44 367 9.97 353 
0.44 327 9.97 349 


9.55 

9.55 

9.55 

9.55 

9.55 

9.55 

9.55 

9.56 
9.56 


752 

791 

831 

870 

910 

949 

989 

028 

067 


9.56 107 


L c os I d I L Ctn 


0.44 288 


0.44 
0.44 
0.44 

0.44 
0.44 
0.44 

0.44 
0.43 
0.43 

0.43 

L Tan 


248 

209 

169 

130 

090 

051 

Oil 

972 

933 


9.97 344 


t.97 340 

1.97 335 

1.97 331 

.97 326 
.97 322 
•97 317 

.97 312 
.97 308 
.97 303 


9.97 299 


L Sin 


TABLE II 

Prop. Pts. 


it 


30 | 20.5 
27.3 
34.2 


13.3 13.0 
20.0 19.5 
26.7 26.0 


33.3 


32.5 


if 


20| 12.3 
18.5 
24.7 
50 , 30 . 8 , 30 . 


ft 


0.6 0.1 
1 . 1 - 0.2 
1 . 70.2 


0.3 0.3 


0 . 60.5 
0.7 0.5 


5.7 
20111.3 


17 . 0 | 2.6 
3.3 


1.7 1.3 


22.7 

28.3 


4.213.3 


Prop. Pts, 


197 























































































































































































































































TABLE II 


20 





L Sin 

9 

.53 

405' 

9' 

i53 

440 

9 

.53 

475 

9 

.53 

509 

9 

.53 

544 

9 

.53 

578 

9 

.53 

613 

9 

.53 

647 

9 

.53 

682 

9 

.53 

716 



L Cta L Cos 


I 


9. 

53 

751 

9. 

53 

785 

9. 

53 

819 

9 - 

.53 

854 

9 

.53 

888 

9 

.53 

922 

9 

.53 

957 

9 

.53 

991 

9 

. 54 

025 

9 

.54 

059 



I 


20 

21 9,54 127 

22 9,54 161 

23 9.54 195 

24 9*54 229 

25 9.54 263 



35 

35 

34 

35 

34 

35 

34 

35 

34 

35 

34 

34 

35 

34 

34 

35 

34 

34 

34 


£ 


9. 

56 

107 

9. 

56 

146 

9- 

56 

1S5 

9. 

56 

224 

9, 

56 

264 

9. 

.56 

303 

9 

.56 

342 

9 

.56 

381 

9 

.56 

420 

9 

.56 

459 

9_ 

.56 

"‘498 


9.56 537 
9-56 576 
9.56 615 

9.56 654 
9.56 693 
9.56 732 

9-56 771 
9.56 810 
9.56 849 


9. 

54 

297 

9. 

54 

331 

9. 

54 

365 

9. 

54 

399 

9. 

54 

■433 

9. 

54“ 

466" 

9. 

54 

500 

9. 

54 

534 

9. 

54 

567 

9. 

54 

601 

9. 

54 

635 

9, 

.64 

668 

9. 

,64 

702 

9 

.54 

735 

9 

!54 

769 

9 

^54 

802 

9 

.64 

836 

9 

.54 

869 

9 

.54 

903 

9 

.54 

936 

9 

.54 

969 

9 

.55 

003 

9 

.55 

036 

9 

.65 

069 

9 

,55 

’102 
--—* 


51 9.55 136 

52 9.65 169 

53 9.55 202 

54 9.55 235 

55 9.55 268 

56 9.55 301 

57 9.55 334 

58 9.55 367 

59 9.5 5 400 

501 9 65 433 


34 

34 

34 

34 

34 

34 

34 

34 

34 

34 

33 

34 
34 

33 


34 

33 

34 

33 

34 

33 

34 

33 

34 
33 

33 

34 
33 
33 

33 

34 

33 

33 

33 

33 

33 

33 


W 


88 

33 


9. 

MMibVM 

9. 

56 

626 

9, 

56 

965 

9. 

57 

004 

9. 

57 

042 

9. 

57 

081 

9 

.57 

120 

9 

.57 

158 

9 

.57 

197 

9 

.57 

235 

9 

.57 

274 


9.57 312 
9.57 351 
9.67 389 

9.57 428 
9.57 466 
9.57 504 


;9. 

57 

543 

9. 

57 

581 

9. 

57* 

619 

9 

57 

653 

9 

’57 

696 

9 

,57 

734 

9 

.57 

772 

9 

.57 

810 

9 

.57 

849 

9 

.57 

887 

9 

.57 

925 

9 

.57 

963 

9 

,58 

001 



'#1* 



39 

38 

38 

39 

38 

38 

38 

38 



9.68 

077 

9.58 

115 

9.58 

153 

9.58 

191 

9.68 

229 

9.68 

207 

9.58 

304 

9.58 

342 

9.58 

380 

9.58 

418 


38 




38 

38 

38 



37 

38 
38 

38 


0.43 8 

0.43 8 
0.43 S 
0.43 7 

0.43 7 
0.43 6 
0.43 6 

0.43 6 
0.43 5 
0.43 5 


0.43 £ 


0.43 4 
0.43 4 
0.43 £ 

0.43 J 
0.43 J 
0.43 ' 

0.43 : 
0.43 : 
0.43 : 


0.43 : 


0.43 I 
0.43 < 
0.42 « 

0.42 ! 
0.42 ! 
0.42 : 

0.42 : 

0.42 

0.42 


0.42 


0.42 

0.42 

0.42 

0.42 

0.42 

0.42 

0.42 

0.42 

0.42 


0.42 


0.42 

0.42 

0.42 

0.42 

0.42 

0.42 

0.42 

0.42 

0.41 


0.41 


0.41 

0.41 

0.41 

0.41 

0.41 

0.41 

0.41 

0.41 

0.41 


854 

S15 

776 

736 

697 


619 


541 


502 


463 

424 

3S5 

346 
307 
2 OS 

229 

190 

151 


113 


074 

035 

996 

958 

919 

S80 

842 

803 


9. 

97 

299 

9" 

97 

294 

9. 

97 

289 

9. 

97 

285 

9. 

97 

280 ; 

9. 

97 

276 

9. 

97 

271 

9. 

97 

266 ! 

9. 

97 

262 

9 

.97 

257 

9 

■97 

252 

9 

.97 

'248 

9 

.97 

243 

9 

.97 

238 

9 

.97 

234 

9 

.97 

229 

9 

.97 

90 4 

#4—i j— -L 

9 

.97 

220 

9 

.97 

215 

9 

-97 

210 

9 

.97 

206 



Prop. Pts. 


688 

649 

611 

572 

534 


9.97 201 
9.97 196 
9.97 192 

9.97 187 
9.97 182 
9.97 178 

9.97 173 
9.97 168 
9.97 163 

9.97 159 


9.97 154 
9.97 149 
9.97 145 


457 

419 

381 


342 


304 


228 

190 

151 

113 

075 

037 

999 


961 


923 

885 


809 

771 

733 

606 

658 


L Ctn c d 


0,41 582 


L Tan 


9.97 140 
9-97 135 

9.97 130 

9-97 126 
9.97 121 
9.97 116 


9-97 111 


9.97 107 
9.97 102 

9.97 097 

9.97 092 

9.97 087 
9.97 083 

9.97 078 
9.97 073 
9.97 068 


9.97 063 


9-97 059 
9.97 054 
9.97 049 

9.97 044 
9.97 039 
9.97 035 

9.97 030 
9.97 025 
9*97 020 


9.97 015 


L Sin 


6 

5 

4 

5 

4 

5 

5 

4 

5 

5 

4 

5 
5 

4 

5 
5 

4 

5 
5 

4 

5 
5 

4 

5 
5 

4 

5 
5 
5 

4 

5 
5 

4 

5 
5 
5 


4 


5 

5 

5 

4 

5 
5 

5 

5 

4 

5 
5 
5 

5 

4 

6 

5 

5 

5 

4 


60 


59 

58 

57 

56 

55 

54 

53 

52 

51 




49 

48 

47 

46 
45 
44 1 

43 

42 

41 


40 


39 

38 

37 

36! 

35 

34 

33 

QO 

31 


30 


29 

25 

27 

26 
25 
24 

23 


21 


20 


19 

18 

17 

16 

15 

14 

13 

12 

11 


10 


9 

S 


40 

0,7 


39 

0 . 


1 0.7 0. 

2 1.3 1. 

3 2.0 2 . 

4 2.7 2 . 

5 3.3 3 . 

6 4.0 3 . 

7 4.7 4 . 

8 5.3 5. 

9 6.0l 5. 
10 6.7 6. 
2013.3 13 . 
30 ! 20 . 0 ' l 9 . 
40 : 26.7 26. 
50 ; 33 . 3 j 32 , 



6 | 0.6 
3 1.3 
0 1.9 
6 2.5 
2 3.2 
9 3.8 
6 4.4 
2 5.1 
8 5.7 
5 6.3 
0 12.7 
549.0 
0 i 25.3 
5 31.7 


"| 37 1 36 f 34 

1 0.6 0.6 0.6 
2 1.2 1.2 1.1 

3 l . s ! 1.8 1.7 

4 2.5 2.3 2.3 

5 3.1 2.9 2.8 

6 3.7 3.51 3.4 

7 4.3 4.1 4.0 

8 4.9 4,7 4.6 

9 5.6 5.2 5.1 
10 6.2 5.8 5.7 
20 12.3 11.7 11.3 
30 18 . 5 , 17.5 17.0 
40 24.7 23.3 22.7 
50 30 . 8 r 29 . 2 | 28.3 




"I 33 I 6 I 4 
1 0 . 60 . 10.1 
2 1 . 10 . 20.1 

3 1 . 60 . 20.2 

4 2 . 20 . 30,3 

5 2.8:0.40.3 

6 3 . 3 | 0.5 0.4 

7 3.80.60.5 

8 4.40.70,5 

9 5.00.80.6 
10f 5.50.80.7 
20 11.0 1.7 1.3 
30 16.62.5 2.0 
40 22.03.3 2.7 
50l27.514.213.3 


Prop. PtS. 



























019.55 433 


9.55 466 
9.55 499 
9.55 532 

9.55 664 
9.55 597 
9.55 630 

9.55 663 
9.55 695 
9.55 728 

1019.55 761 


L Tan 


9.58 41S 


9.58 

9.5S 

9.58 

9.5S 

9.5S 

9.5S 

9.58 

9.5S 

9.58 


45o 

493 

531 

569 

606 

044 

6S1 

719 

757 


c d 


21 

L Ctn I L Cos 


0.41 58219.97 015 


0.41 

0.41 

0.41 

0.41 

0.41 

0.41 

0.41 

0.41 

0.41 


545" 

507 

469 

431 

394 

356 

319 

281 

243 


9.97 

9.97 

9.97 

9.96 

9.96 

9.96 

9.96 
9.96 
9.96 


60 


010 
005 
001 

996 
991 
9861 

981 


9.55 793 
9.55 826 
9.55 858 

9.55 S91 
9.55 923 
9.55 956 

9.55 988 

9.56 021 
9.56 053 


958 794 


9.58 

9.58 

9.58 

9.58 

9.58 

9.59 


832 

869 

907 

944 

981 


0.41 20619.96 966 


9.56 085 

9.56" 118 
9.56 150 
9.56 182 

9.56 215 
9.56 247 
9.56 279 

9.56 311 
9.50 343 
9.56 375 

9.56 408 

’9.56 440 
9.56 472 
9.56 504 

9.56 636 
9.56 568 
9.56 599 

9.56 631 
9.56 663 
9.56 695 

9.56 727 


r. l 32 


33 19.69 056 
32 1 9.59 094 
9.59 131 

9.59 168 


37 


0.41 

0.41 

0.41 

0.41 

0.41 

0.40 


168 

131 

093 

056 

019 

981 


9.96 

9.96 

9.96 

9.96 

9.96 

9.96 


957 


51 


937 


33 


33 


32 | 9.59 205 
9.59 243 
9.59 280 

9.59 317 

32 | 9.59 354 
9.59 391 

32 I 9. 59 429 


38 10.40 94419.96 932 
37 0.40 90619.96 927 


37 

37 


0.40 


9.96 


0.40 83 219.96 917 

38 1 0.40 79519.96 912 
37 |0.40 75719.96 907 
0.40 72019.96 903 


37 

37 10.40 


4 


9.96 898 


33 

32 

32 


9 

9 59 


466 


37 0.40 646 9.96 

38 0.40 609 9.96 

37 0.40 57119.96 


9.59 


9 


32 I 9.59 614 
32 9.59 651 

32 1 9.59 688 
31 9.69 725 


32 


9.59 


32 19.59 799 
32 I 9•59 835 
9.59 872 


9.56 

9.56 

9.56 

9.56 

9.56 

9.56 

9.56 

9.56 

9.57 


759 

790 

822 

854 

886 

917 

949 

980 

012 


9.69 909 


32 
32 

31 19.59 946 

32 9.59 983 


32 

32 


9.60 019 
9.60 


31 19.60 093 

32 9.60 130 

31 19.60 166 

32 I 9.60 203 


9.57 044 


9.57 

9.57 

9.57 

9.57 

9.57 

9.57 

9.57 

9.57 

9.57 

9.57 


075 

107 

138 

169 

201 

232 

264 

295 

326 

358 


32 

31 


L Cos 


9.60 240 

9.6 0 27ji 

9.60 313 
9.60 349 
9.60 386 

9.60 422 
9.60 459 
9.60 495 

9.60 532 
9.60 568 

9.60 605 

9.60 641 

LC 


37 

37 

37 
37 
37 

37 
37 
37 

37 

36 

37 

37 

37 

37 

36 

37 
37 
37 

36 

37 
37 

36 

37 


0.40 


9.96 878 


0.40 49719.96 873 


0.40 46019.96 868 


0.40 42319.96 
0.40 3S619.96 
0.40 34919.96 853 

0.40 312|9.96 
0.40 275 

0.40 2381 9.96 838 

0.40 20119.96 833 
0.40 16519.96 828 


6 


5 


0.40 12819 


823 


40 09119.96 818 


43 
42 

ii 

40 

39 

38 

37 

36 

35 

34 

33 

32 

31 


30 


6 


29 

28 

27 

26 


5 f 


5 


24 


22 

21 


0.40 054 9.96 813 * 19 
0.40 017|9.96 808 k 118 
0.39 98119.96 803 6 17 

0.39 94419.96 798 f 116 
0.39 907 9.96 793 * 15 
0.39 87019.96 7881 5 114 

0.39 834 9.96 783 « 13 
0.39 797 9.96 778 « 12 
0.39 7601 9.96 772 8 111 


0.39 7241 9,96 767 

9.96 762 
9.96 757 
9.96 752 


^ 5 


0.39 687 
0.39 651 
0.39 614 

0.39 578 
0.39 541 
0.39 505 

0.39 468 
0.39 432 
0.39 395 

0.39 35 9 

L Tan 


8 


9.96 747 
9.96 742 
9.96 737 

9.96 732 
9.96 727 

9.96 722 

9.96 717 
L Sin 


TABLE II 

Prop. Pts. 


if 


20 12.7 12.3 
30119.0 18.5 18.0 


40 


25.3 


50131.7 


24.7 


24.0 


30.8130.0 


if 


20| ll.o 10.7 
Ifl.5jl6.0jl5.5 
22.0(21.3 20.7 
50127.5126.7|25.8 


o.ilo 
0.2 0 
0.3 0 
0.4 0 
5|0.5 0 
0.60 
0.7|0 
0.8 
9 : 0.9 
10 1.00 
20 ) 2.0 1 
30 3.0 2 
40|4.0 3 
5015. oU 


Prop. Pts. 
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TABLE II 



d 


L Tan I c d I L Ctn 


j 5 


4 


9. 57 


645 

576 

(;i »7 


'.no 

017 
0 7 ~ 




■i i.n 

■ I titi 

o. oo 

9.60 

•I OH 

9.60 

■ in 

9.60 

■I iiii 

9.60 

9.61 

o’, t.l 

9.01 
9.61 

9. 
9.61 
9.61 

9.61 
9.61 
9.61 




S93 

■* ;i 

967 I 

i ii 11 


30 


36 


36 


ro .So 

h Jy * 

0".39~ 

r i 9 1 1 

1 1 I 

j 0.39 

2S*\ 

0.39 

J »• * 

0.30 

214 

n a * 

177 

0.30 

141 

0.39 
n. 39 

105 

Of ill 

0.39 

()33 

0.3S 

900 

0.38 

-*i"h 1 

0.38 

1 * J 4 

0-38 

8Sfc 

0.38 

852 

0.38 

s 10 

0.38 

780 


L Cos 


11 

06 

01 




Mi 




9.68 

9 .5S I I I 

9.68 070 

9.5S 
l' 58 

9.58 162 

9.58 
9.58 
9 l 58_ 

9.58 

9.58 314 
9 5S 345 
9.5S 375 

9.58flH 

9.58 
9.58 

9.58 
9.58 
9 • 58 

9.58 ilQO 

9~58 618 
9.58 
9.5S 

9.55 
9.58 

9.55 

9.58 
9.58 
9.58 


9._ 

9.01 
9.61 
9.61 

9.61 

9.61 

9.61 

9.61 

9.61 

9.61 

9 61 


• .I'- 
ii 70' 
ii :•> i.T 

6.38 


■|0.31 
36 |0 ?! 
36 


5 4 t 

6 4 9 1 


Ml 


0.61 
9.01 
9.61 

9.61 

9.61 

9.61 

9.61 

9.62 
9.62 


75S 

7;‘4 

830 

865 


0,38 

0.38 
0.38 
! 0.38 


Q7> 


0 38 
0.38 
0.38 

0.38 
0.31 
0.31 


95 


9 90 
9_96 

9.96 

9 

9.96 6031 
•> 598 

9.96 
9.90 
9.96 

9 

9.96 
9.96 

9.90 

9.96 
9.96 
9.96 

9.96 
9.96 
9 96 

9.96 
9.96 
9.96 


o 


I 

*j * * * 


% jr t 
Uw i 


9 5S 


9 - 62 
9.6.' 
9.62 

9.62 

9.62 

9.62 

9.62 

9.62 

9.62 

9.62 


079 

ll4 

150 

1S5 


7 921 


0.37 
0 37 
0 37 

0.37 

17 

0.37 

0.37 
0.37 
0.37 


8 5 , 




0.37 507 9 90 


9.58 
9.5S 

9.58 

9.59 
9.59 
9.59 

9.59 

959 

9.59 


919 

949 
979 

009 
039 
069 

098 
128 


9 59 15- 

L Cos 


30 


9.62 4i>5 

9.62HH| 

9.62 

9.62 574 
9.62 
9.62 

9.62 
9 62 
9 62 


»■> 

496 

461 


9.62 7?>o 

L Ctn 



9.96 

9*96 493 

9.96 
9.96 
9.96 477 

9.96 472 
9.90 407 
9.96 401 


0.37 
0.37 
0.37 

0.37 
0 . 3 * 

| 0.37 

0.37 
0.37 
j 0 37 

: 0 3 < 


9 96 451 


. 


9.96 

9.96 

9.96 

9.96 

9.96 

996 


■a 3 O 


419 

413 

4 

403 


Prop. Pts 


1 




tt 


32 


21 

30 

0. 


o .*> 

0 f > 

1. 

i 

1.0 

1.0 

1. 

ft 

i .el 

1.5 

2. 

Ij 

2.1 

2 0 

2 

7 

2 i 

2 5 

3 

9 

4 

3.4 

4.1 

3.0 

3. 

4 

3 5 

4 

% 

■>* 

4 0 

4. 

8 

4 6 

4 5 

5 

■ *i 

5.2L 

5 A • 

LG. 

« 4 

10.3 10 0 


SO 16.0 15.5 15 0 
4 21 .% 30.7 20 .0 

26.7,25.626.0 


• S 

80 10.1 
0 0.2 0.2 
4 0.3 0.2 
0 0.4 0.3 
4 0 . 50.4 
9 0 . 60.5 
4 0 7 0.6 
W 0.ft 0.7 

4 0 90.8 

41.90.8 
7 2.0^1.7 
0 ( 2.6 
0 3.3 
2 5.0 4.2 


Prop- Ptt- 













































































































L Sin 


9 59 188 

9.59 218 _ 
9 59 247! 

9 59 277 i 30 

9 59 307 
9 59 336 
9.59 366 , 

9.59 396 i 

9 59 425 j;; 

9 59 455 1 

-- on 

9.59 _4M 1 * 

9 59 514 I % 
9.59 543! 

9 59 573j 

9.59 602, 

9 59 6.32 i 
9 59 661 

9 59 690. 
9.59 720 I 
9 59 7 49 

9 59 778 


L Tan ic d I L Ct 


L Cos 


9.62 7S5 I 


: 0.37 


9.59 80S 
9 59 837 
9.59 666 

9 59 895 
9 59 924 
9.59 954 

9.59 983 

9.60 012 
960 041 

9.60 070 

9 60 099 

9 60 128 
9 60 157 

9 60 186 
9 60 215 
9 60 244 

9 60 273 
9.60 302 
9.60 3 31i 

9 60 3 59 

9 60 388 
9 60 417 
960 446 

9.60 474 
9.60 503 
9.60 532 

9.60 661 
9 60 589 
9.60 618 


9.60 646 

9.60 675 
9.60 704 
9 60 732 

9.60 761 
9.60 789 
9.60 818 

9.60 846 
9.60 875 
9.60 903 

9.60 93 1 
L Cm 


9.62 82 
9.62 855) 
9.62 890| 

9.62 926 I 

9.62 961 ■ 
9.02 996 

9.63 031 
9.03 006 
9_03 101 

9 63 135 I 

9 03 170 ! 
9.63 205 i 
9.63 240 

9.63 275 
9 63 310 
9.63 345 

9.63 379 
9.63 414 
9.63 4 49 

9.63 484 

9.63 519 
9.63 553 
9.63 588 

9.63 623 
9.63 657 
9 63 692 

9.63 726 
9.63 761 
9 03 796 

9.6 3 83O' 

9.03 865 
9 63 899 

9.63 934 

9 63 968 

9.64 003 
9 64 037 

9.64 072 
9.64 106 
9_64 140 

9_64175 

9.64 209 
9.64 243 
9.64 278 

9.64 312 
9.64 346 
9.64 381 

9-64 415 
9.64 449 
9.64 483 


9.96 


,0.37 
10.37 
0.37 


i 0.36 
:0.36 
i 0 36 


969 

934 

899 


9.96 
9.96 
9.90 

9.90 

9.96 

9.96 

9.96 

9.96 

9.90 


376 
3701 

365 
360 
354 


0.36 


9.96 


0.36 
0.36 
10.36 

! 0 . 30 
■’ 0.36 
0.36 

0.36 
0.36 
0.36 


S30 

795 

760 


9.96 
9.96 
9.96 

9.96 
9.90 
9.96 

9.96 

9.90 

9.96 


51 

50 


300 


|0_36 

! 0.36 
J 0.36 
i 0.36 

0.36 
0.36 
0.36 

0.36 
0 . 36 
0.36_ 

0_30~ 

0.30 


516 19.96 294 

9.9 <r 

9.96 
9.96 

9.96 273 
9.96 267 
9.96 202 

9.96 256 

9.96 251 

9.9 6 245 

9.96 240 


30 


0.36 
0.36 

0.36 
! . 35 
0.35 

0 35 928 
0.35 894 
0.35 860 


135 

101 

066 

032 

997 


9.96 

9.96 

9.90 

9.96 
9.96 
9.96 


229 

223 

21.8 

212 

207 


26 


.96 201 
•96 196 
.96 190 


0 35 825 19.96 185 


0 64 517 

9 64 552 
9.64 586 
9.64 620 

9.64 654 
9.64 688 
9.64 722 

9.64 756 
9.64 790 
9.64 824 

9.64 85 8 
I. Ctn 


0.35 
0.35 
0.35 

0.35 

'0.35 

0.35 

0.35 

0.35 

0.35 


9.96 179 
9.96 174 
9.96 168 

9.96 102 
9.96 157 
9.96 151 

*.96 146 
>96 1401 

_1.96 135 

°-35 483 1 979£fT29 


0.35 

0.35 

0.35 

0.35 

0.35 

0.35 

0.35 

0.35 

0.35 


035 14 2|9 

L Tan 


>.96 123 
96 118 
96 112 

.96 107 
.96 101 
-96 095 

.96 090 
96 084 
•96 079 


.96 07 3 

L Sin 


TABLE II 

Prop. Pts. 


ft 


36 l 35 j 34 

1 | 0 . 6 , 0 . 6 : 0.6 

1 . 2 , 1.1 

1.8 1.7 


20 . 12 . 
30 18 . 
40 24 . 


.8 


ft 


1 


30 . 15 . 0 , 14.5 14.0 

40 ( 20 , 019.3 18.7 
50 j 25 . 0 I 24 . 2 J 23.3 


ft 


0.1 0.1 


2 0.2 


3 0.3 0.2 


0.2 


fi o.elo.s 

0.7 
8 | 0.8 
0 . 9 | 0,8 
0.8 


1.0 


20j2.0,1.7 

30 3.0 2.5 


Prop. Pts. 
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TABLE II 


24 


L Sin 


10 


11 

12 

13 

14 
15, 
16 

17 

18 

19 

20 


21 

22 

23 

24 

25 

26 

27 

28 
29 


30 


31 

32 

33 

34 

35 

36 

37 

38 

39 


4 


9.60 

931 

9.60 

960 | 

9.60 

988 

9.61 

016 

9.61 

045 

9.61 

073 

9.01 

101 

9.61 

129 

9.61 

158 

9.61 

186 

9.61 

214 

9.61 

242 

9.61 

270 

9.61 

29S 

9.61 

326 

9.61 

354 

9.61 

3S2 

9.61 

411 

9.61 

438 

9.61 

466 

9.61 

494 




9.61 522 
9.61 550 
9.61 578 

9.61 606 
9.61 634 
9.61 662 




41 

42 

43 

44 

45 

46 

47 

48 

49 


50 


51 

52 

53 

54 

55 




67 


9.61 

9.61 

9.61 


9.61 


9.61 

9.61 

9.61 

9.61 

9.61 

9.61 

9.61 

9.61 

9.62 


9.62 


9.62 

9.62 

9.62 


23 

20 

28 

28 

28 

28 

28 

28 

28 

28 


689 

717 

745 


773 


800 

828 

856 

883 

911 

939 

966 

994 

021 


049 


076 

104 

131 


9.62 159 
9.62 186 
9.62 214 

9.62 241 
9.62 268 
9.62 296 


962 


9.62 

9.62 

962 

9.62 

9.62 

9.62 

9.62 

9.62 

9.62 


9 . 


323 


350 

377 

405 

432 

459 

486 

513 

541 

568 



L Cos 


9.64 

858 

9.04 

892 

9.64 

926 

9.64 

960 

9.64 

994 

9.05 

02S 

9.05 

002 

9.65 

096 

9.65 

130 

9.05 

104 

9.65 

197 

9.65 

231 

9.65 

265 

9.65 

299 

9.65 

333 

9.65 

366 

9.65 

400 

’9.65 

434 

9.65 

467 

9.65 501 


34 

34 

34 

34 

34 

34 


9. 

65 

535 

9. 

65 

'568 

9. 

65 

602 

9. 

65 

636 

9. 

65 

669 

9. 

.65 

703 1 

9 

.65 

736 

9 

.65 

770 

9 

.65 

803 

9 

.65 

837 


9 . 

'65 

870 

9 , 

65 

904 

9 . 

65 

937 

9 . 

.65 

971 

9 

.66 

004 

9 

.66 

038 

9 

.66 

071 

9 

.66 

104 

9 

.66 

138 

9 

.66 

171 


9.66 204 


9.66 238 
9.66 271 
9.66 304 

9.66 337 
9.66 371 
9.66 404 

9.66 437 
9.66 470 
9.66 503 


9.66 867 


L Ctn 


L Ctn J 

0 . 

35 

142 

0 . 

35 

1 OS 

0 . 

35 

074 

0 . 

35 

040 

0 . 

35 

006 

0 . 

34 

972 

0 

34 

93S 

10 

.34 

004 

0 

.34 

8 1 1 ) 

0 

.34 

830 

0 

.34 

803 


L Cos ! d 



Prop. Pts. 


y.: i < i 

> 0 
9.9<i 
0.90 

9.90 
9.90 
9.90 

9.90 
9,9i. 
9.90 


973 

"no" 


050 
015 
(>39 

034 

02S 

023 



60 

59 

57 

50 


’ 5 

: c 


9 . 

66 

537 

9 - 

66 

670 

9 . 

66 

603 

9 . 

66 

636 

9 . 

.66 

669 

9 . 

.66 

702 

9 

.66 

735 

9 

.66 

768 

9 

.66 

801 

9 

.66 

834 


33 

33 

34 
33 
33 

33 

34 
33 

33 

33 

33 

34 

33 

33 

33 

33 

33 

33 

33 

33 

33 

33 


0.34 709 
0.34 735 
0.34 701 

0.34 607 
0.34 634 
0.34 600 

0.34 500 
0.34 533 
0.34 499 


0.34 465 


0.34 432 
0.34 398 
0.34 364 

0.34 331 
0.34 297 
0.34 264 

0.34 230 
0.34 197 
0.34 163 


0.34 130 


0.34 096 
0.34 063 
0.34 029 

0.33 996 
0.33 962 
0.33 929 

0.33 896 
0.33 862 
0.33 829 


9.96 017 

99.ll, Oil 

9.96 005 
9.96 000 

9.95 994 
9.95 988 
9.95 982 

9.95 977 
9.65 971 
9.95 965 


9.95 960 


9.95 9o4 
9.95 948 
9.95 942 

9.95 937 
9.95 931 
9.95 925 


0.33 

7961 

0.33 

7621 

0.33 

7291 

0.33 

6961 

0.33 

6631 

0.33 

6291 

0.33 

596 

0.33 

5631 

0.33 

530 

0.33 

497 

0.33 

463 

0.33 

4301 

10.33 

397 

0.33 

364 

0.33 

331 

0.33 

298 

0.33 

265 

0.33 

232 

0.33 

199 

0.33 

166 ! 

0.33 

133 


9.95 914 
9.95 908 

9.95 902 

9.95 897 
9.95 891 
9.95 885 

9.95 879 
9.95 873 
9.95 868 

9.95 862 
9.95 856 
9.95 850 

9.95 844 


42 

41 


40 


39 

38 

37 

36 

35 

34 

33 


9 . 

95 

839 

9 . 

95 

833 

9 , 

95 

827 

9 , 

,95 

821 

9 . 

.95 

815 

9 

.95 

810 

9 

.95 

804 

9 

.95 

798 

9 

.95 

792 

9 

.95 

786 


31 


30 


29 

28 

27 

26 

25 

24 

23 

22 

21 


20 


19 

18 

17 

16 

15 

14 

13 

12 

11 


9.95 780 
9.95 775 
9.95 769 

9.95 763 
9.95 757 
9.95 751 

9.95 745 
9.95 739 
9.95 733 




34 i 33 

1 0 . 0 ; 0.6 
2 - 1.1 1.1 
i.7 1.6 


4' 2 
5 2 

o a 

7 4 

8 4 

9 5 
10 '; 5 
20-11 
3G ! 17 
40 22 
50128 


.7 1.6 

m t ' i > O 
• j I 

. 8 j 2.8 
.4 3.3 
. f J 3 .8 
.5 4.4 

. 11 5.0 
.7 5.5 
.3 ] 1.0 
.0 10.5 
. 7 , 22.0 
. 327.5 


29 1 

0.5 
1.0 

1.4 

1.9 

2.4 

2.9 

3.4 

3.9 
g| 4.4 

4.8 
9.7 


0.2 
0.310.2 
0.3 
0.4 


0.7 

0.8 

0.8 

1.7 

2.5 


prop. Pts. 
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L Sin 


9.62 595 

9.62 
9.62 
9.62 


L Tan 


9.66 807 


c d 


9.62 

9.62 

9.62 

9.62 

9.62 

9.62 


676 

703 

730 

757 

784 

811 

838 


101 9 62 865 

9.62 892 
9.62 918 
9.62 945 

9.62 972 

9.62 999 

9.63 026 

9.63 052 
9.63 079 
9.63 100 


9.06 900 
9.66 933 

9.66 966 

9.06 999 

9.67 032 
9.07 065 

9.67 098 
9.67 
9. 


L Ctn I L Cos 


0 33 133 |9 95 728 

0.33 100 9.95 722 
0.33 007 9.95 716 


0.33 


9.95 710 


9 


0.33 00119.95 704 
0.32 96819.95 


9.63 


9.63 

9.63 

9.63 

9.63 

9.63 

9.63 

9.63 

9.63 

9.63 


J33 

159 

180 

213 

239 

266 

292 

319 

345 

372 


9.67 

9.67 

9.67 

9.67 

9.67 

9.67 

9.67 

9.67 

9.67 


r ! 33 


0 

0 

0 


9.95 
902 19.95 
809 9.95 680 


0^32 837 9.95 
0.32 804 9.95 


327 

360 

393 

426 

458 

491 


26 


9.67 524 


3019.63 398 

9.63 425 
9.63 451 
9.63 478 

9.63 504 
9.63 531 
9.63 557 

9.63 583 
9.63 610 
9.6 3 636 

9.63 


9.67 

9.67 

9.67 

9.67 

9.67 

9.67 

9.67 

9.67 

9.67 


556 

589 

622 

654 

687 

719 

752 

785 

817 


9.67 850 


9.63 

9.63 

9.63 

9.63 

9.63 

9.63 

9.63 

9.63 

9.63 


689 

715 

741 

767 

794 

820 

846 

872 

898 


9.67 

9.67 

9.67 

9.67 

9.68 
9.68 

9.68 

9.68 

9.68 


882 

915 

947 

980 

012 

044 

077 

109 

142 


0.32 771 9.95 
0.32 73819.95 
0.32 705 9.95 

0.32 673 9.95 645 
0.32 640 19.95 039 
0.32 607 19.95 633 

0.32 674|9.95 627 
0.32 64219.95 621 
0.32 50 9 19.95 615 

0.32 476 19"9 5 609 

0.32 444 19.95" 603 
0.32 41119.95 697 
0.32 37819.95 691 

0.32 34019.95 585 
0-32 31319.95 579 
0.32 28119.95 673 

0.32 248 9.95 567 
0.32 215 19.05 661 
0.32 183 19.95 555 


6 

6 

6 

6 

6 


6 

6 

6 

6 


60 


54 


6 

6 


6 

6 

6 

6 

6 

6 


0-32 150|9.95 649 


»| 9.63 924 

9.63 950 

9.63 976 

9.64 002 

9.64 028 
9.64 054 
9.64 080 

9.64 106 
9.64 132 
9.64 158 

964 184 

L Cos 


9.68 17 4 

9.68 206 
9.68 239 
9.68 271 

9.68 303 
9.68 3361 
9.68 368 

9.08 400 
9.68 432 
9.68 465 


0.32 118 9 
0.32 085 9.95 537 
0.32 053|9.95 531 

0.32 020 9.95 525 
0.31 98819.95 619 
0.31 95619.95 513 

0.31 923|9.95 507 
0.31 S91|9.95 500 
0.31 858 | 9,95 4 94 

31 82619.95 488 


6 

6 

6 

6 

6 

6 

6 

6 

6 

6 


30 


9.68 497 


9.68 

9.68 

9.68 

9.68 

9.68 

9.68 

9.68 

9.68 

9.68 

9.68 


529 

561 

593 

626 

658 

690 

722 

754 

786 

818 


0.31 794 9.95 482 
0.31 761|9.95 476 
0.31 729 19.95 470 

0.31 697 19.95 404 
0.31 66419.95 458 
0.31 63219.95 452 

0.31 600|9.95 446 
0.31 568 9.95 440 
0.31 535|9.95 434 


L Ctn 


0.31 503 |9Tg5 427 

9.95 421 
9.95 415 
9.95 409 

9.95 403 
9.95 397 
9.95 391 

9.95 384 
9.95 378 
9.95 372 


0.31 471 
0.31 439 
0.31 407 

0.31 374 
0.31 342 
0.31 310 

0.31 278 
0.31 246 
0.31 214 


6 

6 

6 


6 


6 

6 

6 

6 

6 

6 

6 

6 

6 


L Tan 


0 

0 


0 

0 


0 


0^31 182 9.95 366 


L Sin 


Prop. Pts. 


ss 

0.0 
1 . 1 ; 

1.8 
2.2 
2.8 
3.3 
3.8 
4.4, 

S.Oi 

10i 5.5 

20jn.010.7 
30 j 16 . S 16.0 
40 22 . 0 , 21.3 
6Oj27.5|20.7 


s# 


30 , 13.5 13.0 


40 


18.0 


50|22.5 


17.3 

21.7 


n 


7 • i • 

10.10.10.1 
2 0 . 2 , 0 . 2.0 2 
3 0.4 0.3 


0.5 


60 . 00.5 


0.40.3 


0.4 


6.0.7 0.0 0.5 
7 0.8 0.7 0.6 


0.90.8 


9 1.0 


10 


1.2 


0.7 


0.90.8 

1 . 00.8 


202.3,2.011 7 
30 3.513.0 
40'4.7'4.0 
6015.8|5.0.4.2 


Prop. Pts. 


203 
















































































































































































































































TABLE II 


26° 





9.64 184 


9. 

64 

210 

9. 

64 

236 

9. 

64 

262 

9. 

64 

288 

9 

.64 

313 

9 

64 

339 

9 

64 

365 

9 

.64 

391 

9 

.64 

417 

9 

‘64 

442 


9.64 468 
9.64 494 
9.64 519 

1419.64 

15 9.64 571 

16 9.64 596 

17 9.64 622 

18 9.64 647 

19 9.64 673 


201 9.64 698 


21 9.64 724 

22 9.64 749 

23 9.64 775 

24 9.64 800 

25 9.64 826 

26 9.64 851 

27 9.64 877 

28 9.64 902 

29 9.64 927 


301 9 ■ 64 953 


31 9.64 978 

32 9.65 003 

33 9.65 029 

34 1 9.65 054 

35 9.65 079 

36 9.65 104 

37 9.65 130 

38 9.65 155 

39 9.65 180 


401 9.65 205 


41 9.65 230 

42 9.65 255 

43 9.65 281 

44 9.65 306 

45 9.65 331 

46 9.65 356 

47 9.65 381 

48 9.65 406 

49 9.65 431 


9.65 456 


51 9.65 481 

52 9.65 506 

53 9.65 531 

54 9.65 556 

55 9.65 580 

56 9.65 605 

57 9.65 630 

58 9.65 6 
9.65 6 


9.65 705 


I# Cos 


204 



L Tan led L Ctn 


32 

32 

32 

32 

32 


L Cos 


9. 

'os 

818 

9. 

68 

850 

9. 

6S 

882 

9. 

OS 

914] 

9. 

68 

946 

9 

68 

978 

9 

.69 

010 

9 

.69 

042 

9 

.69 

074 

9 

.69 

106 

9 

.69 

13S 


Prop. Pts. 


9.69 170 
9.69 202 
9.69 234 

9.69 266 
9.69 298 
9.69 329 

9.69 301 
9.69 393 
9.69 425 


9.69 457 


9.69 488 
9.69 520 
9.69 552 

9.69 5S4 
9.69 615 
9.69 647 

9.69 679 
9.69 710 
9.69 742 



0 . 

31 

182 

< r 

31 

150 

0 . 

31 

1 is 

0 . 

31 

081 1 

0 

31 

054 

!0 

.31 

022 

0 

30 

990 

0 

.30 

958 

0 

30 

926 

0 

30 

894 


0.30 81 


0.30 S3<> 
0.30 798 
0.30 760 


9.95 304 



0.30 639 


32 


9 . 95 

279 

9.05 

273 

9.05 

267 

9.95 

261 

9.95 

254 

9.95 

248 


31 


32 

32 

31 



9. 

69 

774 

9. 

69 

805 

9. 

69 

837 

9. 

69 

868 

9. 

69 

900 

9. 

69 

932 

9. 

69 

963 

9. 

69 

995 1 

9. 

70 

026 

9. 

70 

058 

9. 

>0 

089 

9 

:7o 

121 

9 

.70 

152 

9 

.70 

184 

9 

.70 

215 

9 

.70 

247 

9 

.70 

278 

9 

.70 

309 

9 

.70 

341 

9 

.70 

372 


31 

32 

32 

31 

32 

31 

32 


0.30 54319.95 24 


0.30 512 
0.30 48019.95 229 
0.30 448 9.95 223 

0.30 416 9.95 217 
0.30 3S5 9.95 211 
0.30 353 9.95 204 

0.30 321 9.95 19S 
0.30 290 9.95 192 
0.30 25S 9.95 185 

0.30 226 9 .95 179 

0.30 195(9.95 173 
0.30 163 9.95 167 
0.30 132 9.95 160 

0.30 100 9.95 154 


31 

32 

31 


31 


9. 

70 

404 

9. 

70 

435 

9, 

70 

466 

9 

70 

498 

9 

.70 

529 

9 

.70 

560 i 

9 

.70 

592 

9 

9 

.70 

623 

.70 

654 

9 

.70 

685 



31 

32 

31 

32 
31 

31 

32 

31 

32 

31 

31 

32 

31 

31 

32 

31 

31 

31 

S2 


0.30 068 9.95 14S 
0.30 037 9.95 141 

0.30 005;9.95 135 
0.29 974 9.95 129 
0.29 942 9.95 122 


0.29 91119.95116 


0.29 879 9.95 110 
0.29 84S 9.95 103 
0.29 816 9.95 097 

0 29 785 9.95 090 
0.29 753 9.95 084. 
0.29 722 9.95 078 

0.29 691 9.95 071 
0.29 659 9.95 065 
0.29 62819.95 059 



L Ctn cd 



60 

59 




9 

,95 

052 1 

9 

.95 

046 

9 

.95 

039 

9 

.95 

033 

9 

.95 

027 

9 

.95 

020 

9 

.95 

014 

19 

.95 

007 

9 

.95 

001 

9 

.94 

995! 

‘9 

1_ 

.94 

988 

1 LSin 


o :j 

54 

•Y > 

53 

50 

4!» 
48 
47 

4(i 
45 

44 

45 
42 
41 

40 

30 
38 

37 

3G 

35 

34 

33 

32 

31 

30 


29 

28 

27 

26 

25 

24 

23 

22 

21 


2 


19 

15 
17 

16 
15 
14 

13 

12 

11 


10 


9 

8 


f ! 32 ! 

1 0. . r . 
2 1 1 
a i.f», 


A . 2 


7 3.7 

S ' 4 . a ' 

9 4 , 8 ' 
19 ; 5 ,a 
2040.7 
30 ' 16.0 
40 , 21,3 
50 26.7 


31 

0 5 
1 0 
1 .6 
2 1 

2.6 
a. 1 

3.6 

4.1 

4.6 

5.2 
10.3 
15 5 

20.7 

25.8 



"| 26 [ 25 i 24 

1 0 .4 0.4- 0.4 

2 0.9 0.8 0.8 
3; 1.3: 12. 1.2 
4| 1.7; 1.7 1.6 
Bj 2.2- 2.11 2.0 

6 ! 2.ft! 2.5 2.4 
71 3.0: 2.9 2.8 

8 3.5 3.3 3.2 

9 3.9 3.8j 3.6 
10 4.3 4.2! 4.0 
20! 8.7| 8.3! 8.0 

3043.042.5 12.0 
40 17.3i 16.7-16.0 
50|21,7j20.8j20.0 




7 | 6 

1 0.1 0.1 

20.2 0.2 

3 0.4 0.3 

4 0.5 0.4 

5 0.6 0.5 

6 0.7 0.6 

7 0.80.7 
8|0.9|0.8 
94.0|0.9 

10 1.2 1.0 
20 2.3i2.0 
30 3.5 3.0 
404.7,4.0 
505.8150 



Prop. Pts. 









































L Sin 

019.65 705 


<1 I L Tan 


9.65 

9.65 

9.65 

9.65 

9.65 

9.65 

9.65 

9.65 

9.65 


729 

754 

779 

804 

828 

853 

878 

902 

927 


9.70 717 


10 9.65 952 


9.65 

9.66 

9.66 

9.66 

9.66 
9.66 

9.66 

9.66 

9.66 


976 

001 

025 

050 

075 

099 

124 

148 

173 


9.70 748 
9.70 779 
9.70 810 

9.70 841 
9.70 873 
9.70 904 

9.70 935 
9.70 966 

9.70 997 

9.71 028 
9.71 059 


L Ctn 


0_29 283 

0.29~252 
0.29 221 
0.29 190 

0.29 159 
0.29 127 
0.29 096 

0.29 065 
0.29 034 
0.29 003 


L Cos d 


!K94 988 

i). 94~982 
9.94 975 
9.94 969 

9.94 962 
9.94 956 
9.94 949 

9.94 943 
9.94 936 
9.94 930 


56 

55 

54 


9.66 197 


9.66 

9.66 

9.66 

9.66 
9.66 
9.66 

9.66 

9.66 

9.66 


221 

246 

270 

295 

319 

343 

368 

392 

416 


30 9.66 441 


9.66 

9.66 

9.66 

9.66 

9.66 

9.66 

9.66 

9.66 

9.66 


465 

489 

513 

537 
562. 
586 1 

610 
634 
658 


9.66 682 


9.66 

9.66 

9.66 

9.66 

9.66 

9.66 

9.66 

9.66 

9.66 


706 

731 

755 

779 

803 

827 

851 

875 

899 


24 


24 


9.66 

9.66 

9.66 

9.66 

9.67 
9.67 
9.67 

9.67 

9.67 

9.67 


922 

946 

970 

994 

018 

042 

066 

090 

113 

137 


9.71 308 

9.71 339" 

9.71 370 
9.71 401 
9.71 431 

9.71 462 
9.71 
9.71 

9.71 555 
9.71 586 
9.71 617 

9.71 6 48' 

9.71 679 
9.71 709 
9.71 740 

9.71 771 
9.71 802 
9.71 833 

9.71 8631 
9.71 894 
9.7 1 925 

9.71 955' 

9.71 986 

9.72 017 
9.72 048 

9.72 078 
9.72 109 
9.72 140 

9.72 170 
9.72 201 
9.72 231 


0.28 9 72|9.94 923 

0.28 941 
0.28 910 
0.28 879 

0.2S 847 
0.28 816 
0.28 785 

0.28 754 
0,28 723 
0.28 6 92 

0.28 60119T94 - 858 


9.94 917'| 
9.94 911 
9.94 904 

9.94 89S 
9.94 891 
9.94 885 

9.94 878 
9.94 8/1 
9.94 865 


60 


0.28 630 
0.28 599 
0.2S 569 

0.28 538 
0.28 507 
0.28 476 

0.2S 445 
0.2S 414 
0.2 8 383 

0.28 352 

0.28 321 
0.28 291 
0.28 200 

0.28 229 
0.28 198 
0.28 167 

0.28 137 
0.28 106 
0.2S 075 


9.94 852 
9.94 845 
9.94 839 

9.94 832 
9.94 826 
9.94 8191 

9.94 813 
9.94 800 
9_94 799 

9.94 793 

9.94 786 | 
9.94 7S0 
9.94 773 

9.94 767 
9.94 760 
9.94 753 

9.94 747 
9.94 740 
9.94 734 


0.28 04519.94 727 


9.72 262 


9.67 161 

L Cos 


9.72 293 
9.72 323 
9.72 354 

9.72 384 
9.72 415 
9.72 445 

9.72 476 
9.72 506 
9.72 537 

9 .72 667 

L Ctn 


0.28 014 
0.27 983 
0.27 952 

0.27 922 
0.27 891 
0.27 860 

0.27 830 
0.27 799 
0.27 769 


9.94 720 
9.94 714 
9.94 707 

9.94 700 
9.94 694 
9.94 687 

9.94 680 

9.94 674 

9.94 667 


0-27 7381 9.94 660 


0.27 707 
0.27 677 
0.27 646 

0.27 616 
0.27 585 
0.27 555 

0.27 524 
0.27 494 
0.27 463 


0.27 433 

L Tan 


9.94 654 
9.94 647 
9.94 640 

9.94 634 
9.94 627 
9.94 620 

9.94 614 
9.94 607 
9.94 600 

9 .94 59 3 

L Sin 


TABLE II 

Prop. Pts 


99 


5.0 

10 . 7 , 10.3 10.0 
16 . 0 , 15 . 5 ! 15.0 
40 | 21.3 20.7 20.0 
50 | 26 . 7 J 25 . 8 * 25.0 


9 $ 


24 ! 33 


8 


* y 
3.3 


12.5,12,0,11.5 


40 16.7 


50 


20,8 


16.0; 15.3 
20.0J19.2 


f M 7 | « 

10.10.1 
2 0 . 2 ; 0.2 

30.4 

40.5 
60.6|0.5 


80.7 


7 0.8*0.7 


8 


0.6 


0.9 


0.8 


9 1.010.9 
10 1.2 
20 2.3 
303.5|3.0 
40 4.7 

sola. 8 


Prop. Pts. 
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TABLE II 


28 



L Sin 


L Tan c d L Ctn 


Prop. !*ta 


* > *l o 


' * 1 *’ 


i 

8 
9 

10 

11 

12 

13 

14 

15 

lti 

17 

18 
191 

20 

21 

•>o 

23 j 

24 

,25 

20 

*77 

,:s 

29 


30 


31 

32 



9 (17 


9 67 

4121 

9.67 

4 15 1 

9.67 

408 

9.67 

492 

9 07 

515 

967 

539 

9 6* 
9 67 

. »< • J t 

586 ; 

9 07 

009 j 

9 67 

~633 1 

^J [ 

9 (, 7 

656 

9 67 

6H> 

703: 

9.67 

9.67 

720 


34 

35 


!> f>7 

866 

9I 67 


9 67 

913 

9.67 
1 07 

936 

959 

9.67 


9.68 

, M 4 

0 6$ 

029 

9.68 

052 

9 6S 

0(5 




40 


41 9.68 121j 

4 2 9 0S 44 
43 9.68 167 


44 

4519.68 213 


47 

4S 

49 



51 


9.68 283 


0 


9 6S 3/4; 


9 68 489 
9.68 512 


601 9 • 


L Cos 


206 


9 94 
9 1*4 
9 94 


519 
513 


1.72 

993 

30 i 9 

97 

^ i 


) 73 
♦ .73 

023 
05^ j 

i»81 

3i ;Q 

10. 

36 

^20 

9 1 < 
94 ( 

*.73 

® 0 

.26 

0 ] * 

i* 73 

iu 

J0 1 ® 

.20 

vm 

9.73 

144 1 

9 

31 77 
u 

30 ‘ — 

i ci 

30 | JJ 

‘40 

20 

8 >* 

9 73 

175 j 

2(." 


#773 

9.73 

.M >51 
235» 

26 

26 

70. 

i 


9 97 


9 94 
9.94 

9.94 


445 

43! 


3 329 


026 674 
0.26 644 


694 


ft.73 446 


9.73 476 


9.73 53* 

9.74 567 


973 627 
9 73 657 


9 73 a- 
9.73 747 


9.73 777 


9.73 807 l 


1 



0 26 5o4 


u 2 ** 5_ ' \ ' 9 i 3 


| 

7 


0.26 43.'. 

0.26 403 
0.26 373 
0.26 343 


0.04 36.) 

9 94 362 

■< 64 :' 


9.73 

027 i 

9.73 

957 

9.73 

P87 ! 

9.74 

017 1 

9 74 

047 j 

9.74 

077 i 


I 

ffl 

7 

ffl 

ffl 


m 

7 


0.26 103 
0.26 
■ 26 043 


9.94 314 
9.94 307 


9.94 286 


9 94 273 


2o 

25 053 


0*0 


9.74 10# 
9-74 137 
9-74 166 

9*74 196 
9.74 226 
9.74 256' , 

9 74 286j ■ 
9 74 316 
9 74 345 

9 74 37c 


30 
! 30 

29 

I 30 
; 30 

30 



bO 

59 


49 

48 

47 



41 

40 



3*; 

7 *\ 

Vti 

34 

s 

32 

tl 

30 


■ 


29 

*>- 



9.94 224 
9.94 217 : 
9.94 210; 


345 

375 



25 625 


11 

it h 

1.9 

1 6 


2 :■ 


5 2 ft 

6 3.1 

7 ^ 
h 4.1 
9 4ft 

10 ft 2 
20 10 ft 
Jo 1 ft . ft 
4o 20.7 
60 2&> 


ftO \ 

0 fti 

1 9 

1 f 

1 . UK 

2 0 
2.5 
% 0 
0 5 

4.0 

4 5 


ft 

0 ft 
1 0 

1.4 

1 9 

2 4 

2 9 

3 4 
ft 9 

4 4 

4. H 


5 Oj 4 . 

10 . Oj 9.7 
15 0 14 5 
20 0 IU 3 
25 0 24 2 


14 ! 2ft : 

0.4 0 4 
0 * 0.5 
12 12 
16 1 r 


5 2 0 1 9 
ftl 2.4 2 3 
7 \ 2.ft! 2.7 
k ;i. 2 3.1 



9 1.6 3.4 

id 4.0: ft.ft 
20 % 0 7.7 j 
12 C 11.ft 
40 lft.0.16.a- 


Wo 


» 

0. 4 
0 7 

1 J 

1 5 
1 1% 
5 $ 

2ft 

2 9 

3 ft 
ft 7 

7ft 
11 0 
14.7 


'M 7 ■ € 

1 0.1 0 1 

20 26.2 

3 0.4 0 3 

4 0 50 4 

50.0 0 & 
ft 0,70 • 

70.50 7 

fc 0 9 

o ] o ‘0 9 

10 12 10 
30 2 ft 2 9 
30 3 5 3.0 

40 4 7 4 9 

50 5 » 5 - 0 


Pr 






























































L Sin 


9.OS 557 

9.OS 5SO 
9.OS 003 
9.OS 025 

9. OS 648 
9.08 671 
9.OS 694 

9.OS 716 
9.OS 739 
9.6S 762 

9. OS 784 

9.68 807 
9.68 829 
9.OS 852 

9.68 875 
9.68 897 
9.68 920 

9.68 942 
9.68 905 

9.68 9S7 

9.09 010 

9.69 032 
9.69 055 
9.69 077 

9.69 100 
9.69 122 
9.69 144 

9.69 167 
9.69 189 
9.69 212 

9.69 234 


OO 


23 


d | L Tan 

9.74 3 75 

9 .74-405 

9.74 435 
9.74 465 

9.74 494 
9.74 524 
9.74 554 

9.74 583 
9.74 613 
9.74 643 

9.74 073 

9.74 702 
9.74 732 
9.74 7G2 

9.74 791 
9.74 821 
9.74 851 

9.74 880 
9.74 910 
9.74 939 

9.74 


c d L Ctn I L Cos 


0.25 02519.94 182 


0.25 

0.25 

0.25 

0.25 

0.25 

0.25 

0.25 

0.25 

0.25 


595 

565 

535 


9.94 175 
9.94 168 
9.94 101 

9.94 154 
9.94 147 
9.94 140 

9.94 133 
9.94 126 
9.94 119 
0.25 32719.94 112 


357 


9.69 256 
9.69 279 
9.69 301 

9.69 323 
9.69 345 
9.69 368 

9.69 390 
9.69 412 
9.69 434 

9.6 9 456 

9.69 479 
9.69 501 
9.69 623 

9.69 645 
9.69 567 
9.69 589 

9.69 611 
9.69 633 
9.69 655 

9769 677 


9.74 998 

9.75 02S 
9.75 058 

9.75 0S7 
9.75 117 
9.75 140 

9.75 176 
9.75 205 
9.75 235 I 


0.25 

0.25 

0.25 

0.25 

0.25 

0.25 

0.25 


298 

268 

238 

209 

179 

149 

120 


0.25 090 
0.25 061 


9.94 105 
9.94 098 
9.94 090 

9.94 083 
9.94 076 
9.94 009 

9.94 062 
9.94 055 
9.94 048 


0.25 002 
0.24 972 
0.24 942 


9.7 5 264 

9.75 294 
9.75 323 
9.75 353 

9.75 382 
9.75 411 
9.75 441 

9.75 470 
9.75 500 
9.75 529 

9.75 558 

9.75 588 
9.75 617 
9.75 647 

9.75 676 
9.75 705 
9.75 735 

9.75 764 
9.75 793 
9.75 822 


0 25 03119 94 041 

9.94 034 
9.94 027 
9.94 020 

9.94 012 
9.94 005 
9.93 99S 

9.93 991 
9.93 984 
9.93 977 


0.24 
0.24 
0.24 

0.24 
0.24 
I 0.24 


913 

883 

854 

824 

795 

765 


024 736 gT93~970 


0.24 
0.24 
0.24 

0.24 
0.24 
0.24 

0.24 
0.24 
10.24 


706 

677 

647 

618 

589 

559 

530 

600 

471 


9.93 963 
9.93 955 
9.93 948 

9.93 941 
9.93 934 
9.93 927 

9.93 920 
9.93 912 
9.93 905 


0.24 442 19.93 898 


9.69 699 
9.69 721 
9.69 743 

9.69 765 
9.69 787 
9.69 809 

9.69 831 
9.69 853 
9.6 9 875 

9^69 897 

L Cos 


9.75 852 


9.75 881 
9.75 910 
9.75 939 

9.75 969 

9.75 998 

9.76 027 

9.76 056 
9.76 086 
9.76 115 

9 .76 14 4 

L Ctn 


0.24 
0.24 
0.24 

0.24 
0.24 
0.24 

0.24 
0.24 
0.24 


412 


295 

265 

236 

207 

178 


9.93 891 
9.93 884 
9.93 876 

9.93 869 
9.93 862 
9.93 855 

9.93 847 
9.93 840 
9.93 833 


0.24 14819.93 826 


0.24 

0.24 

0.24 

0.24 

0.24 

0.23 

0.23 

0.23 

0.23 


119 

090 

061 

031 

002 

973 

944 

914 

885 


9.93 819 
9.93 811 
9.93 804 

9.93 797 
9.93 789 
9.93 782 

9.93 775 
9.93 768 

_ 9.93 760 

0.23 85619.93 753 


7 12 
11 

10 

9 
8 


8 

7 


T> Ton I L Sin 


6 

5 

4 


TABLE IT 

Prop. Pts. 


// 


20 10.0 
30 15.0-14,5 
4020.0 19.3 
50:25.0*24.2 


ft 


30 11.6 


40 


15.3 


50 19.2 


99 


8 I 7 
0 . 10.1 
0.3 0.2 


3|0.4 
0.5 

0.7|0.6 
6 | 0.8 
70.9 
8 1 . 1 ( 0.9 
9|1.2 1.0 


10 


20 2.7 
304.0 
40 5.3 
50(0.7 


1.3 1.2 
2.3 


Prop, Pta. 


207 





























































































































































































































TABLE II 


L Sin 


0 9.69 897 

1 9.69 919 

2 9.69 941 

3 9.69 963 

4 9.69 984 
6 9.70 006 

6 9.70 028 

7 9.70 050 

8 9.70 072 

9 9.70 093 


10 9.70 115 


9.70 137 
9.70 159 
9.70 180 

9.70 202 
9.70 224 
9.70 245 

9.70 267 
9.70 288 
9.70 310 


9.70 332 


30 



n 

12 

13 

14 

15 

16 

17 

18 
19 


20 


21 9.70 353 

22 9.70 375 

23 9.70 396 


24 

25 

26 

27 

28 
29 


30 


31 

32 

33 

34 

35 

36 

37 

38 

39 


9.70 

9.70 

9.70 

9.70 

9.70 

9.70 


9.70 


9-70 

9.70 

9.70 


418 

439 

461 

482 

504 

525 


547 


568 

590 

611 


22 

22 

21 

22 

21 


9.70 633 
9.70 654 
9.70 675 

9.70 697 
9.70 718 
9.70 739 


4019.70 761 


41 9.70 782 

42 9.70 803 

43 9.70 824 

44 9.70 846 

45 9.70 867 

46 9.70 888 

47 9.70 909 

48 9.70 931 

49 9.70 952 


5019.70 973 


61 9.70 994 

62 9.71 015 
63 ' 9.71 036 

64 9.71 058 
66 9.71 079 

66 9.71 100 

67 9.71 121 

68 9.71 142 

69 9.71 163 


9-71 184 


L Cos 


208 



L Tan led: L Ctn 




9. 

* u 

173 

9. 

76 

202 

9. 

76 

231 

9. 

76 

261 

9. 

.76 

290 

9 

.76 

319 

9 

.76 

34S 

9 

.76 

377 

9 

.76 

406 



9.70 464 
9.76 493 
9.76 622 

9.76 551 
9.76 580 
9.76 609 

9.76 639 
9.76 66S 
9.76 697 



9.76 754 
9.76 783 
9.76 812 

9.76 841 
9.76 870 
9.76 899 

9.76 928 
9.76 957 
9.76 986 


9.77 015 


9.77 044 
9.77 073 
9.77 101 

9.77 130 
9.77 159 
9.77 188 

9.77 217 
9.77 246 
9.77 274 


3 


9.77 332 
9.77 361 
9.77 390 

9.77 418 
9.77 447 
9.77 476 

9.77 505 
9.77 533 
9.77 562 


9.77 591 


9.77 619 
9.77 648 
9.77 677 


20 

20 

29 

30 
29 
29 

29 

O A 


29 

29 


29 

29 

29 

29 

29 

30 
29 
29 

28 

29 

29 

29 

29 

29 

29 


0.23 739 
0.23 710 
0.23 681 

0.23 652 
0.23 623 
0.23 594 


0,23 536 
0.23 507 
0.23 478 

0*23 449 
0.23 420 
0.23 391 

0.23 361 


. 95 

To 3 ” 
.93 
.93 

, 93 
*93 
9.93 

9.93 
9.93 
9.93 

o7o3_ 

9793 
9 • 93 
9.93 

9.93 

9.93 

9.93 

9.93 
9.93 


“ ~ ■ r 

i •/> > 


74 t 


j 


i 8 


60 

59 

53 


731 

724 

i I i 

709 

702 

095 

t is i 




0 . 

to 

CO 

303 

0 . 

23 

275 

0 . 

23 

246 

0 . 

23 

217 

0 . 

23 

18S 

0 . 

.23 

159 

0 . 

.23 

130 

0 

.23 

101 

0 

.23 

072 

0 

.23 

043 

0 

.23 

014 

0 

.22 

'985 


9.93 


9.93 

9.93 

9.93 

9.93 

9.93 

9.93 

9.93 

9.93 

9.93 

9.93 


073 

665 

058 

050 

043 

030 

628 

621 

614 

006 


599 

591 

584 

577 



49 


562 

554 

547 

539 



f 


29 


9.77 706 28 
9.77 7341 on 

9.77 763 

9.77 791 . „ 
9.77 820 29 
9.77 849 ( 2g 


20 

28 

29 



L Ctn cd 


0.22 956 
0.22 927 
0.22 899 

0.22 870 
0.22 841 
0.22 812 

0.22 783 
0.22 754 
0.22 726 


0.22 697 


0.22 668 
0.22 639 
0.22 610 

0.22 582 
0.22 653 
0.22 524 

0.22 495 
0.22 467 
0.22 438 


0.22 409 


0.22 381 
0.22 352 
0.22 323 

0.22 294 
0.22 266 
0.22 237 

0.22 209 
0.22 180 
0.22 151 


0.22 123 


L Tan 


9.93 525 
9.93 517 
9.93 510 


9.93 502 
9.93 495 
9.93 487 


9.93 
9.93 
9.93 


9.93 


9.93 

9.93 

9.93 

9.93 

9.93 

9.93 


480 

472 

465 


457 


450 

442 

435 

427 

420 

412 




9.93 405 
9.93 397 
9.93 390 


9.93 382 


9.93 375 
9.93 367 
9.93 360 

9.93 352 
9.93 344 
9.93 337 

9.93 329 
9.93 322 
9.93 314 


9.93 307 


L Sin 


47 

46 

40 
44 

43 

42 

41 


40 


39 

38 

37 

36 

35 

34 

33 

32 

31 


30 


29 

28 

27 

26 

25 

24 

23 

22 

21 


20 


19 

18 

17 

16 

15 

14 

13 

12 

11 



Prop. Pts 


2 I f 0 ( 1 .0 
!{ l.o 1.4 j 

4 2. o'. 1.9: 

5 2.5; 2.4, 

6 3.0 2.9' 

7 3.5 3.4| 

8 4.0 3 .9 ] 

9 4.5: 4.4 
10; 5. uj 4.8! 
L*0 10.0 0.7; 
30 15.0.14.5, 
40 20.010.3 
50 25.0 24.2 


28 

0.5 
0.0 

1.4 

1.0 

* 'J £ > 

A* *J 

2 . H 
3.3 

3.7 

4.2 

4.7 

9.3 
14.0 
18.7 
23.3 



" i 22 ] 21 

1 0.4 0.4 
2 , 0.7 0.7 

3 1.1 1-0 

4 1.5 1-4 

5 1.81 1-8 
6 2.2 2.1 
7 2.6 2.4 
8 ' 2.9 2.8 
9 3.3 3.2 

10 3.7 3.5 
201 7.3 7.0 
30 i 11. 0 - 10.5 
40 * 14 . 7 il 4.0 
50118 . 3 * 17.5 


"| 8 J 7 
1 0.1 0.1 

20.30.2 
3 0.4 0.4 

40.50.5 

50.70.6 
6 0.80.7 
70.90.8 
8 1.1 0.9 

91.2 1.0 
101.31.2 
202.7 2.3 
304.0 3.5 
40 5.3 4-7 
50 6.715.8 


Prop. Pts. 



















L Sin 


o 9.71 184 


119.71 
2 9.71 

319.71 

4 9.71 

5 9.71 

6 9.71 

7|9.71 
8 9.71 

919.71 


205 

220 

247 

268 

289 

310 

331 

352 

373 


10 9.71 


9.71 
9.71 
9.71 

14)9.71 
15 9.71 
16(9.71 

9.71 
9.71 
9.71 


414 

435 

456 

477 

498 

519 

639 

660 

581 


9.71 602 

,9.71 622 

22 9.71 643 

23 9.71 664 

24 9.71 685 

25 9.71 705 

26 9.71 726 

27 9.71 747 

28 9.71 767 
2919.71 


21 


9.77 877 

9777 906 
9.77 935 
9.77 963 

9.77 992 

9.78 020 
9.78 049 

9.78 077 
9.78 106 
9^78 135 

9/78 163 

9.78 192 
9.78 220 
9.78 249 

9.78 277 
9.78 306 
9.78 334 

9.78 363 
9.78 391 
9.78 419 

9.78 448 

9.78 476 
9.78 505 
9.78 533 

9.78 562 
9.78 590 
9.78 618 

9.78 647 
9.78 675 
9.78 704 


L Ctn I L Cos d 


0 22 V28\~'/.ii 307 


0.22 094 
0.22 065 
0.22 037 

0.22 008 
0.21 980 
0.21 951 

0.21 923 
0.21 894 
0.21 865 


9.93 299 
9.93 291 
9.93 284 

9.93 276 
9.93 269 
9.93 261 

9.93 253 
9.93 246 
9.93 238 


60 


9 -71 809 I “ |9.78 732 


0.21 8 371 9.93~ 23Q 

9.93 223 
9.93 215 
9.93 207 

9.93 200 
9.93 192 
9.93 184 

9.93 177 
9.93 169 

_ 9.93 161 

0-21 5521 9.93 154 


0.21 808 
0.21 780 
0.21 751 

0.21 723 
0.21 694 
0.21 666 

'0.21 637 
0.21 609 
0.21 581 


9.71 

9.71 

9.71 


829 

850 

870 


3419.71 891 

3519.71 911 

36 9.71 932 

37 9.71 952 

38 9.71 973 

39 9.71 994 


9.78 760 
9.78 789 
9.78 817 

9.78 845 
9.78 874 
9.78 902 

9.78 930 
9.78 959 
9.78 9S7 


0.21 624 
0.21 495 
0.21 467 

0.21 438 
0.21 410 
0.21 382 

0.21 353 
0.21 325 
0.21 296 

0.21 


014 1 Z 9 ^ 79-015 


41 9.72 034 

42 9.72 055 
4319.72 075 

9.72 096 
9.72 116 
9.72 137 

9.72 157 
9.72 177 
9.72 198 


9.79 043 
9.79 072 
9.79 100 

9.79 128 
9.79 156 
9.79 185 

9.79 213 
9.79 241 
9.79 269 


0.21 240 
0.21 211 
0.21 183 

0.21 155 
0.21 126 
0.21 098 

0.21 070 
0.21 041 
0.21 013 


9.93 146" 
9.93 138 
9.93 131 

9.93 123 
9.93 115 
9.93 108 

9.93 100 
9.93 092 
9.93 084 

9.93 077 


£iZi218 Z 9^9 297 


9.72 238 
9.72 259 
9.72 279 

9.72 299 
9-72 320 
9 72 340 

9.72 360 
9.72 381 
9.72 401 

L Cos 


20 


9.79 326 
9.79 354 
9.79 382 

9.79 410 
9.79 438 
9.79 466 

9.79 495 
9.79 523 
9.79 551 


0.20 985 

0.20 957 
0.20 928 
0.20 900 

0.20 872 
0.20 844 
0.20 815 

0.20 787 
0.20 759 
0.20 731 


9.93 069 
9.93 061 
9.93 053 

9.93 046 
9.93 038 
9.93 030j 

9.93 022' 8 
9.93 014 
9.93 007 


9.92 999 


9.92 991 
9.92 983 
9.92 976 

9.92 968 
9.92 9001 
9.92 952 

9.92 944 
9.92 936 
_9.92 929 

0.20 70319.92 92l 


9.79 679 


L Ctn 


0.20 67419.92 913 

9.92 905 
9.92 897 

--,9.92 889 

0.20 56219.92 881 

"" 9.92 874 

9.92 866 


0 


0.20 477 
0.2 0 449 

0.20 421 

L Tan 


9.92 858 
9.92 850 

9.92 842 

L Sin 




TABLE II 

Prop. Pts. 


29 

0.5 
1.0 

1 . 4 ( 1 . A 

1.9; n 

2 . 4 ' 2 . a 

2.9! 2.8 

3 . 4 | 3.3 
3.9 3.7 
4.4 4.2 
4 . 8 | 4.7 
9 . 7 ' 9.3 
30 ' 14.5 14.0 
40 , 19.3 18.7 
i 24 . 2 l 23.3 


21 

0.4 
0.7 
1.0 

1.4 
1.8 
2.1 

i 

2.4 
2.8 

3 . 2 ! 

3 . 5 ! 

7.0! 6.7 
30 10.5110.0 
40,14.0jl3.3 
5017.5 16.7 


ft 


20.30.2 
30.4 0.4 
4 0.50.5 
50.70.6 
OjO.8 0.7 
710.9 0.8 
81 .: 


1.0 


1.2 
3[1.2 
20 (2. 7 i 2.3 


4.0 


3.5 


5.3,4.7 
.715.8 



Prop. Pts. 
























































































































































































TABLE II 


32 


3 

4 

5 

6 

7 

8 
9 


10 

11 

12 

13 

14 

15 

16 

17; 
IS 

19 

20 


21 

22 

23 

24 

25 

26 

27 

28 
29 


30 


31 

32 

33 

34 

35 

36 

37 

38 

39 


40 


41 

42 

43 

44 

45 

46 

47 

48 

49 


0 


51 

52 

53 

54 

55 

56 

57 

58 

59 


L Sin 


9.72 42 

9.72 441 
9.72 401 
9.72 4S2 

9.72 5C 
9.72 5: 
9.72 5^ 

9.72 5( 
9.72 5! 


L Ctn 


L Cos 



Prop. Pts 


20 

20 

21 


522 

542 

562 

582 


9.72 


9.72 


9.72 
9.72 
9.72 

9.72 

9.72 

9.72 

9.72 

9.72 

9.72 


9.72 


663 
6 S3 

703 

723 

743 

763 

7S3 

S03 


20 

20 

20 

20 

20 

20 


20 

20 

20 

20 


9.79 63,.) 
9.79 603 

9.79 691 
9.79 719 
9.79 747 

9.79 776 
9.79 S04 


60 

.V * 


9.72 843 
9-72 863 
9.72 883 

9.72 902 
9.72 922 
9.72 942 

9.72 962 

9.72 982 

9.73 002 


9. 

73 

022 

9. 

73 

041 

9. 

73 

061 

9. 

73 

081 

9 

.73 

101 

9 

.73 

121 

9 

.73 

140 

9 

.73 

160 

9 

.73 

180 

9 

.73 

200 

9 

.73 

219 


9. 

79 

860 

9. 

79 

sss 

9. 

79 

910 

9. 

79 

944 

9. 

79 

972 

9. 

SO 

000 

9 

.80 

028 

9 

.80 

056 

I 9 

.80 

0S4 

9 

.SO 

112 


9. 

80 

140 

9. 

80 

168 

9- 

80 

195 

9. 

80 

223 

9. 

80 

251 

9. 

80 

279 i 

9. 

80 

307 

9. 

SO 

335 : 

9. 

80 

363 

9. 

SO 

391 

9 

.80 

419 

9 

.80 

447 

9 

.80 

474 

9 

.80 

502 

9 

.80 

530 

9 

.80 

558 

9 

.SO 

586 

9 

.80 

614 

9 

. 80 

642 

9 

.80 

669 


28 

28 

28 

28 

28 

28 

28 

28 

28 

28 

28 

28 

27 

OR 

o 



28 

28 

28 

28 

28 

28 

27 

28 


L 


9.73 

9.73 

9.73 

9.73 

9.73 

9.73 

9.73 

9.73 

9.73 


9.73 


9.73 

9.73 

9.73 

9.73 

9.73 

9.73 

9.73 

9.73 

9.73 


9.73 


259 

278 

298 

318 

337 

357 

377 

396 


416 


435 

455 

474 

494 

513 

533 

552 

572 

591 


611 


20 

20 

19 

20 
20 

19 

20 

19 

20 


20 

19 

20 

19 

20 

19 

20 


9.80 


9 . 

80 

725 

9 . 

80 

753 

9 . 

80 

781 

9 . 

.80 

808 

9 . 

.80 

836 

9 

.80 

864 

I 9 

.80 

892 

9 

o 

00 

i 

919 

9 

bo 

o 

947 




9.81 

003 ! 

9.81 

030 

9.81 

058 

9.81 

086 1 

9.81 

113 

9.81 

141 

9.81 

169 

9.81 

196 

9.81 

224 

9.81 

252 


28 

28 

28 

28 

27 

28 

28 

28 

28 

27 

28 
28 

28 

27 




28 

28 

27 

28 

28 

27 

28 

28 

27 

28 

28 


L Ctn cd 


0.20 Moo 
0.20 2sl 
0.20 200 

0.20 224 
0.20 100 
0.20 lOS 


0.20 140 


0.20 112 
0.20 0S4 
0.20 056 

0.20 02S 
0.20 000 
0.19 972 

0.19 944, 
0.19 916 
0.19 88S 


0.19 860 


0.19 832 
0.19 805 
0.19 777 

0.19 749 
0.19 721 
0-19 693 

0.19 665 
0.19 637 
0.19 609 


0.19 581 


0.19 553 
0.19 526 
0.19 498 

0.19 470 
0.19 442 
0.19 414 

0.19 386 
0.19 358 
0.19 331 


0.19 303 


0.19 275 
0.19 247 
0.19 219 

0.19 192 
0.19 164 
0.19 136 

0.19 108 
0.19 081 
0.19 053 


0.19 025 


0.18 997 
0.18 970 
0.18 942 

0.18 914 
0.18 887 
0.18 859 

0.18 831 
0.18 804 
0.18 776 


0.18 748 


L Tan 



9. 

92 

7 oo 

9. 

92 

747 

9. 

92 

739 

9. 

92 

731 

9. 

92 

723 

9 

.92 

715 

9 

.92 

707 

|9 

.92 

699 

9 

.92 

691 

9 

.92 

OSS 



i.J-J 
i >4 

* hy 

51 

50 


49 


4 < 

46 


9.92 675 
9.92 667 
9.92 659 

9.92 651 
9.92 043 
9.92 635 

9.92 627 
9.92 619 
9.92 611 


9.92 603 


9.92 595 
9.92 587 
9.92 579 

9.92 671 
9.92 563 
9.92 555 

9.92 546 
9.92 538 
9.92 530 




41 


40 







9 . 

92 

522 

9 . 

92 

514 

9 . 

92 

506 

9 . 

92 

498 

9 . 

92 

490 

9 . 

.92 

482 

19 , 

.92 

473 

9 

.92 

465 

9 

.92 

457 

9 

.92 

449 ! 

ii 

.92 

441 


9.92 43 : 
9.92 42 
9.92 416 

9.92 408 
9.92 400 
9.92 392 

9.92 384 
9.92 376 
9.92 367 


9.92 3 c 

- 


L Sin 


38 

37 

30 
35 

34 

n o 

Oo 

32 

31 


30 

29 

28 

27 

26 

25 

24 

23 

22 

21 


20 


19 

18 

17 

16 

15 

14 

13 

12 

11 


10 


9 

8 

7 


l.o 

1.4 

1 M 


0 .0 
1.4 

1 . u 
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.4 
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1.4 
1.8 


5 2.4 2.3 2.2 
2.9 2.8 2.7 
7j 3.4, 3.3 3.2 
s' 3.9 5.7l 3.6 
9- 4.4; 4.21 4.0 
lOj 4.8| 4.7j 4.5 
20. 9.7 9.3. 9.0 
30,14.5 14.1) 13.5 
40 19.3 18.7 18.0 
50 24.2 23.3 22.5 


"I 21 j 20 | 19 

1 0.4- 0.3> 0.3 

2 0.7] 0.7; 0.6 

3 1.0 1 . 0 | 1.0 
4 1.4 1.3 1.3 
5, 1.8 1.7, 1.6 

6 2.1 2.0 1.9 

7 2.4 2.3. 2.2 

8 2.8 2.7 2.5 

9 3.2 3.0 2.8 
10 3.6 3.3 3.2 
20, 7.0 6.7 6.3 
30'l0.6!l0.0| 9.5 
40 14.0!13.3!12.7 
50 17.5 ! 16.7I15.8 


M 9 I 8 I 1 

1 0.2 O.llO.l 

2 0.3 0.3j0.2 

3 0.4 0.4 0.4 
40.60.5 0.5 
60.80.70.6 
610.9 0.8 0.7 
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9T3 978. 
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9.74 017 
9.74 036 
9.74 055 

9.74 074 
9.74 093 
9.74 113 

9.74 132 
9.74 151 
9_74 170 

9_74 189 

9.74 208 
9.74 227 
9 /4 246 

9.74 265 
9 74 284 
9.74 303 

9.74 322 
9.74 341 
9.74 
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9.SI 611 
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9.81 
9.81 

9. SI 

9.81 
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°s 
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28 


28 

28 
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0.18 
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0.18 610 
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0.18 52 


<7 * 


9.81 S03 


9.81 831 
9.81 858 
9.81 886 

9.81 913 
9.81 941 
9.81 968 

9.81 996 

9.82 023 
9.8 2 051 

9.82 078 


9.92 
9.92 318 
9.92 

9.92 302 

9 90 

0.18 50 019.92 

0- IS 472 [9~92~277 

0.18 444 19.92 269 
0.18 417 9.92 2G0 
0.1S 3S9 9.92 252 

0.1S 302 9.92 244 
0.18 334 9.92 23 
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0.18 279I9.92 219 
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8 

S 

8 


60 

59 


8 

8 

9 

8 


53 
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t 


0.18 197 9 


0.18 142 
0.18 114|9.92 
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0.18 087 9.92 161 


28 


0.18 


9.92 152 


0.18 03219.92 144 
0.18 00419.92 136 


0.17 


9.92 127 


9 74 379 


9-74 398 
9 74 417 
9.74 436 

9.74 455 
9.74 474 
9 74 493 

9 74 512 
9 74 531 
9 74 549 

9 74 568 


9.74 587 
9.74 606 
9 74 625 

9.74 644 
9 74 662 
9.74 681 
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9 74 719 
9.74 737 

9~74~75 6 
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9.82 133 
9.82 161 

9.82 188 
9.82 215 
9.82 243 

9.82 270 
9.82 298 
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9.82 380 
9.82 407 
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9.82 462 
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9.82 544 
9.82 671 
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0.17 949 19.92 119 


0.17 
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27 
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9 

8 
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9 
8 

8 

9 

8 
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9 
8 
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8 

8 


0.17 


9.92 060 


0.17 730 9.92 
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0.17 


9.92 044 


28 


0 17 675 19^92 
0.17 648 19 . 92 027 

I 07TT620 97921)18 
0.17 59319.92 010 


9 


9.82 626 

9-82 653 
9.82 681 
9.82 708 

9.82 735 
9.82 762 
9.82 790 

9.82 817 
9.82 844 
9.8 2 871 

9.82 899 
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9.92 
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9 


9 

8 
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0.17 34719.91 
0.17 31919.91 925 
0.17 29219.91 917 


0.17 


91 
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0.17 21019.91 

0.17 18319.91 883 
0.17 15619.91 874 
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L Tan I L Sin 


e 


s 



Prop. Pts. 


n 


30:14.0'13.5 


40 


.7 


50123.3 


18.0 

22.5 
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30j 10.0 
40 13.3 

soils. 7 




9 8 

0 . 2 | 0.1 
2(0. 3,0.3 
0.4 0.4 
0.0*0.5 
5(0.80.7 


0.9 


0.8 


1 . 0 ( 0.9 
1.1 
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9 1.4 
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TABLE II 


34 


9.74 756 


9.74 775 
9.74 794 
9.74 812 

9.74 831 
9.74 850 
9.74 86S 


11 

12 

13 

14 

15 

16 

17 

18 
19 


20 


21 

22 

23 

24 

25 

26 

27 

28 
29 


9.74 

9.74 

9.74 


9.74 


9.74 

9.74 

9.74 

9.75 
9.75 
9.75 


8S7 

906 

924 


943 


961 

9S0 

999 

017 

036 

054 


9.75 073 
9.75 091| 
9.75 HO 


9.75 128 


9.75 147 
9.75 165' 
9.75 184 

9.75 202 
9.75 221 
9.75 239 

9.75 258 
_.9.75 276 
29 9.75 294 
30|9.7 5 313 

9.75 331 
9.75 350 
9.75 368 

9.75 386 
9.75 405 
9.75 423 


31 

32 

33 

34 

35 

36 


37 9.75 441 

38 9.75 459 

39 g.75 478 

■9775 496 



41 

42 

43 

44 

45 

46 

47 

48 

49 


m 


51 

52 

53 

64 

55 

66 

57 

58 

59 
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9.82 


9.82 

9.82 

9.52 

9.83 
9-S3 

9.53 

9.83 
9. S3 
9.83 


899 


926 

953 

980 

008 

035 

002 

OS 9 
117 
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U.17 10119 91 S 01 


0.1" 074 9.91 849i 



0.17 047 9.91 840 
0.17 020 9.91 832 



19 

18 


9.75 514 
9.75 533 
9.75 551 

9.75 569 
9.75 587 
9.75 605 

9.75 624 
9.75 642 
9.75 660 

9~. 75 696 
9.75 714 
9.75 733 

9.75 751 

9.76 769 
9.76 787 

9.75 805 
9.75 823 
975 841 


9.76 859 


18 

19 

18 

18 

18 

19 

18 

18 

19 

18 

18 


18 


9.83 198 
9.83 225 
9.83 252 

9.83 2S0 
9.83 307 
9.S3 334 

9.S3 361 
9.83 38S 
9.83 415 


9.83 442 

9.83 470" 
9.83 497 
9.S3 524 

9.83 551 
9.83 578 
9.83 605 

9.83 632 
9.83 659 
9.83 686 


9. 83 713 

9.83 740 
9.83 768 
9.83 795 


07 

1 

07 

27 

28 
27 



0 16 992 0.91 823 
6.1G 905 9.91 815 
0.16 9381991 800 

0.16 011 19.91 798 
0.16 §83 9.91 789 
0.16 856 9.91 781 

07l6 829 9 991J772 

inifSO? U3)l 763 
10.16 77519.91 1 55 
0.16 748 9.91 746 

0 16 720 9.91 73S 
0.16 693 9.91 729 
0.16 66619.91 720 

0.16 639 9.91 712 
0 16 612 9.91 703 
,0.16 585 9.91 095 


60 


59 

5-8 

O i 

50 

55 




54 

53 


763 1 
755 I 
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28 

27 

27 

27 


51 

50 | 
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48 
47 

46 

45 

44 

43 
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41 

40 


39 

38 

37 
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18 

18 

18 

18 

18 

19 

18 

18 

18 

18 

18 

18 
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9.83 876 

9.83 903 

9.83 930 
9.83 957 
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9.84 038 

9.84 065 

9.84 092 

9.84 119 

9.84 146 

9.84 173 
9.S4 200 
9.84 227 


9.84 254 


9.84 280 
9.84 307 
9.84 334 

9.84 361 
9.84 388 
9.84 415 

9.84 442 
9.84 469 
9.84 496 


9.84 523 
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0.16 55S1 9.91 68 6 

0 16 5WI9.01 677 
0.16 503 9.91 669 
0.16 476|9.91 660 

0 16 44919.91 651 

O'. 16 422 9.91 643 

0.16 39519.91 634 

0 16 36S 9:91 625 
0.16 341 9.91 617 
0.16 3141 9.91 608 

| 0 16 287 1 9.91 599 
' ■OT260 979T59T 
0.16 232 9.91 582 
0.16 205 9.91 5<3 

[ 0.16 178 9.91 5651 9 
\ 0.16 15119.91 556 9 
7 0.16 12419.91 54/ K 

7 0.16 097 9.91 538' 

7 0.16 070 9.91 530 
7 0.16 0431 9.91 521 
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0.15 989 
0.15 962 
0.15 935 

0.15 908 
0.15 881 
0.15 854 

0.15 827 
0.15 800 

0.15 773 _ 

171X7461 9.91 435 
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0.15 5041 9.91 345 

7TTfi~47719 ■ 91 336 
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0.9 
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1,7 


M -j 
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20 9.3 
30 14.0 
40 18.7 
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2 7 2.6 

3 2 3 0 

3 6 3.5 

4 0 3,9 
4 5 4.3 


7 3 6 
2 4 
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7 18.0 


50 . 23.3 
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8.7 
13.0 
17.3 

21.7 
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1 0.3 0.3 

2 i 0.6 0.6 

3 ! 1.0. 0.9 
4 ; 1.3, 1.2 

5 1 .ft! 15 

6 1 . 9 ] 1.8 

7 2 . 2 ; 2.1 
8 | 2 , 5 '| 2.4 
9 2 . 8 ! 2.7 

10! 3.2i 3.0 
20; 6.3; 6.0 
301 9.5 9.0 
40,12.712.0 

50;15.8,15.0 
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2 0.3,0.3 
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738 

764 




0.15 477|9.91 336 

9.9 028 
9.91 319 
9.91 310 

9.91 301 
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53 
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9.85 
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9.85 
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0.14 

0.14 

0.14 

0.14 
0.14 
0.14 
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860 

834 
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780 

753 

727 
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9.76 
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55 

56 

57 

58 

59 
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9.76 
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9.76 
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9.76 
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9.76 
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9.85 780 
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0.14 
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0.14 
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0.14 
0.14 
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0.14 
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0.14 
0.14 
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0.13 
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246 

220 


_ 9.90 978 
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9.90 960 
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9.90 942 
9.90 933 
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9.90 915 
9.90 906 
9.90 896 

9.90 887 
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30 , 13.5 
40 38 . 0 1 17.3 
50 ) 22 . 5 , 21.7 


10 

20 [ 6.0 


30 


50 


9.0 
12 . 0 : 11.3 
15 . 0 ) 14.2 


8.3 


ff 
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9 f 8 

0 . 2 ( 0.1 


2 0 . 3.0 
3 | 0.4 0 
0.60 
0.8 0 
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1.0I0 
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1.4 
10 | 1.5 
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9.76 922 


9. 

76 

939 

9, 

76 

957 

9. 

76 

974 

9. 

76 

991 

9 

77 

009 

9 

.77 

026 

9 

.77 

043 

9 

.77 

061 

9 

.77 

078 

9 

^ i — 

.77 

095 


11 9.77 112 

12 9.77 130 

13 9.77 147 


14 

15 

16 

17 

18 
19 


9.77 164 
9.77 181 
9.77 199 


9.77 216 
9.77 233 
9.77 250 


20 9.77268 


21 9.77 285 

22 9.77 302 

23 9.77 319 

24 9.77 336 

25 9.77 353 

26 9.77 370 

27 9.77 387 

28 9.77 405 

29 9.77 422 




3 


31 

32 

33 

34 

35 

36 

37 

38 

39 


40 


41 

42 

43 

44 

45 

46 

47 

48 

49 


9. 

77 

439 

9. 

77 

456 

9, 

77 

473 

I 9 

77 

490 

1 9. 

77 

507 

9, 

,77 

524 

9 

.77 

541 

9 

.77 

558 

9 

.77 

575' 

1 9*77 

592 

I 

.77 

609 


9*77 643 
9,77 660 

9.77 677 

9.77 694 
9.77 711 

9.77 728 

9.77 744 

9.77 761 


51 

52 

53 

54 

55 

56 

57 

58 


9. 

86 

126 

9. 

86 

153 

9. 

86 

179 

9. 

86 

206 

9. 

,86 

232 

9 

. S6 

259 

9 

.86 

285 

9 

,86 

312 

9 

.86 

338 

9 

,86 

365 

9 

, S6 

'392 


26 

27 

26 


9. 

86 

41S 

9. 

86 

445 1 

9. 

86 

471 

9. 

.86 

49S 

9 

.86 

524 

9 

86 

551 

9 

. 86 

577 ! 

9 

.86 
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9 

.86 

630 


26 

27 

27 

26 

27 

26 


0. 

18 

874 

0. 

13 

847 

0. 

13 

821 

0. 

13 

794 

0. 

13 

70S 

0. 

13 

741 

0 

13 

715 

0 

.13 

688 

10 

.13 
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0 

.13 
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9. 

77 
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0. 

77 
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,9. 

77 

829 

9. 

77 

846 

9. 

77 

862 

9. 

.77 

879 

9 

.77 

896 

9 

.77 

913 

9 

.77 

930 


17 

17 

17 

17 

17 

17 

17 

17 

17 

17 

17 

17 

16 

17 

17 

17 

17 

17 

17 


17 

17 

17 

17 

16 


9. 

S6 

656 

9. 

S6 

683 | 

9. 

86 

709 , 

9. 

86 

736 

9. 

86 

762 

9. 

86 

789 

9. 

86 

815 

9. 

86 

842 

9, 

86 

868 

9. 

.86 

894 

9 

.86 

921 

9 

'86 

'947 

9 

.86 

974 

9 

.87 

000 

9 

.87 

027 

9 

.87 

053 

9 

.87 

079 

19 

.87 

106 

9 

.87 

132 

9 

.87 
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9.82 012 
9.82 026 

9.82 041 
9.82 055 
9.82 069 

9.82 084 

9.82 098 
9JJ2 112 

9.8 2 126 

9.82 14f 
9.82 155 
9.82 169 
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9.82 198 
9.82 212 

9 82 226 
9.82 240 
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9.93 916 

9.93 942 | 
9.93 967 

9.93 993 

9.94 018 
9.94 044 
9.94 069 

9.94 095, 
9.94 120| 
9_94 140 
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9.94 197 
9.94 222 
9.94 248 

9.94 273 
9.94 299 
9.94 324 

9.94 350 
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9 
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0.05 

0.05 


9 
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9.82 297 
9.82 311 

9.82 326 
9.82 340 
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9.82 368 I 
9.82 382 
9.82 396 

9782 410 

bT82~424 
9.82 43B 
9.82 453 

9.82 467 
9.82 481 
9.82 495 

9.82 fiog 
982 523 

9.82 537 

9-82 55 1 
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9_94 420 

9.94 452 
9.94 477 
9.94 603 

9.94 528 
9.94 554 
9.94 579 

9.94 604 
9.94 630 
9.9 4 655 

9.94 681 

9.94 706 
9.94 732 
994 757 

9.94 783 
9.94 80S 
9.94 834 

9.94 859 
9.94 8S4 
9.94 910 

9794 935 

9.94 961 

9.94 986 

9.95 012 

9.95 037 
9.95 062 
9.95 088 

9.95 113 
9.95 139 
9.95 164 

9~95~190 

9.95 215 
9.95 240 
9.95 266 

9.95 291 
9.95 317 
9.95 342 

9.95 368 
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9.95 418 
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0.05 
0.05 

0705~57 


0. Oo 
0.05 

0.05 
0.05 
0.05 

0.05 
0.05 
0.05 
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0.05 _ 
0.05 
0.05 

0.05 
0.05 
0.05 

0.05 
0.05 
0.05 
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0.05 
0.05 
0.04 

0.04 
0.04 
0.04 

0.04 
0.04 
0-04 

0.04 

0.04 
0.04 
0.04 

0.04 
0.04 
0.04 

0.04 
0.04 
0.04 


.87 701 
.87 690 
.87679 

.87 668 

87 657 
87 646 
.87 635 

.87 624 
.87 613 
.87 601 

>.87 590 
>.87 579 
>87 568* 

>_,87 557 

0 8 4 54 1 I 
'■87 535 
•87 524 

47219.87 513 
9.87 501 
9.87 490, 

9.87 479 ! 

> 87 408 
>j 87 457 

>_87 4471 

• 87 434 
'87 423 
'•87 412 

87 401 
87 390 
•87 378 

87 367 
.87 356 
.87 345 


53 


421 


30 


065 


014 

988 

963 

938 

912 

887 
861 
836 

810 

785 
760 


322 

311 

300 

288 


87 22 


658 

632 

607 

582 


0.04 55619.87 10 7 
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0.8 0.7 
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L Tan 


c d i L C tn 
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0 


w sii r»r» 1 

9.K2 505 
9.82 579 
9 82 593 

9.82 <>07 
9 82 021 
9.82 035 

9.82 949 
9.82 003 
9.82 077 

9782 091 


9.82 705 
9.82 719 
9.82 

9.82 
9.82 701 
If) 9.82 775 

1719.82 788 
9 82 S02 
9.82 S10 

0TS2jS3O 

oTX2~ 844 
9.82 858 
9.82 872 

9.82 885 
9.82 S99 
9.S2 913 

9.82 927 
9.S2 941 
9.82 955 

9.82 90S 


9.95 
9.95 
9.95 

9.95 
9.95 
9.95 

9.95 

9.95 

9.95 


6 


* Si 107 


d 


i 3 


0.04 5132 
0704277 


< t 


9 


o 


311 9 82 982 

32 9.82 990 

33 9.83 010 

34 9.83 023 

35 9.83 037 
36)9.83 051 

9.83 065 
9.83 078 
9.83 092 

9.83 106 


9.95 952 

9.95 
9.90 

9.96 

9.96 
9.96 
9.96 

9.96 
9.96 
9.96 
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9.96 205 


9.83 120 
9.83 133 
9.83 147 

9.83 161 
9.83 174 
9.83 188 

9.83 202 
9.83 215 
9.83 229 

9.83 242 

9.83 256 
9.83 270 
9.83 283 

9.83 297 
9.83 310 
9.83 324 

57 ) 9.83 338 
9.83 351 
9.83 365 

9 .83 378 

L Cos 


9.96 231 
9.96 256 
9.96 2S1 

9.96 307 
9.96 332 
9.96 357 

9.96 383 
9.96 408 
9.9 6 433 

9.96 459 

9.96 484 
9.96 510 
9.96 535 

9.96 560 
9.96 586 
9.96 611 

9.96 636 
9.96 662 
9.96 687 
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U4 


9 

Mi 

97 * i 

0. 

04 
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9. 

sO 
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0. 

04 
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9. 

SO 
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0. 

04 
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9. 

so 
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0. 

04 
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9. 

Sf, 
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0. 

04 
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9. 
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0. 

04 

ow 

9. 

so 

<M ) 2' 

0. 

04 
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9. 

so 

S9H 

0. 

04 
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9. 

SO 
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0. 

04 

023 

9. 

80 

807 

0. 

03 
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9. 

86 
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0. 

03 
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9. 

86 

844 

0, 

03 
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9. 

86 
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0 
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9. 

86 
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0 

.03 
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9. 

86 
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0 
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9 

86 
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0 
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9 
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0 
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820 

9 

.86 

775 

0 
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9 

.86 
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0 

.03 

7G9 

9 

.86 
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0 

.03 
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9 

.86 
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0 
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9 

.86 
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0 
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9 

.86 
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0 
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668 

9 

.86 
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0 
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9 

.86 
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0 
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9 

.86 
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9 

.86 
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0 
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9 
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0.03 

0.03 

0.03 

0.03 

0.03 

0.03 

0.03 

0.03 

0.03 
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389 
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4 9.84 229 
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9.85 062 
9.85 049 
9.85 037 

9.85 024 
9.85 012 
9.84 999 

9.84 986 
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12 
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13 

12 


12 

13 

13 

12 

13 

12 

13 

12 

13 
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13 

12 
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46 
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43 
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37 
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34 

33 

32 

31 


30 
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28 
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22 

21 


20 


19 
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40,17.3 16.7 
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'I 14 t 15 

l 1 0.2 0. 

2 0.5 1 0. 

3 0.7 0. 
4, 0.9 0. 
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6 1.4 1. 

7 1.6 1 . 

8 1.9 1. 

9 2.1 2 . 
10 2.3 2. 
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3 1.2 
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THE NUMERICAL VALUES 

OF 

TRIGONOMETRIC FUNCTIONS 
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31 

32 

33 

34 

35 

36 

37 

38 

39 

40 


41 

42 

43 

44 

45 

46 

47 

48 
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. 00000 
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116 
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. 00000 


029 
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087 

116 

.00145 

175 

204 

233 

262 


.00291 
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495 

524 

553 


. 00582 


611 

640 

669 

698 
.00727 
756 

785 

814 

844 


.00873 


902 

931 

960 

. 00989 
.01018 
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105 
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495 

524 

553 


.005S2 


611 

640 

669 

698 
.00727 
756 


3437.7 

1718.9 

1145.9 

859.44 
6S7.55 

572.96 

491.11 

429.72 

381.97 


343.77 


312.52 

286.48 

264.44 

245.55 
229.18 
214.86 

202.22 
190.98 
180.93 


171.89 


163.70 
156.26 
149.47 

143.24 

137.51 

132.22 


785 

127.32 

815 

122.77 

844 

118.54 

700873 

114.69 

902 

110.89 

931 

107.43 

960 

104.17 

.00989 

101.11 

.01018 

98.218 
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95.489 

076 

92.908 

105 

90.463 
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88.144 1 
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1.0000 60 


000 59 
000 58 
000 57 

000 50 
1.0000 55 
000 54 

000 
000 
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.99999 
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.99999 
999 

999 
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.99998 
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.99997 
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997 
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995 
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193 

222 

251 

280 
.01309 
338 

367 

396 

425 
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193 

222 

251 

280 

.01309 

338 

367 

396 

425 


.01455 



83.844 
81.847 
79.943 

78.126 
76.390 
74.729 

73.139 
71.615 
70.153 
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52 513 

53 542 

54 571 

66 .01500 

56 520 
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687 
716 
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513 

542 

67.402 
66.105 
64.858 
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.01600 

629 

63.657 
62.499 
61.383 
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687 

716 

60 .306 
59.266 
58.261 
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989 

989 
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49 

48 
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44 
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706 

734 

763 


. 16792 


820 

849 

878 

906 
.16935 
964 

16992 
. 17021 
050 


.17078 


107 

136 

164 

193 
.17222 

250 


. 16137 

167 

196 

226 

256 
.16286 
316 

346 

376 

405 


.16435 


465 

495 

525 

555 
. 16585 
615 

645 

674 

704 


. 2200 
.2085 


. 1850 
.1742 
.1628 

.1515 
6.1402 
.1290 

.1178 

.1066 

.0955 


6.0844 


.0734 

.0624 

.0514 

.0405 

6.0296 


.98769 60 

704 59 
700 5S 
57 

56 
55 
54 

53 
52 

51 

50 


751 
. 98740 
741 

737 

732 

728 



7 IS 

491 

714 

48 

709 

47 

704 

46 

.98700 

45 

695 

44' 

690 

43 

686 

42 

681 

41 

798676 

0*71 

40 

i on 


6,0080 
5.9972 
.9865 


667 

662 

657 

98652 

648 

643 

638 

633 



764 

794 

824 

854 
.16884 
914 

944 
.16974 
.17004 


.17033 


063 

093 

123 

153 

.17183 

213 

243 

273 

303 


.9651 

.9545 

.9439 

.9333 

5.9228 

.9124 

.9019 

8915 

.8811 



614 

609 

.98604 

600 

595 

590 

585 



.8605 

.8502 

.8400 

.8298 

5.8197 

.8095 

.7994 

.7894 

.7794 






308 

336 


.17365 


363 

393 

423 

453 

17483 

513 

543 

573 

603 


.7504 


.7396 

.7297 

5.7199 

.7101 

.7004 



.6800 


5.6713 


575 
670 
565 

561 

.98556 

551 

546 

541 

536 


.98531 


526 

521 

616 

511 

.08506 

501 

406 

401 

486 


38 

37 

36 

35 

34 

33 

32 

31 


30 


29 

28 

27 

26 

25 

24 

23 

22 

21 


20 


19 

18 

17 

16 

15 

14 

13 

12 

11 


10 




Cos Ctn 
































Jr* * 

> - '.It i tm £ 

£&> - 

-, v : 

-. - . - . •' .;.... , 

■ i13j Is 

- 'N':4 r w;Cs £’ 

•■ jr-VT S' 

f 5 4 

' I- ■ ft 

• V *"*«* . W M 


ht" 

1 .- *> 

•*„ J* - 





















































12 


TABLE III 


13 


1 

2 

3 

4 

5 

6 

7 

8 
9 


10 


11 

12 

13 

14 

15 
10 

17 

18 
19 


20 


21 

22 

23 

24 

25 

26 

27 

28 

29 

30 


31 

32 

33 

34 

35 

36 

37 

38 

39 


40 


41 

42 

43 

! 44 

45 

46 

47 

48 

49 


m 


51 

52 

53 

54 

55 

56 

57 

58 

59 


Sin 


. 20791 


820 

848 

877 

905 

.20933 

902 

. 20990! 
.21019 
047 

.21076 


104 

132 

161 

189 

.21218 

246 

275 

303 

331 


.21300 


388 

417 

445 

474 

.21502 

530 

559 

587 

616 


.21644 


672 

701 

729 

758 
.21786 
814 

843 

871 

899 


.21928 


956 

.21985 

.22013 

041 
.22070 
098; 

126 1 

155 

183 


.22212 


240 

268 

297 

325 
.22353 
382 

410 

438 

467 


.22495 


Tan 


21256 


2 S6 

316 

347 

377 

2140S 


Ctn 


499 

529 


.21500 


590 

621 

651 

652 

.21712 

743 

773 

804 

834 


.21864 


895 

925 

956 

.21986 

.22017 

047 

078 

108 

139 


.22169 


200 


261 

292 
. 22322 
353 

383 

414 

444 


.22475 


505 

536 

567 

597 

.22628 

658 

689 

719 

750 


Cos 





811 

842 

872 

903 
. 22934 
964 

.22995 
.23026 
056 




. 5928 
.5864 
.5S00 


4.5736 


.5673 
.5609 
. 6546 

.54S3 
4.6420 
.5357 

.5294. 

.5232 

.5169 


4.5107 


.5045 

.4983 

.4922 

.4860 
4.4799 
. 4737 

.4676 
.4615 
. 4555 


4.4494 


.4434 

.4373 

.4313 

.4253 

4.4194 

.4134 

.4075 

.4015 

.3956 


4.3897 


.3838 

.3779 

.3721 

.3662 

4.3604 

.3546 

.3488 

.3430 

.3372 


4.3315 


97815 


809 

S03 

7 \) * 

7 \n 

977S4 

778 

772 
7 (it j 
_7 GO 

97754 


74S 

742 

735 

729 

.97723 

717 

711 

705 

69S 


60 

54 

58 



50 

49 



6S6 

680 

673 

667 

97661 

655 

648 

642 

636 


97630 


623 

617 

611 

604 

,97598 

592 

5S5 

579 

573 


47 

40 

45 

44 

43 

42 

41 

40 


39 

38 

37 

36 

35 

34 

33 

32 

31 



29 

28 

27 

26 

25 

24 

23 



560 

553 

547 

541 

97534 

528 

521 

515 

508 


97502 


496 

489 

483 

476 

.97470 

463 

457 

450 

444 


21 


20 


19 

18 

17 

16 

15 

14 

13 

12 

11 





Cos Ctn 


230 



ESPS 


Sin 



11 

m 

12 

13 

14 


16 

17 

18 
19 


20 


21 

22 

23 

24 




26 

27 

28 
29 


30 


31 

32 

33 

34 

35 

36 

37 

38 

39 


4 


41 

42 

43 

44 

45 

46 

47 

48 

49 


m 


51 

52 

53 

54 

55 

56 

57 

58 

59 


6 


Sin 


. 22495 


> 


0'J ~r 

580 

60S 

.22037 

005 

093 

722 

750 

722778 

807 

835 

863 

892 

.22920 

94S 

.22977 
.23005 
033 


.23062 


090 

118 

146 

175 
.23203 
231 

260 

288 

316 


.23345 


373 

401 

429 

458 
.23486 
514 

542 

571 

599 


. 23627 


656 

684 

712 

740 
. 23769 
797 

825 

853 

882 


.23910 


938 
966 
.23995 

.24023 
.24051 


Tan 


231 >s7 | 

117 i 
l ls | 
179 j 

209 

23240 

271 

301 

332 


Ctn 


A ' J 1 M 

4. thtli) 
///*!>*} i 

,3200 
. 314 3 


23393 

424 
455 
48 5 

516 

23547 

578 

COS 

639 

070 


. .ilINO 
4.3029 
.2972 

.2910 
. 2859 
. 2803 

4.2747 


. 2035 


25.' 


. 2524 
4.2408 
.2413 

.2358 
. 2303 
.2248 


Cos 


li*" 

. * i i o i 

4: it > 

417 

411 

97404 

398 

?>Ul 

?>S4 

37S 

97371 

3<35 

358 

351 

345 

.97338 

331 

325 



60 

59 

5S 


;j i 

< j* » 



47 

46 

45 

44 


318 42 
311 41 



731 

762 

793 

823 

.23854 

885 

916 
946 
, 23977 



039 

069 

100 

131 

,241G2 

193 

254 

285 


.24316 


347 

377 

408 

439 


4.2193; 

97304 1 ■ 

.2139 

298 

.2084 

291 

.2030 

284 

.1976 

278 

4.1922 

.97271 

. 1868 

264 

.1814 

257 

.1760 

251 

.1706 

244' 

4. 1653 


MB 

230 

. 1547 

223 

.1493 

217 

.1441 

210 

4.1388 

.97203 

. 1335 

196 

.1282 

189 

. 1230 

182 

, .1178 

176 

yum 

.97169 

1 CO 


34 


30 


28 



.1022 
.0970 

, .0918 
.24470 4.0867 


501 

532 


593 



655 

686 

717 

747 


.0816 

.0764 

.0713 

.0662 


4.0611 


.0560 

.0509 

.0459 

.0408 


165 18 
148 17 

141 16 
.97134 15 
127 14 

120 13 
113 12 
106 11 


10 


9 
8 

079 
072 



.24778 4.0358 



108 

136 

164 


.24192 


Cos 


809 

840 

871 

902 


.0308 

.0257 



.0158 


051 ! 
044 . 
037 1 



. 2493314.0108 


Ctn Tan 
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TABLE III 


i r 

ri • 

Sin 

i ° 

.24192 

i 

220 

2 

249 

3 

277 

I 4 

305 

5 

.24333 

G 

362 

1 i 

390 

8 

418 

9 

446 

10 

.244741 

1 ii 

503 

I 12 

531 


15 


Tan 


Ctn 


Cos 


.249 


904 
.24995 
.25026 

056 
.25087 

118 

149 

150 | 
211 


559 

587 

24615 

644 

672 

700 

728 


4.0108 

.0058 
4.0009 
3.9959 

.9910 
3.9S61 
.9812 

.9763 
.9714 
.9605 

3.9617 


97 


60 


023 59 
015 58 
008 157 

.97001 56 
.96994 55 
987 54 

9S0 153 
973 52 
966 151 


201 .24756 

784 
813 
841 

869 
.24897 
925 

954 

281 .24982 
29 .25010 


273 | 
304 
335 

366 
.25397 
428 

459 
490 
521 


■ t 


301 .25038 

066 
094 
122 

151 


583 

614 

645 

676 
.25707 
738 

769 

800 

831 


.9520 

.9471 

.9423 
3.9375 
.9327 

.9279 

.9232 

.9184 


.96959 50 


3.9136 


952 49 
945 48 
937 147 

930 46 
.96923 45 
916 44 

909 43 
902 142 
894 141 


.25862 


.9089 

.9042 

.8995 

.8947 
3.8900 
.8854 

.8807 
.8760 
.8714 


968S7 40 


893 
924 
955 

.25986 


35 .25179 .26017 


207 

235 

263 

291 


401 _25320 

348 
376 
404 

4QO 

451 .25460 
461 488 

516 
545 
573 

50 ] . 25601 

~~629 

667 
685 

713 
55 .25741 
561 769 

798 
826 
854 


048 

079 
110 
_141 

.26172 


203 

235 

266 

297 
.26328 
359 

390 

421 

452 


3.8667 

.8621 

.8575 

.8528 

.8482 

3.8436 

.8391 

.8345 

.8299 


880 39 
873 38 
866 37 

858 36 
96851 35 
844 34 

837 33 
829 32 
822 31 


.96815 130 


3.8208 

~ .8163 
.8118 
.8073 

.8028 

3.7983 

.7938 

.7893 


.7804 


807 29 
800 28 
793 127 

786 126 
.96778 25 
771124 

764 123 
756 22 
749 21 


.96742 120 


515 

546 

577 

608 
.26639 
670 

701 

733 


60 I-25882 .26795 


3_.7760 

.7715 

.7671 

.7627 

.7583 
3.7539 
.7495 

.7451 

.7408 


3.7321 


734 19 
727 18 
719 17 

712 16 
.96705 15 
697 14 

690 13 
682 12 
675 11 

■ 96667 110 

660 9 
653 | 8 
645 

638 
.96630 
623 

615 
608 
600 


1 


10 


| Sin 

Tan 

| Ctn | 

.25SS2 

.26795 

! 3.7321 

910 

826 

. 7277 

93 S 

857 

. 7234 

966 

8SS 

.7191 1 

.25994 

920 

.7148 | 

.26022 

.26951 

3.7105 

050 

.26982 

. 7002 

079 

.27013 

.7019 

107 

044 

. 6976 

| 135 

076 

.6933 

.26163 

.27107 1 

3.6891 


96593 60 


219 

247 

275 

26303 

331 

359 

3S7 

415 


138 

169 

201 

232 

.27203 

294 

326 

357 

358 


471 
500 
528 

556 

26584 

612 

640 

60S 


.6806 

.6764 

.6722 
3.6680 
.6638 

.6596 
.6554 
.6512 


578 

570 

562 

90555 

547 

540 

532 

524 


59 


96517160 


509 

502 

494 

486 

96479 

471 

463 
456 
448 


.26443 .27419 i 3.6470 . 96440 


451 

482 

513 

545 

.27576 

607 

638 

670 

701 


26724 .27732 3. 


752 

780 

808 

836 
.26864 
892 

920 
948 
.26976 


764 

795 

826 

858 
. 27889 
921 


.6429 

.6387 

.6346 

3. 
.6222 

.6181 
.6140 
.6100 


.6018 
.5978 
.5937 

.5897 
3.5856 
.5816 

.5776 
27983 . 5736 

28015 


433 

425 

417 

410 

96402 

394 

386 
379 
371 


96363 


41 

42 

43 


■2/004 .28046 3.5656 .96285120 


077 .5616 

109 


140 

172 
28203 3 


355 

347 

340 

332 
.96324 
316 

308 

301 


23 

22 

21 


5497 


234 . 5418 


312 
340 
368 

396 
.27424 
452 

480 

508 

536 


297 

329 


.5339 


28360 3.5261 .96206 10 


60 .27564 


391 
423 
454 

486 

28517 

549 

580 

612 


28675 


.5222 
.5183 
.5144 

.5105 
3.5067 
.5028 

.4989 


277 

269 

261 

253 
.96246 
238 

230 
222 
214 


3.4874 


198 

190 

182 

174 

.96166 

158 

150 
142 
_134 

.96126 


231 
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TABLE III 


17 



o 


1 

2 

3 

4 

5 

6 

7 

8 
9 


10 



14 

15 

16 

17 

18 
19 


20 

21 

22 

23 

24 

25 

26 

27 

28 

29 

30 


31 

32 

33 

34 

35 

36 

37 

38 

39 


40 


41 

42 

43 

44 

45 

46 

47 

48 

49 


m 


51 


53 

54 

55 
50 

57 

53 

59 

60 



Sin 


. 27564 


592 

620 

648; 

676' 
. 27704 
731 

759 

787 

815 


.27843 


871 

899 

927 

955 
.279S3 
.28011 

039 

067 

095 


.28123 


150 

178 

206 

234 

.28262 

290 

318 

346 

374 


.28402 


429 

457 

485 

513 
.28541 
569 

697 

625 

652 


.28680 


708 

736 

764 

7921 
.28820 
847 

876 

903 

931 


.28959 


.28987 
.29015 
042 

070 

.29098 

126 

154 

182 

209 


.29237 


Co» 




Tan 


.28G75 


706 

738 

769 

801 
. 28832 
864 

895 

927 

958 


.29021 

053 

0S4 

116 

.29147 

179 

210 

242 

274 


.29305 


337 

368 

400 

432 

.29463 

495 

626 

658 

590 


.29621 


653 

685 

716 

748 
.29780 
811 

843 

876 

906 


.29938 


.29970 
.30001 
033 

065 

.30097 

128 

160 

192 

224 


.30255 


287 

319 

351 

382 

.30414 

446 

478 

500 

541 


Ctn 


3.4874 


.4836 

.479S 

.4760 

.4722 

3.4684 

.4646 

.4608 

.4570 



3.4495 


. 4458 
.4420 
.4383 

. 4346 
3.4308 
.4271 

.4234 

.4197 

.4160 


3.4124 


.4087 

.4050 

.4014 

.3977 

3.3941 

.3904 

.3868 

.3832 

.3796 


3.3759 


.3723 

.3687 

.3652 

.3616 

3.3580 

.3544 

.3609 

.3473 

.3438 


3.3402 


.3367 

.3332 

.3297 

.3261 

3.3226 

.3191 




.3122 

.3087 


3.3052 


.3017 

.2983 

.2948 

.2914 
3.2879 
.2845 

.2811 

.2777 

.2743 


Cos 


.96126 60 

118 i 59 
110 58 
102 57 

094 56 
.96080 55 
078 54 

070 53 
062 52 
054 51 


. 96046 5 


037 49 
029 48 
021 47 

013 46 
.96005! 45 
.95997 44 

9S9 43 
981 42 
972; 41 

.95964 40 

956 39 
948 38 
940 37 

931 36 
.95923 35 
915 34 

907 33 
898 32 
890 31 

.95882 30 


874 29 
865 28 
857 27 

849 26 
.95841 25 
832 24 

824 23 
816 22 
807 21 






791 

782 

774 

766 
. 96767 
749 

740 

732 

724 


.95716 


707 

698 


19 

18 

17 

16 

15 

14 

13 

12 

11 


10 


9 

8 


681 
. 96673 
664 

656 

647 

639 


.95630 


Ctn Tan Sin 






14 

15 
10 

17 

18 
19 


20 


21 

22 

23 

24 

25 

26 

27 

28 
29 


30 


31 

32 

33 

34 

35 

36 

37 

38 


40 


41 

42 

43 

44 

45 

46 

47 

48 

49 


50 


51 

52 

53 

54 
56 

56 

57 

58 

59 


Sin 


29237 


205 

293 

321 

34S 

29376 

404 

432 


Tan > Ctn 


. 30573 | 3 

005 

037 

609 

700 

.30732 3 
704 1 

796 
S2S 
860 


487 


29515 


543 

571 



626 
. 29G54 
CS2 

710 

737 

765 


. 29793 


821 

849 

876 

904 

.29932 

960 

. 29987 
.30015 
043 


.30071 


098 

126 

154 

182 
.30209 
237 

265 

292 

320 


.30348 


376 

403 

431 

459 

.30486 

514 

542 

570 

597 


.30625 


653 

680 

708 

736 
.30763 
791 

819 

846 

874 


.30902 


Cos 


.30891 


923 
955, 
. 309S7 j 

.31019' 

.31051 



115 

147 

17S 


.31210 


242 

274 

306 

338 

.31370 

402 

434 

466 

49S 


.31530 


562 

594 

626 

658 

.31690! 

722 

754 

786 

818 


.31850 


882 

914 

946 

.31978 

,32010 

042 

074 

106 

139 


.32171 


203 

235 

267 

290 

,32331 

363 

396 

428 

460 


2075 

2041 

2007 

2573 

2539 

2506 

2472 

2488 


2371 

A* o o o 

2305 

2272 

223S 

2205 

2172 


.2106 

.2073 


3.2041 


.2008 

.1975 

.1943 

.1910 

3.1878 

.1845 

.1813 



3.1716 


.1684 

.1652 




.1588 
3.1556 
.1524 

.1492 

.1460 



.1303 

.1271 

.1240 

.1209 

.1178 

.1146 

.1115 


Cos 


.95630 


622 

613 

605 

596 
. 95588 
579 

571 

562 

554 


.95545 

536 

528 

519 

511 
.95502 



485 

476 

467 


.95459 


450 

441 

433 

424 

.95415 

407 

398 

389 

380 



363 

354 

345 

337 
. 95328 
319 

310 

301 

293 

J)5284 

275 

260 

257 

248 

.95240 

231 



.1053 

.1022 

.0991 

.0961 

3.0980 


TkTtI 


.0868 

.0838 


222 

213 

204 


.95195 


186 

177 

168 

159 

.95150 

142 

133 

124 

115 


60 

59 

58 

57 

56 

DO 

54 

53 

52 

51 


50 


49 

45 
47 1 

46 
45 
44 

43 

42 

41 


40 


39 

38 


o/ 

36 

35 

34 

33 

32 

31 


3 


29 

28 

27 

26 

25 

24 

23 

22 

21 


20 


19 

18 

17 

16 

15 

14 

13 


11 


10 







232 
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TABLE III 


Tan 


Cos 


.32492 3.0777 .95100 


929; 
957 ! 
30985 ' 

31012. 
31040! 
00^ , 


621 


.31178 

206 
233 

261 


.31316 i 
344 1 

372 


.0746 
.CO It* 
. 06 SO 

. 0655 
. 0625 
. 0595 
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